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On locally expansive selfcoverings of compact
metrizable spaces

by

Aleksander Calka (Wroclaw)

Abstract. This paper is concerned with characterizing, in terms of ‘certain properties of their
compositions, the open local expansions defined on compact locally connected Hausdorff spaces.

1. Introduction. Let (3, @) be a metric space and f: M — M a continuous self-
mapping of M. We will call f a local expansion_on (M, o) [3] (cf. also [2]) if

(A) for each ze M there is a neighborhood U of z and a number Ay>1 such
that :

m o(fx),fON)Zhpe(x,y) For x,yelU.

If there exists a number A>1 such that condition (A) holds with lg=1, we
say that f is a local A-expansion on (M, g).

Now let M be a metrizable topological space and f: M — M a continuous
selfmapping of M. We will say that /'is a topological local expansion (resp. topological
local A-expansion) on M if M admits a metric ¢ compatible with the given topology
and such that f is a local expansion (resp. local A-expansion) on (M, g).

(Note‘that if M is compact then f is a local expansion on (M, ¢) iff for some
A>1 it is a local A-expansion on (M, @)).

A sequence 4,, n=0,1, ..., of subsets of a topological space M is said to
be fine if for each open covering % of M there exists an integer n such that for m>n,
each connected component. of A,, is a subset of some member of €.

It is easily shown (cf. [2] or [3]) that if M is compact, locally connected and
metrizable and £ is an open topological local expansion of M onto itself, then f is
a local homeomorphism (and therefore a selfcovering of M) and

(B) for each point z of M there exists a neighborhood U of z such that the se-
quence f"(U), n= 0,1, ..., is fine.

Since this condition does not involve the metric and has a topological character,
it is natural to ask the following question. Let M be a compact, locally connected
Hausdorff space and f: M — M a local homeomorphism of M onto itself satisfying
the condition (B). Is it possible to find a metric ¢ generating the given topology of M
such that the mapping f is a local expansion on (M, 0)? ‘
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The purpose of this paper is to show that the answer to this question is affirma-
tive as well as to give the construction of the desired metric o.

1t should be mentioned that each C* expanding endomorphism of a compact
differentiable manifold M without boundary is an open topological local expansion
on M, namely, it is a local expansion on M with respect to a distance function,
coming from a Riemannian metric on M (cf. [5]). In [4] it is shown that any compact
flat manifold (i.e., the orbit space R"/G, where G is a discrete uniform subgroup
of the group of isometries of R") admits an expanding endomorphism, hence an open
topological local expansion.

2. The construction of the metric making f locally expansive. For a subset 4
of M and a family & of subsets of M, let € (4) denote the union of all those Ce ¥
such that 4 n C # @ and let [¢]* = {¥(C): Ce%}. :

Lemma 1. Let M be a Hausdorff topological space and f+ M — M a continuous
and open selfmapping of M, and suppose that there exists a sequence €, n = 0,1,..,
of open coverings of M such that

(@) for each n = 0,1, ..., [€,+,]" refines %,,

(i) for each xe M, {Ce%,: xeC,n=0,1,..} is a neighborhood base at x,

(iii) for each xe M, if y e Bo({x}) and f(y) € €, ({f)}) then y € B,1,({x}).

Then M is metrizable and f is a topological 2-expansion on M.

Proof. First we introduce a function s: M xM — [0, 1] as follows

0 if x=yp,
S(x’ = {2""(3"3’) if xs#y,
where for x # y,
n(x, ) = min{m>0: x€%,({y}} .
A desired metric ¢ can be defined as
k-1
o(x, y) = inf ‘Zo 8(z5 Zi41)
e

where the infimum is taken over all possible finite chains of points zy, Z(, ..., zx
of M such that z, = x and z;, = y.

It follows now from (i) and (ii) that g is a metric on M inducing the given topology
(see [6]; cf. also [1], Chapter IX, § |, Theorem I).

In order to prove that f'is a local 2-expansion on (M, @) we have to show that
condition (A) holds with A1y>2.

Now, let z e M. Since f is continuous, there exists a neighborhood W of z such
that :

(2) wWcV,, f(W)cV, forsome Vi,V,e€%,. "’
Since f is open, there is a number r>0 with

K(f(@,r)=f(W).

icm

On locally expansive selfcoverings of compact metrizable spaces 17

We define a neighborhood U of z by
U= Wnf Y K(f@),3r).

Let x,ye U and let >0 be a given number. It follows from the definition
of U that Q( Fx), f( y))<%r. Thus, there exists a number 8¢ [0, £] such that

3) e(f (). () +20<3r.

From the definition of g, there exists a finite system of elements z,, 2y, ..., Zx
of M with z, = f(x), z, = f(») and such that

k—1

) S s(zs, zre ) <2 (f(X), £ (M))426

i=0

From (3) and (4) we have
J=1 k-1
o(f (), 2)< X sz, 74 DS Y s(z, zieg)<3r for  1<j<k.
i=0 i=0
Thus,
o(f (@), z)<e(f @, f ) +e(f (), z)<hr+ir =7,
and, by definition of r, we obtain
z;e K f(2),r)=f (W) for

1t follows from (2) and (iii) that the map f: W — f(W)is a homeomorphism.
Thus, there are elements Z;e W, i =0,1, ..., k such that f(z)) = z; and Z, = X,
Zy = ).

From (iii) we obtain

0<jsk.

n(z;, Zie ) Sn(E Zie ) — 1,

for i = 0,1, ..., k—1. Therefore, by the definition of ¢ we have

k-1 k-1 _ _ k-1 k-1
o(x, y)< Z $(zi, Zie 1) = Z g MEnE ) < L Z pTMEb ) = 3 Z $(2i5 Z341)
i=0 i=0 i=0 i=0
which, together with (4), gives

o(x, N<te(f (), F(M)+6.

Since ¢ was chosen arbitrary and §< ¢, we obtain

o(f ), f(»)22a(x,y) for

which proves our assertion.

LeMMA 2. Let M be a metrizable space and f: M — M a continuous selfmapping
of M and let A>1. If there exists an integer nz1 such that f* is a topological local
A-expansiori on M, then fis a topolong i/lexpansion on M. '

2 — Fundamenta Mathematicae CXVII

x,yel,
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Proof. Suppose that for some n>1, f* is a topological local A-expansion on M.
Let ¢ be a metric on M compatible with the topology and % an open covering
of M such that if Ue%, then

©) a»(f"(x),f“w))zlg(x,y) for x,yeU.

Define ¢ as follows
n—1

- 1
e(x,y)=Z;Q(.f‘(.x),f“(y)) for x,yeM,

i=0

where « = /2. Clearly, g is a metric on M and it is topologically equivalent to o.
In order to prove that f is a local a-expansion on (M, o) it is sufficient to show that
. the inequality (1) holds for 0 and each Ue @ and Ay>a.

Let Ue% and x,ye U. From (5) we obtain

n—=1

1 .
Z 5e(f76. S0

i=

o(f (), 1)

n—1

1 ;
o Z ;iQ(f’(x),f‘(y))+g;9(f"(X),f”(y))

i=1

I

n—1

1 X
o 2 ;i@(f’(X),f‘(y))M@(x,y)

=1

A\

n—1

. . . )
“z ;ig(fl(x):fl(}’)) = ag(x,¥) .

i=0

i

This completes the proof.

As a consequence of the above lemmas, we obtain

THEOREM. Let M be a compact locally connected Hausdorff space and f: M — M
a local homeomorphism of M onto itself satisfying the following condition

(B) for each point z of M there is a neighborhood U of z such that the sequence
f™U), n=0,1, .., is fine.

Then, M is metrizable and f is a topological local expansion on M.
Proof. First, we prove that there exists a finite open covering & of M such
that if Ue s, then
(6) U is connected, )
7y for eachn=0,1,..., Uis evenly covered by f* (i.e., f* maps each connected
component of f~"(U) homeomorphically onto U),
(8) the sequence f™"(U), n= 0,1, ..., is fine.

icm
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In order to prove the existence of &, let ¥ be an open covering of M such that
if Ue %, then U is connected and it is evenly covered by f. Let z € M. By (B), there
exists a neighborhood U, of z such that the sequence f~"(U,), n =0, 1, ..., is fine.
Thus, there is an integer n,>1 such that, for m>n,, each connected component of
f7™U,) is a subset of some member of %, hence is evenly covered by f. Let V,c U,
be an open and connected neighborhood of z which is evenly covered by f"*. Thus,
¥, is evenly covered by f7 for 1<i<n, and, inductively on n, we may verify that for
eachn = 0,1, ..., ¥, is evenly covered by f". Since M is compact, there exists a finite
subcovering & <{V,: ze M}. Clearly, & satisfies conditions (6), (7) and (8).
Now, for each integer n = 0, 1, ..., we construct an open covering &, of M as

follows

o = {M

ST UA(fTU): Ue o, i)
where for each AcM, c(A4) denotes the set of all connected components of A.
Let % be a refirement of o7, such that [¢]* refines & . Since «#,, is finite, the con-
dition (8) and the construction of the &, insure that there is an infeger k,>1 such
that [o,,]* refines .

Hence,

9)  [#y,]* refines .

ifn=0,
ifn>0,

Since, f*° is a local homeomorphism, it is open.
1t is easily shown by using (6), (7), (8) and (9) that the mapping f* together
with the sequence :
%n = 'M(n+1)k09

of open coverings of M satisfy the conditions (i), (ii) and (iii) of Lemma 1. Thus M is
metrizable and f*° is a topological local 2-expansion on M. Thevefore, by Lemma 2,
f is a topological local "S/i—expansion on M. This completes the proof.

n=0,1,..,
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