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Intersection of sectorial cluster sets and directional
essential cluster sets

by

A. K. Layek and S. N. Mukhopadhyay (Burdwan)

Abstract. Let f2 H -+ W, where H is the upper half plane and W is a second countable
topological space, and let R be the real line. It is proved that, except a set of points x on R, which
is of the first category and measure zero, every essential directional cluster set of fis a subset of
every sectorial cluster set of fat x; and if W is compact and normal, then except a countable set
of points x on R, every essential directional cluster set intersects every. sectorial cluster set of fat x.

1. Let H denote the open upper half plane and let z denote points of H. Let x de-
note points on the real line R. For each xe R, (0, m) and h>0, let
Ly(x) = {z: ze H; arglz—x| = 6}
and
Lo(x, h) = {z: ze H; |z—x|<h} 0 Lg(x) .

For each pair of directions 8, 8, 0<8; <0,<T, 04,9, denotes the sector in H with
vertex at the origin, defined by
o, = {7: z€ H; 0y <argz<0,} .

If there is no ambiguity, we shall simply write o instead of 6, By ¢(x) we mean
the sector in B with vertex at x and which is obtained by a translation of o. That is,
o(x) = {z: ze H; 0, <arg(z—x)<0,} .

Also for xe R and h>0 we shall write
o(x, b)) =o(x)n{z: ze H; lz—x|<h}.

For Ec H, the upper outer density d;(E, x) and outer density d}E,x) of Eatx in
the direction 0 are defined by

BB 0 Lo, B
o d5(E, x) = limswp— iy
and

*[E A Ly(x, B)]
@ d:(E, X) = limM

e AL )
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where 1 and p* denote one-demensional measure and outer measure (Lebesgue).
‘When the sets concerned are measurable, one gets the definitions of upper density
dy(E, x) and density dy(E, x) of a measurable set E at x in. the direction 0 by replac-
ing p* in (1) and (2) respectively by u.

Let f: H— W, where W is a topological space. The sectorial (directional)
cluster set relative to the sector (direction) ¢(f) of f at x, designated by
C(f, x,0) (C(f, x, 0)), is defined to be the set of all w in W such that for every
open set U'in W containing w, x is a limiting point of f~(U) n o (x)(f~*(U) N Ly(x)).
Replacing the condition that x is a limiting point of f~(U) n Ly(x) by the stronger
condition that 3},"( ST (U), x)>0, one gets the definition of directional essential
cluster set C,(f, x, ) of f at x in the direction 6. The essential cluster set C,(f, x)
of fat x is the set of all w in W such that for every open set U in W containing w,
a*(f=!(U), x)>0, where d*(E, x) is defined as in (1) but L,(x, %) being replaced by

"Se, By = {z: ze H; |z—x|<h}

and the measure here is the two demensional Lebesgue measure.
A set PcR is said to be porous at a point xe R if
x,r, P
limsup veer. P) >0,
: r

r=0

where y(x, r, P) is the length of the largest open interval in the complement of P

which is contained in (x—r, x+r). A set P= R s said to be porous if it is porous at
each of its points. A set T<R is said to be o-porous if it is a countable union of
porous sets. Clearly every subset of a porous set is porous and every subset of
a g-porous set is o-porous. Also it can be verified that a o-porous set is both of
. the first category and of measure zero. But there exists a perfect set of measure zero
which is not ¢-porous (see L. Zajidek, Casopis pro péstovdni matematiky 101
(1976), pp. 350-359).

2. It is known [6] that if f* H — R is measurable and 0, and 0, are fixed di-
rections, then except a set of measure zero on R, the set Cf, x,0,) is a subset
of C(f,x,0,) and if fis continuous then the exceptional set is also of the first
category. It is also known [4] that if Jf: H— R isarbitrary and ¢ is a fixed sector in H,

then the total cluster set C(f, x) of fat x is equal to the set C(f, x, &) except a set '

of points x of the first category on R (see also [2, 5. In [1] it is also proved that
the set of points x at which there exist two arcs p; and y, in H with the property
that the arc’ cluster sets C,(f,x) and C,(f,x) are disjoint, is countable,
(see [3, p. 85)).

In this paper, we prove in Theorem 1 that if f is arbitrary and if {¢} is the
collection of all sectors in H then, except a o-porous set of points x on R, the set
C(f, x,6) is a subset of () {C(f, x,0): ce {o}} for every direction 0, 0<0<m.
We also prove in Theorem 2 that if f is arbitrary then, except a countable set of
points x on R, the sets C(f, x, ) and C,(f, x. 6) intersect for every o and every 0.

icm°®
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Throughout the paper we shall consider f: H— W, where W is a topological
space with a countable basis. The closure of a set E will be denoted by E.
3, Let EcH be arbitrary and xe R. Let
I(E, x) = {0: 0<f<m;xeLyx) N E}.

This will be used in the sequel.
Lemma 1. Let Ec H be arbitrary and let 6= H be a fixed sector. Then the set

T(E) = {x: xe R; 8(E,x) # &; x ¢ M}
is a o-porous set.
Proof, Let for fixed positive integer m ,
T (E) = {x: XE R; 9(E,x) # @ 0(x, I/myn E=2}.
Then clearly

<1> 7(6) =  7.8).

Let, if possible for some m, the set T,(E) be a non-porous set. Then there is
Xo € T,,(E) such that

'V(XOa r, Tm(E) 0
pm= 2
r

@ . : limsup -

r=+0

where 7(xo, r, T,,(E)) is the length of the largest open interval in the complement
of T,(E) and is contained in (xo—7, xo-+r). Again since x, € T),(E),

6(%g, I/m)NnE=@3 and (E, x) # 3.

;e

Let 0, € 3(E, xo). Then since xy € Lgy(Xo) AEand

o(xg, IIM)NE=@,
we have Ly(xo)#0(xo). Let o, be any sector such that &,yco. Then either
O<a<f<l, or fy<a<f<m Let us first assume that O<o<f<fy. Let

' sin B, sin (B~ o)
" sinfsin(fp—a)
Then from (2) there is a & such that
0<d< «»—,}——— min [sin (8 — o), sin (6o~ B)1
. msinfy ..

and.

© (0,7, Tu(E) <3k - for  0<r<s.
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Then both L,(x,—3,1/m) and Ly(x,—38, 1/m) intersect Ly,(xo). Let

sino

N sin(@y—e)
Since x, € Loy(xo) M E, there is z € Lyy(xo, ho) 0 E. Let x"€(x—3, xo) be such
that
z = L(x', 1/m) 0 Lyy(xo) .
Let I(x") be the open interval in R whose left end point is x” and right end point

is x'’ such that
z = Ly(x", 1/m) rv Loy(xo) .

By a simple calculation, p#(I(x")) = K(x,—x"). Hence from (3), since 0<x,~x' <3,
we have
(4) Y(x()a xo—x/’ Tm(E))<'}:/'l([(xl)) .

Since I(x") = (x', 2xo—x"), from (4) and from the definition of y(x,, xo—x', T,,(E))
it follows that I(x") n T,(E) # &. Let x" € I(x') n T,(E). Clearly, z € 6,5(x""", 1/m).
Also since z € E, z € a,5(x"”, 1/m) 0 E. But since X' € T,(E), 0,4(x", I/m) N E= @,
which is a contradiction. If §,<a<f<mn, then we would also arrive at a similar
contradiction by considering the interval (x,, x,-+8). Thus each T, (E) is porous
and hence, from (1), the set T(E) is o-porous.

TueoreM 1. If f: H— W is arbitrary and {c} is the collection of all sectors in H,
then the set

O(x) = [0: 0<0<m; C(f, x, )¢ N {C(f, x, 0): o {o}})
is void, except a o-porous set of points x on R.
Proof. For each pair of rationals «, 8, 0<a<pf<mn, denote by g, the sector
0.5 = {z: ze H; a<argz<f}

and let {o,} be the collection of all such sectors. Let {¥,} be a countable basis for
the topology of W and let

E,=f"'V,,
9(B,, %) = {0: 0<b<n;xeLyx) N B},

T(E) = {x: xe R; 8(E,, x) # @, x ¢ 0,4(x) 0 E,}
and

T={x: xeR,0(x) # 0} .
Now if x; € T, then there is 6, € @(x,). Hence
C(f; %o 60) (N {C(f, %o, 0): a e {0}}.

So there is 6 & {0} such that C(f, x,, 8o) & C(f; x,, 65). Hence there is E,, such
that x, € Lyy(x0) N Eyyand xo ¢ a(xg) 0 E,,. Let 0,5, € {0up} be such that g,,p, =a5p.
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%o € Tuopo(Eno)- Thus we have
® Te U Ty(E)
where the union is taken for all integers » and for all pair of rationals «, 8, 0 << f<m.

By Lemma 1, each of the sets T,,(E,) is a o-porous set. So, by (5) the set T is
a g-porous set and this completes the proof the theorem.

COROLLARY 1. If f: H — W is arbitrary and if {a%} is the collection of all sectors
in H, then except a o-porous set of points x on R,

UA{C(f, x,0): 0<b<nte N{C(f, x,0): oe{a}}.
Proof. -Since C(f,x,0) is closed for each e {o}, N {C(f, x,0): ce{o}}
is closed and so the proof follows from Theorem 1.

COROLLARY 2. If f: H — W is measurable and {c} is the collection of all sectors
in H, then the set

Q= {x: xeR; C(f, )¢ N{C(/, x,0): ce{a}}}
is of measure zero,
If, further, f is continuous, then this set is also of the first category.
Proof. From [5] it follows that if fis measurable then for a fixed 0, 0<f<m,
the set

S = {x: xeR; CLf, N)£CAS, x, 6)}

s of measure zero and if further, f is continuous then the set S is also of the first
category. Since g-porous set is both of the first category and of measure zero, the
proof follows from Theorem 1.

Remark. In Corollary 2, the essential cluster set C,(f, x) can be replaced by
the strong essential cluster set C{(f, X) to get a stronger result. (For the definition
of C(f, x) see [7].) The proof is the same except that one is to consider 8 = i
and replace C.(f, x) by C{(/f, x) and apply a result of O'Malley [7].

4. Throughout this section W is a compact normal space which have a countable
basis. In particular, ¥ may be a compact metric space.

Lemma 2. Let f: H — W be arbitrary and let G be an open subset of W. If
Cfr %, 0)=G then di(f~1G),x) = L.
" Proof. Since WAG is closed and disjoint from C.(f, x, 8), there exist points
W, i=1,2,..,k in W\G and neighbourhoods V(w;) of w; such that

k
WGe U V(w)
=1

and

WL V) 0 L, D1 _
m =
r

Li

r=0
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for each i = 1,2, ..., k. Hence
LYW Ly(x
L BTG A Lo 0]
ps0 r

and the proof is complete.

Lemma 3. Let f: H— W be arbitrary, and let G be an open subset of W. If
C(f, x,q0)=G, then there is a positive integer n such that

UG nax,n) =a(x, 1n).
Proof. Since W\G is closed and disjoint from C(f, x, 0), there exists points w;,
i=1,2,..,k in W\G and neighbourhoods ¥(w,) of w; such that
) .
WG U Viw)
i=1

and
x¢ TV (w)) 0o (x)

for each i = 1,2, ...,k Let ny,n,, ..,

n, be positive integers such that

S VW) nolx, Un) =@
for each i =1, 2, ..., k. Set

n = max[ng, ny, .., m]. ‘
Then
FTHNG) 0 o(x, 1fn) =
which proves the lemma.

THEOREM 2. Let f: H— W be arbztrary and let E be the set of all points x e R
JSor whicl there exist a sector o, in H and a direction 0, 0< 0, <, with the property

that
, C(f, %,6) N Cdf,x,0) = @
Then E is countable.
Proof. For each pair of rationals a, f, O<a<fi<m, let

Oy = {2: ze H; a<argz<f}

and let {04} be ‘the collection of all such sectors in H. Let # be a countable basis
for the topology of W and let % be the collection of all open sets which can be ex-
pressed as a finite union of sets B e %. Then ¥ is countable. Let @* be the set of all
ordered pair (G, G,) of sets of ¢ with G; N G, = @. So, ¥* is also countable, Let
for Ge% and xeR, ’

O(f X&), %) = {6: 0<0<m; dg“(f'l(G),x) =1}

icm
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and let for a fixed positive integer n, for a fixed pair (G,, G,) e 9* band for a fixed
sector o5 € {049}

P(Glsz, “7ﬁ:n)
= {x1 X & R; 0pp(x, 1/n) 0 [7HGY) = o, 1/n); O(f74(Gy), x) # B} .

Let x & E. Then there exists a sector ¢, and a direction 6,, such that C(f, x, o) -
n C(fs %, 0,) = @. Then since the sets C(f, x, Ux) and C,(f, x, 0,,) are closed and
since W is normal, there exist two open sets G3, G5 in W with GY N G = @ such
that C(f, %, 060Gy and CJ(f, x,0,)=GS. Again, the sets C(f,x,0,) and

C(f, x,0,) being closed, they are compact and so there exist two open sets
Gy, G, €% such that C(f, x,0)=G and C(f, x,0)<=G, and G, G, = @.
So, (G, G,) € ¥*. Hence, by applying Lemma 3 and Lemma 2, there exists a positive
integer 1 such that :

o, 1/n) nfM1(G1) = o (x, 1/n)

dO*x(f—l(GZ); x) =1 »
x) # @, Let o,5 € {o,} be such that o,,c0,. Then
o‘uﬂ(xa 1/’1) nf~1(Gl) = aaﬁ(x: l/ﬂ) .
Hence, x & P(Gy, Gy, «, #, n). Thus
©® Ec | P(Gy, Gy, B, 1)
where the union will be taken for all pair (G;, G,)e %¥, for all positive integers »,
and for all rationals «, B, 0 <a< f<m.Since this is a countable union, the theorem
will be proved if we show that each P(Gy, G, a, 8, n) is countable. Let, if possible,
for some (G,, G;) € ¥*, positive integer n, and rationals «, §, 0<a< p<m, the set
P(Gy, Gy, a, B, n) be uncountable. Then there is a point x & P(Gy, G2, a, B, 1)
which is a limiting point of P(Gy, G,, «, B, n) from both sides. Since
xeP(Gy, Gy, B1),  O(f7HG), %) # 95
so there is 0, at x such that dj(f~%Gy), x) = 1. We observe that 0, ¢ (, f). For,
if 0,6, ) then f7U(G) nf~'(Gy) # @, which contradicts the fact that
Gy N Gy = @, Hence we consider the two cases f<0,<n and 0<8.<a. Let us
first consider the case S0, <m. Let ¢’ =0y, where
o'(x) = {z: ze H; 0;<arg(z—x)<0y; <0, <0, <f}.
Since x is o limiting point of the set P(Gy, Gy, o, B, ) from both sides, there is
a sequence Lx,} =P(Gy, Gy, o, B, 1) such that x,—, <x,<x for all m and lim x,,

m—+ oo

and

Thus ©(f~4(Gy),

= x. Let m, be the first integer such that

1 .
Ny 2 X~ meemin {5i0(0,~ 02) sin(0,—0,)] .
nsinl

x
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Then both sides of o’(x,,, 1/n), namely L, (x,,, 1/n) and Ly,(x,,, 1/n), will intersect
Ly (x) for all mzm,. For mzm, let J, denote the open segment on L, (x) with
endpoints

Zyy = Lg, (3, 1fm) 0 Lo (x)  and 2,y = Ly (x,, 1/n) N Ly (x) .
Let ‘
o
Q = U ‘,m .
m=my

Clearly Qe f~Y(G,). Let h, denote the distance between x and z,.
Ja= Q0 Ly (x, hy) for all m=m,. So, by a simple calculation,

Then

/'L(Q n Lﬂx(xa hm)) 2.”‘(‘];11) =

which shows that

#(Q N Lo (x, hy) - sind, sin(0,—0,)
hy ~ sin,sin(B,—0,)

>0.

Since %, — 0 as m — co, taking limit as m — oo we have
¥) 4, (0, x)>0.
Now since Qcf~YG,) and £~1(Gy) nf~(G,) = @,

Ly, (x5 By 0 f UG <Ly (%, h)NO .
Also since dp,(f~HG,), x) = 1,
®) dy (Lo (x, BNG, x) = 1.

But (7) and (8) are contradictory. If 0<6,<a then we can arrive at a similar con-
tradiction by considering a sequence {x,,} < P(G,, G,, a, B, m)suchthat x,,_ >x,>x
for all m and lim x, = x. This contradiction shows that each of the sets

m=>co

P(Gy, G,, a, B, 1) is countable and the proof is complete by (6).
CorOLLARY 3. If f+ H — W is arbitrary and ¢ is u Jixed scctor in H then the set

O(x) = {8: 0<O<m; C(F, x, 0) n C(f, x, ) = @}

is void, except a countable set of points x on R.

COROLLARY 4. If f: H— W and if {0} is the collection of all sectors in H and s be
a fixed direction, O<\<m, then the set

8@ = {o: 0 e {0}; C(f, %, 0) 0 Cf, x,Y) = B}

is void, except a countable ser of points x on R.
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