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of n~dimensional Euclidean space *

by

iWanda Szmielew | (Warszawa)

In the Proceedings of International Collo-
quium held in Potsdam in 1973, a paper of
Wanda Szmielew appeared (see [1]). The author
announced the results and promised the proofs
to be published in another paper. Wanda Szmie-
lew died a year ago. The present paper is a com-
plement of [1], based on the author’s notes,
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Abstract. The n-dimensional Buclidean geometry is understood as the elementary theory
of the equidistance and betweenness relations in the n-dimensional Cartesian vector space over
a formally real and Pythagorean field. The following two questions are answered: which properties
of the semi-betweenness have to be postulated to obtain the semi-ordered Euclidean' geometry,
and then, what sentences have to be added to obtain the ordered Euclidean geometry.

1. We start by recalling the terminology and notation (see [1]).
Let F be the class of all formally real and Pythagorean commutative fields
ﬁ%(F,O,l, +a')-

Given a field FeF, the set PEF is a semi-positive cone of § iff

@) Pu—~P=F,
(i) P —P={0},
(iif) P+P < P.

If moreover )
(iv) PP P, B

* Bdited by Maria Moszyfska.
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then P is a positive cone of §. Then
) leP.
A normal semi-positive cone P besides (i)-(iil) satisfies the condition (v) as well.
Let
SOF = {(§P): FeF and P is a normal semi-positive cone of &},
OF = {§P): §eF and P is a positive cone of F}.
We refer to the couple (§P) e SOF as a semi-ordered (formally real and Pythagorean)
Jield and to the (§P)e OF as an ordered (formally real and Pythagorean) field.
Given a semi-ordered field (§§P) € SOF, we define a semi-norm || || (|| ||p) in the
n-dimensional Cartesian vector space BH(F), (n=2):
lla]leP and |ld|* =a-a.
In this way we get the n-dimensional Cartesian semi-metric vector space BHFP).
In terms of By({F) we define in the usual way the collinearity and the equi-

distance relations, Ly and Dg. In terms of Be(FP) we define the semi-betweenness
relation:

Byplabe) <= |la—=bj|+[lb—cl|| = [la=c]] .
Thus any field Fe F generates the n-dimensional Euclidean space over F,
€'(F) = (F", Ly, D),
and any semi-ordered field (FP)e SOF generates the n-dimensional semi-ordered
Euclidean space over (FP),
C"(§P) = (F", Ly, Dy, Byp) .
If, in particular, (§P) e OF, then G"(§P) is the n-dimensional ordered Euclidean
space over (FP). Let
E" = {€"F):§eF}, ~
SOE" = {&'(FP): (§P) < SOF}
OFE" = {€(FP): (FP) e OF}
and let ", 08" and 08" be elementary theories of the classes E”, SOE" and OE”

respectively. We refer to the theory 4" as the (n-dimensional) Euclidean geometry,
and to the theories $08" and 06" as to (n-dimensional) respectively semi-ordered
and ordered Euclidean geometries.

2. Consider the following four sentences (*):

Al. B(abc) = B(cba),

A2. B(abd)AB(bed) = B(abc),

() Throughout the whole paper we omit the universal quantifiers which should be placed
in front of a formula to bind all the free variables occurring in it.
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A3. L(abc) <> B(abe) v B(bea) v B(cab),

Ad. abc = ab’c’ A B(abe) = B(ab'c’) (%), -
and the weak Pasch axiom:

WP. B(pbc) A B(agb) = Ar(L(pgr) AL(arc)).
Let

Z = {Al,A2,A3,Ad} and & = {WP}.

We are going to prove the following two theorems:

TueoreMm 1. SOE" coincides (up to isomorphism) with the class of models
M@ o Z).

TreoreM 2, OE" coincides (up to isomorphism) with the class M(F0E" U ).

Let us notice first that the following seven sentences are derivable from
& v {Al, A2, A3} (.

T1. B(aad) (from A3 and &),

T2. B(aab) (from Al, A3, and T1),

T3. B(aba) = a=b
suppose B(aba)aa # b; by &', a# b |= Je~L(abe); by T2, A2, Al, A3,
B(aba) == B(caa) A B(aba) |=> B(cab) |= L(abc)),

T4. B(abc) A B(ach) = b = ¢ (by Al, A2, and T3),

T5. B(apb) A B(arb) = B(apr)v B(arp) (by #" and A3),

T6, B(abp) A B(abr)Aa # b == B(apr)v B(arp) (by &", A3, and T4),
T7. Babc) AB(bed)a b # ¢ =» B(abd) (by 8" and Al-A3).

In turn, using A1-A3 and T4-T7, we can easily prove wo lemmas concerning
halflines of an arbitrary line XK. The halfline from a through b (a # b), is defined as
usually:

HL(ab) = {p: B(uph)v B(abp)} .

Ll Let a,be X, a# b, A = HL(ab). Then

€)) p.re AAB(pgr) = qe 4
and
@ - ged—{ayABlagr) = red.
L2 Let a,b,cek, asbs#c, Blabe), A =HL(ba), C =HL(bc). Then
o AuC=K, AnC={b},
@ ' p.re K—{b} AB(pbr) = [ped < reC),

b e L o
(®) We use the formula pg = p’q’ instead of D(pgp’q’) and the abbreviation pgr = par for
the conjunction py = p'y’ Apr = p'r' Aqr = ¢'r'. ; bol (=
(®) We use two differont symbols: the implication symbol => and the inference symbo =
4 ~ Fundamenta Mathematicae T GVILL
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and
3) pedareC = B(pbr).

Among the consequences of &" U {A1-A4} (till now we have not used Ad4)
let us distinguish the following two:

AS5. B(abo)aab=ac = b=c¢
and (stronger)

A5, Blabd)ABbed)Abc =ad = c=d
(comp. [1] and [2]). By &", Al, A4, Al, A2, and T3

B(abc) Aab = ac 1= B(abc) Aabe = ach |= B(cba) A B(acb)
|= B(che) = b =c.

Thus A5 e Cn(6" U {Al-A4}).

It is easy to see that on the base of £" U
ment

T8. B(bbdc c),
which says that the midpoint b@c of the segment bc lies between its ends.

Let us show that on the base of 8" U {AI A2, A3, A5} AY is equivalent to
the following linear case of A4:

T9. B(abc) = B(a 0,(b) 0,(c)),
where g, is the symmetry with respect to a. Assume first A5’, Let B(abc) and suppose
that ~B(a 6,(b) 0,(c)). Then, by &" U {A1-A3} and A5, B(c,(b) o,(c) a), and thus,
taking in A5’ 0,(b), 0,(c), b, c for a, b, ¢, d, we get b = ¢, which implies B(a 6,(b) 0,(c)).
Assume now T9 and let B(abd)AB(acd)Abc = ad; since bcl||lad, we get
a®b = c®dva®c =bDd I a®b = c®d,thena=b = ¢ = d;ifa®c = b®d = p,
then ¢ = o, (@) Ad = a,(b) A B(pba), whence, by T9, B(pdc), which together with
B(pcd) implies ¢ = d. Thus (T9 < A5) e Cn(4" u {Al, A2, A3, A5}).

As aresult, AS and A5, as well as T8 and T9, are derivable from 8" U {A1-A4}.

In turn, the outer invariance law T9 is equivalent to the following invariance

{A1-A4} A5 is equivalent to the state-

law:
T10. a,b, ¢, pe KA B(abc) = B(o,(a) 0,() 0,(c))
(see [3], Th. 7.6.2), and thus implies the inner invariance law:
T11. B(abc) = B(o,(a) boy(c)).
Let us prove
TI2. a,b,¢,d, b, ¢’ e Kngbe = a'b'c’ AB(abe) = B(a'b'c').
Indeed, let p = b@d’; then a'b'c’ = abc = o (@) b'a,(c), and thus (since either

0,(a) = op(a’) and o,(c) = oy (c) or 6,(a) = a' and o,(c) = ¢ ), applylllg T10
and T11, we get .

B(abe) 1= B(o,(a)b'oy(c)) I= B(o,(a)b'0,(c)) 1= ii'(a’b’c’). |

icm®
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The statement T12 may be generalized to
T13. abc = a'b'c’ A B(abe) = B(d'b'c).
In fact, let a # o' and let K be the line through e and &’; thereare by, ¢, b,, c,eX
such that abe = abyc, na'b’c’ = a'byc,. Applying in turn A4, TI12, Ad, we get
B(abc) 1= B(abyc;) 1= B(a'byc;) 1= B(a'b'c’). M

By T13, T6, A2 and A5, we obtain
T14. ab = a'b’' Abc = b'¢’ A B(abe) A B(a'b'e’) = ac = d'c.
Indeed, take abc and let ab = a'b’. If @ = b then &' =b'. Let a # b; then
a # b and there is a point ¢ such that abe = a'b'c¢”. Assume B(abe)Abe
= b'c’ AB(a'b'c’). By T13
B(abe) 1= B(a'b'c"’),
by T6
B(atblc/)/\B(alblcll)Aa/ # b( I=>' B(bchCII)VB(b!cIICI) .
By A5
(B
Thus ac = a'c’. &
The last two statements may be expressed together as
T15. ab = a'b’ Abe = b'e’ AB(abc) = [B(a'b'c’) < ac = da'c'].

¢V BN AD " = be = b 1= ¢ =",

3. Let us prove now
Treorem ‘1. SOE" = M(&" U £).
Proof. <: Let

©(FP) =

Then (FP) & SOF and thus the reduct (F", Ly, Dy) is a model of &". Hence it suffices
to verify Al-Ad4. By the remarks in [1] pp. 72g-73%, it follows that the semi-between-
ness relation Byp restricted to an arbitrary line K of the space E'(§P) coincides with
the betweenness relation restricted to K. Thus Byp satisfies the axioms A1-A3, Since
every congruence preserves the relation Byp (see [1], p. 73°7%"), the axiom A4 is
satisfied as well.

2:Let® = (S, L, D, B) be amodel of 8" L #. We are going to find (§P) e SOF
such that@ o E"(FP). Take a reduct &, = (S, L, D) of ©. Since E" is an elementary
class (see [11, p. 73,), M(4™) = E" and thus, for some FeF,

So = (),
(F", Lg, D) = @(F). Let
¥ Gy @(F)

(F", Ly, Dg» Byp)  SOE".

ie. 8 = (8, L, D) =

& G(F) -G, and
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be mutually inverse isomorphisms. It now suffices to extend ¥ over the whole &,
Thus we construct a semi-positive cone P of § such that ¥(B) = Bg,.
For every x€F, let e(x) = (x,0,...,0) e F". Then

e(x)+e(y) = e(x+y) and —e(x) = e(—x).
The set K = ®e(F) is a line in S. Since

e(0) = e(x)Dgye(—%),
we get
Pe(0) = De(x)@DPe(—x)

(because @ is definable in terms of &;). Thus, by T8,
B(®e(x)Pe(0)Pe(—x)) for every xeF;

in particular B(®e(1) Be(0) Pe(—1)).
Define two halflines
4 =HL(Pe(0)Pe(1)) and C = HL(Pe(0)Pe(—1)).
By L2
AuvC=K, AnCs={de(0)},
and
Pe(—x)e A < Pe(x)eC.

Let P = {x: Pe(x)e 4}, i.e. P = e~ *W(A). Then

—P =e7'¥(C),
and therefore

PU~P=F, Pn-P={0},
ie. (§P) satisfies (i) and (ii). In turn, by T8,

B(Qe (x) de (f,;l') Pe( y)) and B ((De 0) Pe ({;; »'lf) Pe(x +}')) s
whence

X, yeP |= de(x), be(y)e A = :pe({;:).’)m

. x+y
I= Pe(x+y)edv (De(—~:~z~«-) = ¢e(0)
|= x+yePvy = —x I(T; x+yeP,
i.e. (FP) satisfies (ii'i). Evidently 1 e P, i.e. (v) is satisfied as well. Tt remains to show
that ¥(B) = Byp (just now A4 is needed). Take p, ¢, re F" and let g = o(p),
b=0(qg), c = (). Let

(6)) lp—gqll=x and |jg—r|| = z;

icm®
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then
o) Byp(pgry < [Ip=ril = x+z.
Since
[le@) =) =x, Jle(@—e(=2)]| =z,
and '

lle@)—e(=2)f = x+z,

by (1) and (2) we get

8 ¢(X)e(0) :-_; pg A e(Oye(~z) = qr
and

@) Bep(pyr) <= e(x)e(—z) -:; pr.

The conditions (1') and (2') imply

an Pe(x)Pe(0) = ab A Pe(Q)de(—=z) = be
and

2" Byp(pgr) < de(x)Pe(-2) = ac.

By (1), x, z, x+z € P, whence
®e(x), be(z)e d, Pe(—2)eC
and therefore, by L2, B(®e(x) Pe(0) tl’e(’——z)). Thus, applying T15, by (1) and (2)
we get .
Byplpgr) <> B(abc), ;

which completes the proof. M

Treorem 2. OF = ML 08" U {(WP}).

Proof. «: If (§P) e OF then (E"(ES‘P)GOE"QSOE“ ar\xd E"(FP) satisfies WP,

2: Let & be a model of #04" U {WP}. We are going to find (FP) e OF such
that & ~ G(FP). By Theorem I, SOE" is an elementary class, thus

SOE" = WM(F08") .
Since & & M(F 0" U WP HSIM(LG4"), hence & = E'(FP) for some (FP) e SOF.
So, it suffices to shaw that the semi-positive cone P is closed under the multiplication:
(iv) P-PcP.
For any x e F, let
e =(x,0,..,00eF, ex)=(0,x0,..,0eF".

Suppose that
x,yeP and xyp¢PpP.

o
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Then

Bm'(f 1(0)e;(0)ey(x 'J’))
and

Bw(e 20) ey (e z(y)) v Biqr(cz(o) ex(y) 02(1))
(see Fig. 1). By WP, there is a point p e F" such that

L{y(e1(9~' ‘J’)PC’Z(}’)) A Lw(¢’1(x) ex(Dp) .

rtz(y)
p
»
ex(y)
ex(x-y) e1(0) o)  eley) e ei(x)
Fig.
Thus p is of the form
p= (Z] s 22, 0: vy 0) s

where

Zitxzz=x and  (zg+xz)p = xopR.

Hence x-y = x-y?, i.e. xy-(l-y) = 0. Since x-py % 0, we get y =1 and thus
¥y =xeP in contrary to the assumption. M

As corollaries of Theorems 1 and 2, we get

THEOREM 1'. 08" = Cn(#" L Z).

THEOREM 2'. 04" = Cn(S08" U ).

v 4. We pass to independence models. As was stated in [1] p, 76, cach of the
axioms Al-A4 is independent of the remaining three together with the whole
theory &". If, moreover, A3 is replaced by the conjunction of

A3.1. B(abc) = L(abe)
and

A3.2. L(abc) = B(abc) v B(bed) v B(cab),
then each of the five sentences Al, A2, A3.1,

f A3.2, A4is independent of the remai ning
four together with the whole &

The independence models are of the form
Gi(EP) = (F", Ly, Dy, B)

for i=1,2,4

icm®
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and

(ﬁgj(%l’) = (F”: L;p Dﬂs B3_]) for .] = 1:2

for some (FP) € SOF. Thus, we have to define relations By, B,, B,, B, and Bs,,
such that B, (Bs;) satisfies all the axioms except Ai (A3.j). Let
By = Byp—{(aab): a # b}, By = (F"?,
Bz == Lg ) .B32 =,
It remains to define B,. Consider first an arbitrary line K in the space (%)
= (F", Ly, Dy) and let /1 K-> K be a bijection. Let
Byp(abe) if
By( (@SB (©) if
It is easy to prove the following
Lemma. (F", Ly, Dy, BY) is a model of 6" w {Al, A2, A3}.
Let us choose now a bijection /' as follows. Fix three points a, b, c € F" such
that

{abc} K,

KS, X
B (abe) < { {abc}c K.

# (ubc) and  Byp(abc),
and let f satisfy the conditions:
J@=a, fG)=c, fl)=0b.

Then BY(abe) and ~BY(ab'c’) if ¥, ' ¢ K. But there exist &', ¢ ¢ K such that
abc = ab'c’, whence B¥ does not satisfy A4. Thus, by Lemma, setting
]

B4 = BK",

we get a desired relation. .

Finally, let us turn to the axiom AS. It was stated in [1] p. 76 that A.4 is ind?-
pendent of ¢" U {Al, A2, A3, A5}. We shall prove even more (comp. [2]): A4 is
independent of &" U {Al, A2, A3, A5'}. To obtain a suitable model, we choose
particular (FP) and fin GLFP). Let § = R, P = R*; let ¢,(x) = (x,0,...,0)e k"
and X = ¢,(R). There is a bijection ‘

Jor R—R
satisfying the conditions:
L@ =0, foyD =3, S/ =2
Jolx+)) = fo(x)+/o(3)
Let fi K— K be deflined by the formula
J(e1() = ex(fo)), .

BS £ ka :

and

and let


GUEST


56 W. Szmiclew

The structure €4(R R*) = (R", Ly, Dy, Bs) does not satisly A4, while it is a m
of & U {Al, A2, A3, AS'}. Indeed, it suffices to verify AS'. If {abcd} &K then
is obviously satisfied. Let a,b,¢,de K. Then « = ¢/(x), b =e,(y), ¢ = ¢,
d = e,(v) for some x,y,z,ve R Assume
B (abd) A B (bed) A be = ad;
then Byg+(f(@).f (B)f (D) A Bug( £V S (O F (D) Allb~¢|| = |lu~—d]||, thus
[fo@) <o)< folt) v fol®) Sl 2oV 2So(0)] ALy =2 = |x=1].

In turn

|y=z| = |x—v| |= x-+z = y+v v X+) =z40
1= fo() +£5(2) = fo(N)+/o(0) v fol¥)+7o(¥) = fu(2)+F4(0),
* whence fo(2) = fo(v) and therefore ¢ = d.

Thus Ad ¢ Cn(Al, A2, A3, AS) and so A4 cannot be replaced by A5’

It is not difficult to check that A4 becomes dependent in the presence of WP.
In conclusion

04" = Cn(8" v {Al, A2, A3, WP}),

and so the weak Pasch axiom is the only plane axiom of ordered Euclidean geometry,

concerning the betweenness relation.
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Pointed and unpointed shape and pro-homotopy
by

Jerzy Dydak (Warszawa)

Abstract. In the papet we consider whether every unpointed shape morphism can be realized
as & pointed shape morphism and whether every pointed shape morphism being an unpointed
shape equivalence is also a pointed shape equivalence.

1. Introduction. The main pointed shape invariants, i.e., pointed 1-movability,
pointed movability, being pointed FANR are at the same time invariants of the
unpointed shape theory (see [10] and [12]). However it is not knov.m whether t].ley
are hereditary shape invariants, On the way to attack this problem arise the following
questions:

QuesTioN 1. Let (X, x) and (Y,3) be pointed continua and let f: X— Y
be a shape morphism. Does there exist a morphism g: (X, x) — (Y, ) such that the
induced morphism g': X — Y is equal to f?

QuEsTION 2. Let (X, x) and (Y, y) be pointed continua and let f: (X, x)— (¥, )
be a shape morphism such that the induced morphism f ‘e X— Yisan isomorphism.
Is f an isomorphism?

The analogous questions may be considered in pro—homotopy.‘ ;

In this paper we consider the above questions., We show that in general the
answers to Question 1 and Question 2 (in pro-homotopy) are negative. However .
they can be positively answered in some special cases. . )

Specially interesting is Question 2 because the negative answer to it WOElld give
a weak proper homotopy equivalence not being a proper homotopy equivalence
which existence has been asked by T. A. Chapman and L. C. Sicbenmann 7

2. Notations and terminology. By H(H,) we denoted the homotopy category
of (pointed) connected CW complexes.

For any category C we denote by pro-C its pro-category (see [1] and (19D 3-11Sd;
by tow(C) we denote a full subcategory of pro-C whose objects are towers 1. e. 1over e
sequences in C. (see [11]). ) '_‘

By F: pro-H, — pro-H we denote the forgetful functor obtained by suppressing
base ‘points. : -
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