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Basic properties of /-regular local
Noetherian rings

by

A. Tye (Torun)

Abstract. A commutative local Noetherian ring R is called %-regular if its maximal ideal is
generated by a sequence u, vyl such that m;#£ 0, i=1, et and (U, ..., #r-q): (ug)
= (yy vrey Uy, u;’?‘_l), k=1,..,n, where hy is the minimum of integers m>0 such that u};" =0
GF wy # 0 for all m, then we put h; = o0 and m?_l = 0).

In the paper basic properties of such rings are investigated. One proves, in particular, that if R is
an k-regular local ring, then so are its completion R and every localization of R at a prime ideal.
Moreover, under this assumption, the associated graded algebra Gr(R) = RIm@®m/m*@... is

h-regular, i.e. the idesl @ mimttt s generated by an A-regular sequence of homogeneous elements.
i>0
Also a characterization of k-regular local complete rings is given.

Introduction. Let R denote 4 commutative ring with identity. Recall that a se-
quence uy, ..., Uy, 4; € R, is called regular in R if (i, ..., U )t () = (g, ooy tty_y)
fork =1,..,n(uy, o, tiyy) =0fork = 1). In [8] the notion of a regular sequence
has been generalized in the following way:let uy, ..., u, be as above and let h(u) = h;
be the minimum of integers m>0 such that uf' = 0 (if there is no such an integer,
put h(w;) = o and u® = u°~1 = 0). The Ssequence Uy, ..., u, is said to be h-regular
R (uy,oey) # Roand (ug, oyt )t () = (g, ..., Uy, up Y fork=1,..,n.
A local Noetherian (commutative) ring A is called h-regular if its unique maximal
ideal is generated by an /-regular sequence. .

The aim of this paper is an investigation of basic properties of A-regular local
Noetherian rings. In: particular, we show that if R is an h-regular local Noetherian
1ing then so is its completion R, and the associated algebra Gr (R) = Rim®m/m*S...,
where m is the maximal ideal of R, is an h-regular graded R/m-algebra in the sense
of [8]. Also, a full description of complete /i-regular local Noctherian rings is given,

In the whole paper the word “ring” means a commutative ring with identity.
All local rings are assumed to be Noetherian,

Properties of /-regular sequences and h-regular local rings. Let R be a ring and
let u € R. The height of u (shortly k() is the minimum of integers m >0 such that
u" = 0. If u" % 0 for all m, then we put h(u) = co.

1 — Fundamenta Mathematicae T. CV
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1. DEFINITION. A sequence i, .,u4,, 0 # u;e R, is called hi-regular in R

if the following conditions hold:
© Uy, ., thy) # R,

;f’ Eui, : u:)_l): () = Qgseees ey, YN, =1, 00, .71, by = I‘f(“k)-. 1

2. DerINITION. A local ring R is said to be h-regular if its unique maximal idea
is generated by an A-regular sequence. .

Tt is clear that every regular local ring is an k-regular l?cal ring and that ex{ery
h-regular local ring without non-zero nilpotent elc?ments is a rcgulz?r local rl}lg.
In what follows we show (see Theorem 19) thatif Ris a rf:gular local ring, Uss eees Uy
is a regular sequence of generators of the maximal id‘eal in Rand Ay, ..., A, is a‘se;
quence of elements of the set N® = N U {o0} (N will denote,_ as usual,l the set o
positive integers), then R/(uf, ..., ui") is an h-regular local ring. .

3. Remark. It was proved in [8] that if uy, ..., u, is an h-regular sequence in
a local ring R then S0 i #y(zy , -, Uy fOr each permutation o of th'e set {13 wer M}
Moreover, it is easy to verify that each h-regular sequence uy, ..., %, is a minimal set
of generators of the ideal (uy, ..., ,). .

In the sequel we frequently use the following K

4. LeMMA. If uy, ..., u,.is an h-regular sequence in a ring R, then‘ fm: each ,:,
1<i<<n, uy, .., 4; is an h-regular sequence in R and Ihe_ images ;y4, wees Uy of w's
in R = R|(uy, ..., u;) form an h-regular sequence in R such that h(fl;) = h'(uj),
j=1i+1,..,n Conversely, if there exists an i, 1<i<n, SL!C‘]-”L tﬁat Uy e u; s an
h-regular sequence in R, Uy, ..., U, is an h-regular sequence in R and h(i;) = h(u;)
Sor j=i+1,..,n, then uy, ..., u, is an h-regular sequence in R

The proof of the lemma is easy and is left to the reader.

5. PROPOSITION. Suppose. f: R—R' is a homomorphism of rings such that R’
is a flat R-module. Then, for each h-regular sequence uy, ...; u, in R with h(u;) = hi’ .
vy = f(uy), ..., v, = f(w,) is an h-regular sequence in R' whenever (v, ..., v,) # R'.

Proof. By the assumption, for all i = 1,..,n

O—>(Uy 5 o> i1, uﬁ”'l)c—rR—"—;R/(ul, s Ui q)
is an exact sequence of R-modules. Hence the sequences
@1
0—(Uyy ooy Usmy s ufi'1)®RRl—’R®RR'm"’ -R/(ul s e U)RRKR'

are exact because R’ is a flat R-module. However, I@zR' = /() R’ for each ideal
IR (again by the flatness of R'), and so it follows that

v
0_:'(”1 5 vees Vimgsn U;”— 1)C—+R’—>R’/(U1 ERLEE) Ui)
is an exact sequence for i = 1,...,n. Consequently (vy,...,v;_;): (v) = (v, ...

(1) Throughout the paper the following conventions are in force: 00 —i = oo if i <00, x¥=0,
xX=1, (U, ...,um)=0if m=0. :
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v 0,21, O for all i, whence, making use of the inequalities h(v)<h(uy)
and (v, ..., v,) # R', one easily gets h(v;) = h;. The proposition is proved.

Let R be a local ring with the maximal ideal m and let R denote the m-adic
completion of R. Since R is a flat R-module and every set of generators of the ideal
is a set of generators of the maximal ideal # of R, the above proposition yields.

6. COROLLARY. If R is an h-regular Iocal ring, then so is its completion R.
Now one can also prove

7. PROPOSITION. If R is an h-regular local ring, then so is the localization Ry
of R at each prime ideal R<R.

Proof. In virtue of the assumption the maximal ideal » of R is generated by
an h-regular sequence U = (uy, ..., ). By Remark 3 we may assume that Ups ey Uy
is the maximal subsequence of U comsisting of nilpotent elements. Then clearly
Uy, tpareinRand wy = uyfl,...,u) = u,[1 form an h-regular sequence in Ry in view
of Proposition 5. Hence, in order to prove that R is h-regular, it is sufficient to show,
by using Lemma 4, that R* = Raf(uy, ..., uy) is a regular local ring. It is obvious.
that R* = (R/(uy, ..., u,))z where R is the image of R under the natural homo-
morphism R—R = R/(u,, ..., u,). Furthermore, R is a regular local ring by Lemma 4.
The conclusion now follows from the well-known fact that the localization at each
prime ideal of a regular local ring. is also a regular local ring.

Let R be a local ring with the maximal ideal 7 and the quotient field k& = R[m.
As usual, Gr(R) will denote the associated graded k-algebra k@m/m*@... We are
now going to show that if R is an h-regular local ring; then Gr(R) is an h-regular

graded k-algebra in the sense of [8], i.e. that its augumentation ideal ® mi/mi+1
i>0

is generated by an /-regular sequence of homogeneous elements. Let us start with

the following '

8. PROPOSITION. If u is an element of m and h(W)<h for some he N®, then the
element u* = u+m? e Gr(R) is h-regular in Gr(R) and h(u*) = h if and only if u is
h-regular in R, h(u) = h, and the natyral homomorphism of graded k- algebras
pi Gr(R)—Gr(R((w)) induces an isomorphism p,,: Gr(B)/(u*)—Gr (R/(w)).

Proof. Suppose u* is an h-regular element in Gr(R) and A(u*) = h. First
we show that v is h-regular in R and & (u) = h. Let ru = 0. Then r € m and certainly
(r+m?)u* = 0. Hence r = yju" ' +y, for some ¥1 € R and y, € m?, which implies.
0= ru= y,u. Therefore (y,+m*)u*=0 whence y,= Yo" by with y, € md.
Consequently, = (¥j+y3)u" '+, and continuing this procedure we get
sequences r, € R and y, e m’, n = 2,3, ... such that r = r,u" 4 ¥y for all n. It
follows that re ((Ru"~*+m") = Ru"~* by the Krull Tntersection Theorem. Since:

n
h(up = h (otherwise h(u*)<hl), u is h-regular in R.

Now we show that py: Gr(R)/(w*)—~Gr(R|(w)) is an isomorphism. For this.
purpose it is sufficient to prove that for given n the kernel of the nth component,
of p: : , ) ) )
Pt Gr(R), = m"[m"* ' —m® + ()[4 () = Gr(R/(w)),

1
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is equal to (Gr(R)u*), = {au+m"*; aem''}. Tt is clear that (Gr(R) u*),
cKer(p,). Let b+m'*'eKer(p,), i.e. b+m"** = au+m'™* and assume that
aemmitt, If izn-1, then aem® ! and b+m"*!e(Gr(R)u*),. Suppose
i<n—1. In this case (@+mi*Hu* = b+m'*2 = 0 because bem'=m'*2. Hence
a = a'u""*+a, for some o' € R and a; e m'*%, which gives au = a; u. Proceeding
in this way we will finally find an a” e m"~* such that au = a’u, whence b+m""*
= o"u+m""! e (Gr(R)u*),, as was to be shown. Thus we have proved the “if ”.part
of the proposition, In order to prove “only if” one assumes that u is s-regular in R,
h(x) = h, and that py: Gr(R)/(@*)—Gr(R/()) is an isomorphism. Moreover, take
a homogeneous element @ & Gr(R) such that @u* = 0. Then @ = a+m" for some k,
aem* ! and auem**L. It follows that au+m**? e Kerp,,y = (Gr(R)u*),4+, by
the assumption, and therefore au = a,u-+b, where a, e m*, b e m**2. This means
(a—a)uem*2, whence (a—a)u+m**3 e Kerpy, = (Gr(R)u*)4,. So, there are
Gppr €M and by, em*™? such that au = gy u+a@u+byey = Grp U+byyy
where aj.,em". Repeating this procedure, one gets elements ay,,em* and
bypyem* "2 p=0,1,.., such that au = ap,,u-+byy, for each n. Hence
aue (\m*u+m") = m*u by the Krull Intersection Theorem, i.e. au = a'u for some
n

a' e m*. Consequently, there is 4, b€ R such that « = &' +bu""! because (0): ()
= (u*~1) by the assumption. Hence we conclude that a+m* = bu""*+m* and it
remains to find such a b which belongs to m*~!*"*1 But this is a consequence
of the lemma below (for i = A—1).

9. LemmaA. If (0): () = (u"~1) and the natural homomorphism

Pyi Gr(R)[w*)—Gr(R[w), u*=u+m®,

is an isomorphism of graded k-algebras, then for each i, 0 i<h, the natural homo-
morphism ) . _ .
i Gr(R))w*y—Gr(R/GH), pi =py,

is-also an isomorphism of graded k-algebras. _
Proof. Applying induction on i, one can assume that i>1 and that the lemma
is true for i — 1. As above, it is sufficient to show that the kernel of thc nth component

Py Gr(R), = m'"[m"* ' —m” + () [m!' "1 4 (') = Gr(R[(),

of the natural homomorphism of graded k-algebras p': Gr(R)—Gr(R[(u")) is equal
to (u*Y), = {au’+m"*1; a e M=}, The inclusion (u*)),=Kerp! is trivial. Let « € m"
and let @.= a+m"*! e Kerp!. Then @ = bu'+m" ™! for some b such that bu' e "
Wiiting 2 = (bwu'~'+m""1 we see that aeKerpi™*. Hence (bu)u~!4m"*?
= b,u' ™' +m"*t where by e m"~**1, which implies (bu—b)u'"t +m"t2 e Kerp!it
as (bu—b)u'~* e m***. Again by the induction hypothesis there exists a b, € m"~!*2
such that bu'—b,u'"'—b,u’"'em'*2. Continuing in this way we may find
biem !, s=1,2,.. for which bu'—bu'"tem  cm®. Therefore
bute (N i 4w’y = "y e there is a b em ! such that
s . B ) . . R

icm
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(bu—b")u'~" = 0. This implies bu—b' € (" *1)=(u) in view of [8], Lemma 1.2.
In particular, b’ =ruem" '** Since p' is an isomorphism, & +m""i*2
=b"ut+m'""** with b em' because b'+m" *2eKerpl_,,,. Consequently,
@ = bul4+m'* = bu" e m'™ = Pty g (), and thus the proof of the
proposition is completed.

Now we are able to prove

10. THEOREM. A local ring R is h-regular if and only if there exists a sequence
gy ooy Uy Of generators of the maximal ideal m such thar u*, ..., Ul = um,
is an h-regular sequence in the graded k-algebra Gr{(R) and h (u}'f) = h(u;) for
J=1,.,m

Proof. Let R be an h-regular local ring with the maximal ideal m. We show
by using induction on »# = e—dimR (*) that, for each A-regular SEQUENCE Uy, vuiy Uy,
of gencrators of the ideal m, u}, ..., " is an h-regular sequence in Gr(R) and that
h(uj-‘) = hQuy), j=1,..,n Case n = 0 is trivial. Suppose that n>0 and that our
assertion is true for all i-regular local rings R’ with e—dim R <n. Now let e—dim R
=n and let uy, ..., u, be an h-regular sequence of generators of the ideal m. First
we prove that ] is an /-regular element in Gr(R) and h(u}) = fy where hy = h(u,).
By Proposition 8 we need only to check that the natural epimorphism p,: Gr(R)/(uy)
—Gr(R/(u,)) is an isomorphism. Take @ = a+m**! e Ker(p,) where p,: Gr(R),
= m*[m** w4 (u,)[m* 4 () = Gr(R[wy))y is, as above, the kth component
of p. Then @ = bu, +m*** where bu, € m*. Hence there exist a &' € m*~* and a form
feR[X,, ..., X,] of degree k such that

(%) buy = b'u, +f(u2: s Uy)

and degy, f<h; for h; = h(u)), i = 2, ..., n. Now consider the homomorphism of
graded ! k-algebras g: k[Xy, .., X, J/(X32, ..., Xpy—Gr(R[(xy)) given by g(Xy
= ii,+m>, where #i; = u;+(u)eR = R/(uy) and # is the maximal ideal of the
ring R. In virtue of Lemma 4 and the induction assumption, @i}, ..., & is an h-regular
sequence in Gr(R/(w,)) with A(i}) = h;, i = 2, ..., n, whence g is an isomorphism
by [8], Lemma 1.8. Furthermore, if f denotes the reduction modm of the form
S Xz, .., X)) from the equality (x), then g(f+(X%, .., X)) =0 because
Sz, o u)) € (uy). Since degy, f<h;, i=2,..,m it follows that f=0, i.e.
Sy o u) e m** L, Consequently & = buy+m*** = bu; +m**! where b’ e m*~1
and thus Z € Gr(R)u}. From this we conclude that py is an isomorphism and, as
a result, we know that u{ is an h-regular element in Gr(R). Besides, w}+ ), ...
woos Uy +(uf) is an h-regular sequence in Gr(R)/(z}) and k (u} + @) = h(u) because
S0 is @3, ..., @y and pu(u}+(u})) = #F. Now Lemma 4 implies that u¥, ..., u* is
an fi-regular sequencesim Gr(R) and the implication = is proved.

For the implication <= it is sufficient to show that if a sequence u, , ..., u, satisfies
the assumption of the theorem, then it is k-regular in R. But this easily follows by
induction on » in virtue of Proposition 8. The theorem is proved.

(*) Here and in what follows e—dimR = dimpg pm(rmfm?).
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V 11. CorOLLARY. If R is an h-regular local ring, then Gr(R) is an h-regular
graded k-algebru. Precisely, if uy, ..., u, is an h-regular sequence of generators of the
maximal ideal m and h(u) = by, then uy,..,u;, uf = u,+m? is an h-regular
sequence of homogeneous generators of the augumentation. ideal of the k-algebra
Qr(R). Moreover, the homomorphism of graded k-algebras

g0 KX, KXY o, X —Gr(R)

defined by the formula: g(X)) = uf, i =1,...,n, is an isomorphism.

Proof. Thisis a consequence of the proof of the implication = in Theorem 10
and [8], Theorem 1.9.

12. CorOLLARY, If R is an h-regular local ring, uy, ..., u, and Vyy ey Uy are
h-regular sequences of generators of the ideal m, then n = m and hu)) = h(v)) for
I=1,..,n whenever h(u)<...<h(,) and h(v)<..<h(v,).

Proof. The equality n = m follows from Remark 3. In order to prove the
rem'aming equalities assume that % (u;)<...<h(u,), h(v,)<..<h(v,) and consider
the diagram '

k[X1, .., X,,]/(Xi", ey X,’,’")\g
1

Gr(R)
kLY, o, YIS, Yoy

where /; = h(uwy), s; = h(v) and g,(X}) = u;+m?, g(¥)) = v,+m?, i=1,...,n.
By Corollary 11, g, and g, are isomorphisms of graded k-algebras whence there is
an isomorphism of graded k-algebras

PRIy s XKE, o XY SK LY, o, GICYE, ., T

‘We show by induction on n that the existence of Jimplies f; = 5; for j = 1, ..., n,

If n = 0, there is nothing to do. Suppose that #>0 and that our assertion is true for

all graded k-algebras of the above form generated by less than 7 elements. Let us

start with the proof that h;, = s,. Denote: Yi= Y+ (X, ., ¥, =1, .,m,
n

¥ =f(X+&X7, ..., X}7) and write y = 2 kiyi, kiek. Then k, # 0 for some q k
1

and

{*) 0=y"=Y(i,.., i,,)lc"l'...kf,"yil"...yf;’+/\t,:‘y'1‘
(i + ..o +i)!
i)
Z iy =hy, 0<i;<hy and i,<h,. But this is possible only when /;>s5, because

where (i, ..., i,) = and iy, ..,7, run over all n-tuples such that

J

otherwise the set {y!...yM"; Yi; = hy, I;<hy<s;<s;} would be a part of a basis
of thcﬂ k-vector space k[ ¥, ..., YI/(YS, ..., ¥ and the equality (x) would imply
ky = 0.Hence b, = 1 as the role of ; and s, is symmetric. The argument following

icm
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t

the equality (+) explains also why y = ) y, where ¢ is such that &y = 5, = ... = 5,
: 1

<841, Changing, if necessary, the ordering of the sequence 1, ..., z we may assume )
q=1, 1le. k; #0, Then dlearly (y, ..., 5,) = (¥, Y2, ..., ¥,). Moreover, we claim
that y, ¥, ..., ¥, is an h-regular sequence with () = i, = 5,. To prove this, by
applying Lemma 1.4 in [8] (to the sequence y,,..,¥,,¥) and the equality
Y =kyyi+...+k,»,, it suffices to show that A(y) = s,. Cage y = kyy, is trivial.
Let k; # 0 for some i>1, Then from the equality () with § = 1 we conclude that
Gy sy =Nkl =0 for all j=1, .y §y—1. This means that (j,s,—j) =0 in &
for the sante j. It is well known that such equalities hold in the field k only when the
characteristic of k is p>0 and s, = /= p’, r=0. Since A(y)) = s, for j =1, ..., ¢

t
it follows that y* = (3" k;p,)'" = 0, i.e. A(¥)<s;. On the other hand,
1

h(J""U’Zy A yn)) = h(klyl +(y25 AR yu)) = Sl

by [8], Lemma 1.4, whence A(y) = 5,. Consequently, we know that y, y,, ..., ¥,
is an A-regular sequence of homogeneous generators of the augumentation ideal
of the algebra B = k[Y, ..., Y,]/(¥3, .., ¥7"). Applying again [8], Lemma 1.4,
Theorem 1.9, we infer from it that B/(y) = k[Y,, ..., YJ( Y%, ..., ¥3"). Similarly,
if A=k[X,.., X)X, .., X1, then A/(X,) = k[X,, .., X1(X%, ..., X0,
Furthermore, as f(X,) =y, the isomorphism f: A—B yields an isomorphisms of
graded k-algebras f': A/(X,)—B/(»), i.e. an isomorphism

S kX, o, KX, o XK (Y, o TR, ., B

Now, using the induction hypothesis, we obtain h; = s; for j = 2, ..., n. This com-
pletes the proof of the corollary.

13. COROLLARY. A4 local ring R is h-regular if’ and only if its completion R is
h-regular and there exists an h-regular (in R) sequence u,, ..., u, of generators of the
maximal ideal # in R such that u;e R for i=1,..,n.

Proof. The “if” part follows from Corollary 6. The “only if” part is a conse-
quence of Theorem 10 in view of the fact that Gr(R) = Gr(R).

Corollaries 11 and 13 show that, if R is an A-regular local ring, then both the
completion R and the graded k-algebra Gr(R) are h-regular. We prove below (see
Example 14) that one of the examples of “bad” Noetherian rings in Nagata’s book
“Local rings” provides a local ring R such that its completion R (and hence
Gr(R) = Gr(R)) is h-regular whereas R itself is not i-regular.

14. Exampre ([6], Example 3.1, p. 206). Let k& be a field of characteristic
p>0 such that [k:k"] = 0 and let S = {f = Xfit' e k{[1]; {/fi} generate in k
a finite extension of k?}. One can verify that Sis a local ting and S = k[[1]. In par-
ticular, S is a regular local ring. Let by, ..., b,, ... be a sequence of elements of &
lincarly independent over k” and let b = Zb,t' (observe that b ¢ .S). By definition

R = S[X]/(X*~d) where d=Db"eS.
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Then R = S[[X/(X"—d) = k[[t, X]))(X—b)*~K[[t, YT|[(Y"), which shows that
R is h-regular because t+(Y¥), Y+(Y?) is an h-regular sequence of generators
of the maximal ideal of the ring k[[#, ¥]]/(¥"). On the other hand, R is not k-regular
since otherwise R, being an integral domain, would be regular, which is impossible
because R is not regular. )

The next example indicates the existence of non h-regular local rings R which
are complete (even Argdnian) and for which Gr(R) is an h-regular graded k-algebra.

15. EXAMPLE. Let k be a field of characteristic 2 and let R = k[[X, YT]/X >~
—XY?, ¥*). It is easy to see that Gr(R) = k[X,, X;]/(X?, X3) and that there is no
element w e R with A(u) = 2. It follows from Corollary 12 that R is not h-regular.

Corollary 12 justifies the following '

16. DEFINITION. A local ring R is called (hy, ..., h,)-regular, h,e N®, h <...<h,,
if there exists an h-regular sequence uy, ..., u, of generators of the ideal m such
that () = hy fori=1,..,n

It is obvious that each h-regular local ring R is (b, ..., h,)-tegular for some
sequence hy, ..., i;. Moreover, if R is (A, ..., h,)-regular, then so are its com-
pletion R and the graded k-algebra Gr(R). .

If Ris an h-regular local ring, then by Remark 3 every h-regular sequence of
generators of the maximal ideal m is a minimal set.of generators of m. The next
proposition decides when a given minimal sequence of generators of a: is h-regular.

17. PrOPOSITION. If R is an (hy, ..., h,)-regular local ring, then a minimal
Sequence vy, ..., v, of generators of the ideal m is h-regular in R if and only if b w)<h,
J=1,..,n, provided that h(v))<...<h(v,). .

Proof. Taking into account Corollary 12, it is enough to show that a minimal
sequence vy, ..., v, of generators of m such that h(vp)<h; and h(v))<...<h(v,) is
h-regular in R. It will be done (as usual in this paper) by induction on ». Casen = 1
is easy and can be proved for each v, e m\m?2. Suppose that n>1, that the assertion
is true for all z-regular local rings whose maximal ideal is generated by less than
# elements and that the maximal ideal 7 of the ring under consideration is generated
by an h-regular sequence u, ..., u, with h(u;)) = hy. Then u; = %b,v; for some
b; e R and there is an r such that b, ¢ m. Hence in the ring R = R/(ui) we have
M= (y, ., @) = (By, .., Dy, oo\ 7,) () where 7 denotes the maximal ideal of the
ring R. It is easy to verify that Dy s eees By, oovy D, 1S @ minimal set of generators of .
Moreover, h(B)<h(v)<h;<hyy, = h(d;,,) for i<r and hE)<h(oy<hy = h(@)
for j>r. Since R is an (h,, ..., h,)-regular local ring by Lemma 4 it follows by the
induction assumption that 3, ..., 3,,..., b, is an h-regular sequence in R. In
particular, 4(5,) = h(i7;,) = by, for i<r and h(@) = k(@) = h; for j>r in view
of Corollary 12. Hence A(5) = h(v,) = hy for i<r and h(5) = h(v) = h; for j>r
because h, = h(B,_,)>h,_, = h(B,-2)>...2h, = h(5)2h, and b <...<h,. Now,
applying Lemma 4, conclude that u, V15 eeey By, ooy D, 15 an h-regular sequence in R,

~ df
O Gy ooy Xy ooy ) = (ot ey Xag, Xika, cory Xn).
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whence R = R[(vy, ..., 8,, ..., 5,) is an (hy)-regular local ring. Furthermore, it is
obvious that @, = v,+(vy, ..., D,, ..., v,) € 1iNIii* where #i is the maximal ideal
of R. Hence (case n = 1) we infer that %, is an h-regular element in R and A(%,)
= hy = h,. This gives h(%,) = h(v,) and consequently, again by Lemma 4, v, ..., v,
is an Ji-regular sequence in R. The proposition follows.

18. COROLLARY. If R is an (hy, ..., hy)-regular local ring, then a minimal se-
quence vy, ..., v, of generators of the ideal m such that I W) <...<h(v,) is h-regular
in R if and only if h(v) = h; for j=1, .,n.

19. THeoREM, If R is an (hy, ..., h,)-regular local ring and uy, ..., u, is an h-reg-
ular sequence of generators of the ideal m such that hu) =h, i=1,..,n then
Jor each sequence k;<...<k,, kye N®, RI@Y, ..., ul") is an (), ..., B)-regular local
ring where s is the first number such that ks>1 and hi = min(h,, k)).

In the proof of this theorem the following lemma is very useful:

20. LEMMA, If uy, ..., u, is an h-regular sequence in a ring S and h(u;) = h;,
then for each sequence k..., ky_ 1, kje N*, and for each j, 0<j<h,, the following -
implication holds:

& A O R O S

2 Uy s

Proof. It is clear that we may assume ky<h; for i = 1, ..., m. Moreover, one
can guess that, for the proof, induction on m will be used. If m = 1, then the lemma
is a reformulation of [8], Lemma 1.2. Let m>1 and let aw, e (W%, ..., 5m). Then
the sequence I, .., fi,, @; = u;+(uy), is an h-regular sequence in RJ(uy) with
h(il,) = h, and by the induction hypothesis

n—

m—1
a =™+ Y aufi+bu,  for some a;, beR.

Multiplying this equality by u/,, we obtain

m—1
. . X
S a4 buy vl = aud, = 2;s,u,r‘ for some s;€R.
‘ |

Therefore (buj,—s; 15~ uy & (W2, ..., '), whence bul,— 55 e T o2, L
vy Um0, Repeating the above arguments for b instead of @, we conclude that
be (™ ul, o, ulmmg, uy). Hence ae @™, uf2, .., ufnsd, w?). Continuing in
this way, one gets the required result.

Once the lemma is shown, we can prove the theorem. For this purpose it is
sufficient to show that i, .., &,, §; = w,+ (@4, ..., uk", is an h-regular sequence
in RIGE, ..., u") and () =K, for i=s,..,n. Tt is obvious that A(F)<h,
i=8,.,n Il q=h(E)<h; for some i, i.e. ule @', ..., u'"), then

- i 3
Wit —af ™%y e (b, L Ul L,

b ki- Jei— ki k.
and by Lemma 20 we have 1e (W, .., uf, w9 i, o, ub ey, ..., uy)
because g</h;<k;. This contradiction shows that A(ir;) = Aj for i = s, ..., n. Now,
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fix 7, s<i<n, and take aeR = R, ..., uf") such that aii; e (i, .
au; € (Uyy vy Uygy U oy i) (recall that k; = ..
a beR such that (a— bu"l‘l)ule(u,, s Uiy, U ., 4, whence a—bu!
€Uy Uy, W07, 0l L, ') on the basis of Lemma 20 applied to the /-regular
sequence iy, o Uy, and Ky=..=kj_y=1, kj=k;, j=i+1, .., n.
ufz”) = (Upy ey Uimgs u’iq“l’ V'i”—l’ u;‘rll: ey Z':i“)’

! -
S Hq, U “?“1), and thus the theorem is proved.

vy fyoy), lee.

fi—1

cees Upqs Upggy o

W=t kier

SiNCe (5 vevs Ujmqs Ui s Uit s vees

it follows that & e (fiy, ...

21. COROLLARY. If R is a regular local ring, then for each regular sequence
Uy, o, U, Of genarators of the maximal ideal m and for each sequence ki <...<k,,
kye N®, RIGAY, .., i) is an (K, ..., k) -regular local ring where s is the first number
such that k> 1.

22. THEOREM. If alocal ring R' is a homomorphic image of a regular local ring R,
then it is (hy, ..., h,)-regular if and only if there exists a regular sequence uy, ..., u,,
of generators of the maximal idedl m in R such that

Y Bt h
R =~ R/(un-fl’ ey Uy Ug' ey Uy")

Proof. By the above corollary we only have to prove the implication =>.
Let R be a regular local ring and let p: R—R’ be an epimorphism of rings, which
exists in virtue of the assumption. Moreover, let I = Kerp and let n = ¢—dimR’.
If I¢#m?* (m is the maximal ideal of R), then there is u,,, € I\mm? and p induces an
epimorphism of rings p': R[(u,,,;)—R’ such that R/(u,,,) is again a regular local
ring. Repeating this procedure one can find a sequence u,, 1, ..., U, %; € I, such that
R = R/(u,s,, ..., u,) is a regular local ring and the kernel of the epimorphism
b: R—R' induced by p is contained in the square of the maximal ideal of the ring R.
Now we are done by the following

23. LEMMA. Assume that R is a regular local ring with the maximal ideal m, R’
is an (hy, ..., h,)-regular local ring with the maximal ideal m' and p: R—R' is an
epimorphism of rings with I = Kerp =m?. Then for each h-regular sequence v, ..., u!,
of genérators of the ideal m' with h(uj) = h; and for each sequence u , ..., u, in R such

that p(u) = uf, i=1,..,n uy,..,u, is a regular sequence of geneitltors of the
ideal m and the epimorphism

B RIGA, ., )R
induced by p is an isomorphism (note that ul* e Kerp).

Proof. Letuj, ..., uy be an hi-regular sequence of generators of the ideal m'
such that 2 (u}) = &; and let p(u;) = uj, j = 1, ..., n. Then clearly m = (U ooy )+
+I= (u,..,u,)+m? and by Nakayama Lemma m = (uy,..., u,). Moreover,
Uy, .o, Uy is @ minimal (hence regular) sequence of generators of m because so is
Y, ..., ty for m’. We show by induction on n that I = @, ..., ™). Case n =0
is trivial. Suppose n>0. If R = R/(u,,), R’ = R[(u;) and p;: R—R' is the epimor-
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phism induced by p, then from the induction assumptlon it follows that Kerp,
= (@ e, B, ;= u,+(u,). Hence if g eI then
n—1
d=7Y aul+au,
i=1

s

for some a;e R,

which implies 0 = p(a) = p(a)p@,) = pa)u,. By Remark 3 u, is an
h-regular element in R’ so it results p(a,) —p(;)u M= p(rdeTY), de. a, =

riy'+a’ with o € I. Consequently a = Zayul'+ (!~ +a')u, € @, .., ') +-ml
dﬂ(.l L=, ., uh)+ml because u}" =0. The conclusion now follows by
Nakayama Lemma.

24. COROLLARY. Suppose R is an (hy, ..., h,)- regula; local complete ring with the
maximal idedl m and the quotien field k = R|m if characteristic p (p can be 0). In
equal characteristic case R = k[[X, .., X,]][(XT, ..., XI™. In non-equal charac-
teristic case there exists a local complete discrete valuation ring A with the maximal
ideal generated by p such that R = A[[X,, ., X,]}[(p~f, X1, ..., X!} for some
e Xy, .., XpedAlX, ..., X,1] (observe that p—f, X1, ..., X, is a regular sequence
of generators of the maximal ideal of the ring A[[X,, ., X011

Proof. In equal characteristic case R contains the field k¥ and the natural
homomorphism of k-algebras g: k[[X], ..., X,]]=R given by g(X}) = u;, where
Uy, .y Uy, is an h-regular sequence of generators of m is an epimorphism by the
completness of R. Moreover, Ker(g)=(Xy, ..., X,)* as e—dim(R) =n = e—
—-dim(k[[)( 15 eees XyI]). In virtue of Lemma 23 it follows that

Rek[[Xy, oy XK, oy X0

In the non-equal characteristic case there exist ([2], Th. 12) a local complete discrete
valuation ring A4 with the maximal ideal generated by p and a homomorphism
g9': 4—R such that the induced homomorphism of the quotient fields ': 4/(p)—k
is an isomorphism, Hence the homomorphism g: A4[[X, ..., X,]]—R, defined
by the formulas g|, = ¢, g(X)) = u, for u;’s as above, is an epimorphism of rings.
In particular, there is anf'e (X, ..., X,) suchthat g (f) = p € m, whence p—fe Ker(g).
Furthermore, if g, : S = A[[X. ..., X]]/(p—f)—R denotes the epimorphism induced
by g, then Kerg, =m? where m, is the maximal ideal of the ring S because e—~dimR
=1 = ¢-—dimS. We have also g(X,) =w, for i=1,...,n Consequently, by
Lemma 23,

R =~ S/("Y"’l ooy Ky o A[1XY,
as was 10 be shown.
25, Remark. Theorem 22 shows that from the structural point of view the
following question‘ is of great importance:
QUESTION. Ts every h-regular local ring a liomomorphic Lmage of a regular
local ring?

X,,]]/(p —f XT e X0

The answer to this question is unknown to the author.
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26. THEOREM. If k is a field and R is a local k-algebra of finite type such that
R|m (m being, as usual, the maximal ideal of R) is a separable extension of k, then R
is an (hy, ..., hy)-regular local ring if and only if there exist a regular local ring S and
an r<n such that

R = STIXy, ..., XJ]J(X0, ., X

Proof. The “only if” part is a consequence of Theorem 22. For the proof
of the “if” part take an A-regular sequence uy, ..., u, of generators of m and denote
by N the ideal (uy, ..., #,) where r is the maximal number such that #,<o0. Then
S'= R[N is a regular local ring by Lemma 4 (recall 4, < ... <4,) and its quotient field,
being isomorphic to R/m, is a separable extension of k. By [4], Th. 6.3, Ex. 1.5,
Def. 1.1, it follows that the structural homomorphism of rings k—S is formally
smooth, i.e. for every k-algebra B and every nilpotent ideal J in B and every homo-
morphism of k-algebras /@ S—B|J there exists a homomorphism of k algebras
g': S—B such that the diagram

.

where p is the natural projection, is commutative. In particular, puiting B = R,
J =N and f = 1, one obtains a homomorphism of k-algebras g': S—R such that
Py’ = ls. The homomorphism g’ permits us to define a homomorphism of /-algebras
g: 8= S[[Xy, .., X,]J(XY, ..., X'—R as follows: g (s) = g'(s) for se S, gX)=u;
fori=1,..,r We claim that g is an isomorphism. Using the equality pg’ = 1,
one can easily show by induction onm that ReImg+N"form = 0,1, ... (N°= R).
Since N is a nilpotent ideal, this implies that g is an-epimorphism. The injectivity
of g will be proved by induction on 7 = r(R) (note that r is an invariant of R because
r =.¢~dimR~DimR where DimR denotes the Krull dimention of R). If r = 0
then the injectivity of g = g’ is a consequence of the equality pg’ = 1. Suppose that
r>0 and that for all k-regular local k-algebras R’ of finite type with the separable
(over k) quotient field and r(R")<r all homomorphisms constructed analogously
to the homomorphism ¢ (g depends on u;, ..., 4, and g’) are injective. Now, if
g(@) =0 for some @eS[[Xy, ..., X,/ X"1 oo XJr), then @ has a unique rep-

, X,]] such that a = Z S{Xy, s

resentative ae S[[X;, ... Xe)X) and degy, s;<hy

for i=1,..,r=1 and j=0,..,h—1. Cons1der the following commutative
diagram:
ST, s XX, L XL SR
‘J\l]' ’p" 7
S[[Xla AL Xr—l]]/(Xilll: cee h,- 1)“'_>'R/(1’Ir)
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where q(X) = X+ (X7, ., XI0, i =1, ..,r—1, g(X;) = 0, p, is the natural
projection and F(X;) = @; = w;+(u,) for i = 1, ..., r—1. Observe that R = R/(u)
is an (hy, ey Buey, oy ooy b,)-regular Jocal ring w1th the same quotient field as R
and with r(R) = r—1. Fulthermore, S(R) = Rl(#y, ..., l,—)) = Rf(uy, ..., u) =
and p'gls = 1, where p’ = R—S denotes the natural projection. Consequently,
applying the induction hypothesis, one knows that g is an injection. Since 0 = Prg(3).
= gq(a), it follows that

0 = q(@) = so(X7, oo, Xpm )+ (X", ., X
and further s, = 0 as degy,so<h, for i = 1, ..,r—1. This implies 0 = g(a)
= g(£5,X:" Y)u,, whence g(Ls,X."!) & (u,) because u, is an h-regular element in R.

Therefore
’ gq(zslx;'— 1) = Prg(zsixi_i) =0 H

i.e. (25, X'™*) = 0, which gives, as above, 5, = 0. Repeating this reasoning, one
gets sy = ... = &, .1 = 0. As a result, we obtain & = 0 and thus the injectivity of g is
proved. The theorem. follows.

Now we formulate the notion of an k-regular sequence in homological terms.
Recall for this purpose that a sequence u, ...,%, in a ring R is called p-ordered
(see [8]) if A(u;) = oo forj = 1,..., p and h(u;) <0 forj=p+l,...nIfu, .., u
is a sequence in a ring R (not necessarily p-ordered for some p), let E(uy, ..., u,)
denote the Koszul complex of uy, ..., u,, 1.e. the exterior algebra on the free R-module
RT,®...®RT, with the differential d given by d(T}) = u; and grading defined by
degl; =1, i=1,..,n Moreover, if the sequence uy,..,u, is p-ordered, let
Eh(yy, ..., u,) denote the graded differential R-algebra E(u;, ..., 4 ) @ x[(RS)11®...

.+@RS,) where I'(RS),..;®D...®RS,) is the algebra with divided powers on the free
R module RS,.;®.. EBRS,,, deg(S;) = 2, and the differential d is given by
sy = ug‘-’"lTj with /; = h(u)) (in the notation of [8] E(uy, .., #,) = R(Ty, «u., T,
dly = u, BhQuy, ooy 1) = EQy,y ey 1) (Spigs ey Syy dS) = u?"lTp; for details
see [8]). From Proposition 2.5 in [8] applied to 4 = 4, = R we get the following

27. COROLLARY. If iy, ..., u, is a p-ordered sequence in a local ring R, u;em
and Bh = BEh(u;, ..., u,), then the following conditions are equivalent:

(1) wgy ey uy is an h-regular sequence in R,

(ii) Bh is a free resolution of the cyclic R-module Rf(uy, ..., u,),

(iii) H,(Eh) = H,(Eh) =

The next proposition is a generalization of [3], Prop. 1.

28. PROPOSITION. Ifuy, ..., u,is an h-regular sequence in a ring R (not necessarily
Noetherian) and f: S—+R (S does not have to be Noetherian too) is a homomorphism
of rings such that the composition pf: S—R—R[(uty, ..., u,), where p is the natural
projection, is injective, then the homomorphism of rings

g: T= S[X, )(n]/(x’-h1 vy -X‘r’x'")'—)R » hj bl h(uj) >
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defined by g(s) = f(s) for s€ S, g(X;) = u,for i = 1, ..., n, is also injective. Moreover,
'R, § are local (Noetherian) rings and R[(uy, ..., u,) is a flat S-module (R/(y, ..., Uy)
is an S-module by pf: S—R[(uy, ..., u,)), then R is a flat T-module.

Proof. The proof of the injectivity of g is a slight modification of the proof
of the injectivity of the homomorphism ¢ considered in the proof of Theorem 26
and we omit it. Assume that R, S are local rings and R/(xy, ..., u,) is a flat S~module.
In order to show that R'is a flat T-module we use the criterion of flatness ([1],
Chap. III, § 5, n° 2, Th. 1(jii)) applied to the ring T, the ideal J = (X, X)=T
and the T-module R. We have to prove that:

() R/SR is a flat T/J-module. .

@ii) Tor{(T)7, R) = 0.

(iif) For any finitely generated ideal I in T IQR is a T-module separate in
J-adic topology. i v

() is a consequence of the assumption because RISR = Rl(uy, .oy u,) and
T/J = S. For the equality Tory(7}J, R) = 0 observe that by [7], Th. 4, Eh X5 X))
is a free resolution of the 7-module S = T/J. Moreover, it is easy to see that
Eh(X,, .., X,)®rR = Eh(u,, ..., u,). Hence

Tor{(T}J, R) = H,(Eh(X,, s X)®rR) = Hy(Eh(uy, ..., u,)) = 0

in view of Corollary 27. Tt remains to show that, for each finitely generated ideal J
in T, I®R is separate in J-adic topology, i.e. NJ"(I®yR) = 0. But
m .

NJI"IRrR)= N I R)L™

m m
where L = (uy, ..., #,) and I®,R is regarded as a (right) R-module in a natural
way. Since I® R is clearly a finitely generated R-module, the required result follows
from [1], Chap. III, § 3, n° 2. This completes the proof of the proposition.

29. Remark. If Ris a complete local ring, then the ring T in the above prop-
osition can be replaced by S[[X;, ..., X,]]/(X™, ..., X'm).

30. CorOLLARY. If R is a local ring containing a field k and Upy oy Uy, 1S an
h-regular sequence in R with h(u;) = h;, then for each h-regular sequence f,, ...,
in T (with S = k) such that f}(0) = 0 for all j, JiQs s )y o, folty 5 oy 1) B8 an
h-regular sequence in R and h( fi(u,, ..., w)) =h(f)forj=1,..,m In particular,
iy, sy 15 a regular sequence in R, then for each regular sequence fy, ..., f, of
polynomials from k[X,, ..., X,] such that 50 =0, fi(uy, ...,uy), ..., g s ey )
is a regular sequence in R.

Proof. This is a consequence of Proposition 5 and Proposition 28.

31. CorOLLARY (from the proof). Let R and R’ be local rings with the maximal
ideals m and m', respectively. If fi R»R is a homomorphism of rings such that
f(mycm’ and J is an ideal in R, then R' is a flat R-module whenever R[f)R is
a flat R|J-module and Tor(R|J, R') = 0.
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