o ©
IBM coLLOQUIUM MATHEMATICUM

VOL. IX 1962 FASC. 1

ON ALGEBRAS WITH A QUASI-INVOLUTION

BY

B. GLEICEGEWICHT (WROCEAW)

1. The results of this note have been announced in Bulletin de 1’Aca-
démie Polonaise des Sciences [3].

Let P be an associative and eommutative ring with a unity element.
An operation * defined on the ring P is called an inwvolution if it satisfies
the conditions

(a+B) =a"+§% dy=a, (af) =d"p

for any a, 8eP. The aim of this paper is to study a class of algebras over
the ring P with an involution.

A set A is said to be an algebra with a quasi-involution over the
ring P if

10 4 is a modul over P,

20 A ig cloged with respect to a.product xy such that the two-sided
distributive law holds and

(i) (a)y = a(ay),
(ii) #(ay) = a*(wy)

are true for any aeP and #,yeA. We remark that the product is not
necessarily associative.
30 An operation *+ is defined on A and satisfies the conditions

(i) (2+y)* = ot +97,

(iv) , () = a*a*,

(v) gt =,

(vi) (@) =y,

(vii) a(ye) = (wzt)y

for any ae P and @,y, zed. The operation * will be called a guasi-invo-
lution.
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2. Let A, be an associative algebra with an involution * over P
satisfying in addition to the usual requirements the condition (am)*
= a*o* for any ae P and med, (e. g. see [5]). In. the sequel we shall denote
by o (4,) the set 4, with addition and multiplication by elements of P
unchanged and with a new multiplication in 4, defined as follows
1) ay = y*ou,
where o is the product operation in A,.

If A, is the algebra of square matrices of fixed order, then (4,)
coincides with the algebra of cracovians introdnced by T. Banachiewicz
(see [1]). Therefore, for arbitrary 4,, # (4,) will be called a cracovian
algebra generated by 4,. The theory of cracovian rings is developed in {2]
and [4].

THEOREM 1. If A, is an assoctative algebra with an involution, then
A (A,) is an algebra with o quasi-involution, where as a quasi-involution
the involution in A, ts taken.

Proof. Of course, to prove our theorem it is sufficient to show that
in #°(4,) the two-sided distributive law and equalities (i), (ii), (vi) and
(vil) ave true. Taking into account definition (1) we have the equalities

2(y+2) = (y+2)ow =y ow+ on = my+wz,
(y-+2)s =as*o(y+2) = a*oy+a*os = yatom,
(am)y = y* o (an) = a(y*ow) = a(ay),
#lay) = (ey)* oo = a*(y* or) = o*(wy),
(wy)* = (y*oa)* = a" oy = ya,
#(yz) = (y2)e = (FFoy)*om = (y*or)ow = yo (zou)
=y*o (™ o) = (@")y = (we*)y,
" which completes the proof.
THEOREM 2. Every algebra with a quasi-involution is equal to the era-
covian algebra generated by an associative algebra with an involution.
Proof. Let A be an algebra with a quasi-involution over a ring P.
By A4, we denote the set A with addition and multiplication. by elements

of P unchanged, whereas the involution and o-multiplication are defined
by formulae

(2) a* = at,
First we shall prove that 4, is an associative algebra with an in-
volution. Using (2) we get the distributive laws -

wo(y+e) = (y+2)at = yat -+t =goytwoe,
(y+2)om = a(y+2)" =yt a2t =yoatrzoa.

zoy =yat.
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Further, according to (vii),
(@oy)oz = (ya*)oz = 2(yz*)* = a(aty) = (ey)a+
= (yor)a* = zo(yoz).
From (i), (ii) and (iv) we obtain the equalities
(aw) 0y = y(aw)* = y(a*2*) = a(ys®) = a(woy),
20 (ay) = (ay)a™ = a(ys*) = a(zoy).
Finally to prove that the operation * is an involution it suffices to
show that (zoy)* = y*oa* By (v) and (vi) we infer that
(@oy)® = (yoh)r =2y = 2ty™t = y*oa".
Thus 4, is an associative algebra with a involution. Since
Yor=ytor =ay™ =ay,
A = A (4,), which completes the proof.

3. In [2] the notion of v-rings was introduced. An analogous notion
can be introduced for algebras. Namely, a set B is said to be a t-algebra
over a ring P with an involution if

1° B is & modul over P;

20 B ig closed with respect to a product xy such that the two-sided
distributive law holds and (am)y = a(2y), @(ay) = o*(vy) are true for
any aeP and 2, yeB;

30 There exists an element v¢B such that for every a,y,zeB the
following equalities hold:

*) ‘ a(y2) = (o(w2))y,
(++) (@) = @.

THEOREM 3. Every v-algebra i8 an algebre with o gquasi-involution
defined by means of formula z* = a.

Proof. To prove our assertation it is sufficient to show that the
operation * is a quasi-involution. From () and (++) we get the equalities

(@+y)* =r(@+y) = wtwy =" +y¥,
(am)* = r(aw) = o*(ww) = oo™,
ot = ¢(w) = @,
(oy)* = z(wy) = (z(wy))2 = yo,
(@2*)y = (2(z2))y = (y2).
Consequently, * is a quasi-involution, which proves the theorem.
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THEOREM 4. An algebra with o gquasi-involution is & T-algebra with
a" = 1o if and only if @t is o eracovian algebra generated by an associative
algebra with a unity element.

Proof. Let us suppose that 4 is a cracovian algebra generated by
an associative algebra 4, with a unity element e. Denoting by o the pro-
duct in 4, we have the equalities

w(yz) = (y2)*ox = (Foy) ow = (y*0r)or = y*o (r0a) = (o@)y

= (@2")y = [o(* 0e))y = (n(e))y,

ok

e(ex) = (ew) o e = (o) = (z*0e)* = 2™ =w.

Consequently, as an element r satisfying (+) and (+«) the unity ele-
ment ¢ can be taken. In other words, 4 is a -algebra.

Now let us assume that A is a z-algebra. By theorem 2 it can be
represented by a cracovian algebra A = J'(4,), where 4, is an asgo-
ciative algebra and the multiplication o in 4, is given by the formula

zoy = yot = y(w2).
We shall prove that v is the unity element of 4,. In fact, using (), we
have the relation
wot = 7(10) = .

Setting & =y = v in (») we get the equality 7(v2) = (z(v2))v for any,
zeA. Hence, according to (*+), # = zr for any ze4. In other words,
7 i8 a right unity element in 4. Hence vo# = #rt = #(77) = @, and,
consequently, v is the unity element of 4,. The theorem ig thus proved.

THEOREM 5. Hvery algebra with a gquasi-involution can be embedded .

n a v-algebra.

Proof. By theorem 2 an algebra A with a quasi-involution is a cra-
covian algebra generated by an associative algebra 4, with an involu-
tion: 4 = o#"(4,). Since the algebra A4, is contained in an associative
algebra A, with a unity element, we have 4 C % (4,). But, according
to Theorem 4, 2 (4,) is a z-algebra, which completes the proof of our
Theorem.

Remark. As a v-algebra containing the algebra A with a quasi-
involution the algebra of all pairs <{a, 2> (aeP, wed) can be taken. The
operations in this algebra are defined as follows:

lay BY+LB, Yy = atB,m+yd>;  alf, ) = <aB, anw),
ey @3By y> = Laf*, ay™ + fra+ay).
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It is easy to verify that the element v = (1, 0> (1 is the unity element
of P) satisfies conditions (*) and (++). The isomorphic embedding of A
into the algebra under consideration is given by formula x — <0, #).
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