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ot k est un des indices dans (4'); en outre, il faut choisir convenablement

la valeur de p}f/ﬁ; en méme temps, le second membre de (11) est défini
par la formule

(12) 1(2) = £((27 (0™, i(2(2))-

En particulier, si nous nous limitons aux r positifs et aux @, y réels
remplissant les conditions (2') et (2''), nous voyons que dans les formules
(11) n’interviennent que les indices k pour lesquels les fonctions (12) ne
gannulent pas identiquement, car le premier membre de (11) est positif
4 Dlexception du point (0, 0). Chacune de ces fonctions, comme série
entiére définie dans le voisinage du point zéro et s’annulant en ce poiut,
osti- bornée en valeur abgolue inférieurement par le produit d’une puis-
sance naturelle quelconque de |f| et d*une constante. Xtant donné que
le nombre de ces fonctions est fini, il existe donc une évaluation apa-
logue par un produit ¢|}%, le méme pour toutes ces fonctions. En consé-
quence, pour tout couple de valeurs @,y remplissant les conditions
(2) et (2), en particulier pour celui pour lequel le minimum de (0)
est atteint, nous avons en vertu de (11)

fl@,9) = 0P ot p = mingp,.
k

11 en résulte immédiatement 'inégalité annoncée (0).

Remarque 1. L’hypothése d’analyticité de la fonction f(w,y) est
essentielle en ce sens que, méme pour une fonction de classe 0%, le théo-
réme n’est plus vrai, comme l'indique Lexemple f(@, y) = ¢~Y&@+¥") pour
x2+y2 >0 et f(0,0) = 0.

Remarque 2. La généralisation au cas des fonctions de plusieurs
variables est possible. ’
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ON DETERMINING BOUNDED SOLUTIONS OF LINBAR
DIFFERENTIAL EQUATIONS OF ORDER n

BY

C. GRAJEK (GDANSK)

In technical problems we very often deal with differential equations
of the form

(1) YO+, (DY ()Y = g (1),

where the functions w;(t), +=1,2,...,n—1, and ¢(¢) are given and
bounded for fe(—oo, oo).

It is very important to prove the existence of a bounded solution
of this equation and to give a method of determining the solutions with
an arbitrarily preseribed accuracy. In the case of differential equations
of 2nd order the problem has been solved by A.E. Gelman (') with the
help of the method of small parameter.

Here we will give similar results for certain cases of equation (1).

For this .purpose the solution of equation (1) will be expressed in
the form of a series the terms of which are integrals of a certain sequence
of differential equations with constant coefficients. ‘

The estimations of the remainder of this series will also be given,
which will enable us to estimate the accuracy of the approximate solu-
tion of equation (1).

LeMMA 1. For an arbitrary sequence of numbers r; # 0,4 =1,2,...,n,
such that vy £ 1y, for © £ & the following relation holds:

d 1 for p=n—1,

d=1

() A. E. Teanmanr, O nepuod  pUOD U O2PAHUNEHRBIT
pewenusz 00020 Kaacca auneinnz dugddepenyuarsnric ypasuenuil, Vsnsecrns Jlenun-

rpagexoro iexTporexrmdeckoro Mmermryra, 1958, Bmnyck 35, p. 231-238.
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where

i=1,

[ r—m) for

n
n ,‘—7'1)” s—ry)  for 2 <igm—1,
Be=i41 =1
n 1= n.
Te=1

for

Proof. Let us consider Vandermond’s determinant of order n
)

} 1,..,1,..,1
PiyeersTig ooy Py St
: 2 2
) W=| 9,7, ...,7 = ”n("‘s—“ﬁc):
. §=2 loml
O SN St
and the expression
ki3
(3) Q = D(—=1"+AwW,
i=1

where W,; are minors of determinant (2) corresponding to the elements

of the n-th row.
Since
0 for <p €<n—2,
4
@ ¢ ‘ W for n—1
and
Wy 1
(8) v a4
we have

2 2 ”"W‘”———Z n“——_ 0 for 0 <p < n—2,
W o~ - ; 1 for p = n—1.
LEMMA 2 (2). If g(t) is a function defined and bounded for te(— oo, co),

i.6 lg(t |<g, then
f) = ¢ [ g(a)e~da,
i

~ : t
where ! denotes i[ when a = Re(r) >0 or [ when a = Re(r) <0, is

—00

(%) The, proof can be found in (V).
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bounded, and the following inequality holds:

lw

IFe)l <

Let us consider the differential equation
(6) YO+ Ayt Ay A gy = f(8).
If the characteristic equation
(1) A, A Ay = 0

of differential equation (6) has single roots r;, then the general solution
of the homogeneous equation can be written in the form

(8) ¥ = D) G,

il
Then the general solution of equation (6) can be found by the method

of the variation of constants. Therefore the following conditions must
be satisfied:

n
1 201'7{-‘6"1'” =0 for

i=1

Zo;r'“ i =5

i=1

k=10,1,...,n—2,

9)

Solving system (9) we obtain
"
(10) 0 = (—1+— f F(t)ye~"tat.

Thus the general solution of equation (6) can be written as follows:

u(t)——-Z( 1yt 8 f Ftye"tat.

Tl

(11)

i
If we put into formula (11) definite integrals of the form [ instead

of -indefinite ones, then (11) will represent a particular solution of equa-
tion (6).

After these remarks we can state .

THEOREM 1. If the characteristic equation (7) of the differential equa-
tion (6) has single roots r; such that a; = Re(r;) # 0 and f(t) 4s bounded
for te(—oa, o), then there emists a solution y = y(t) of equation (6)
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satisfying
o Lemua 3. If f(t) and o (t) for k=0,1,...,n—1 are bounded for
(12) ly® @) < Z ki i for k=0,1,...,n—1 te(—o0, o), and ¥, (1) are bounded solutions of equation (19), then
ac- i
(20) Fe < 8ty
where f = sup HOR where
Proof. Let us consider the solution
21 S =
ey 520‘2;%\ it
r =0 1=
(13) y(t) = Z (—1) i € Sgﬂ(*at) jf( ~1 iy, whereas
i=1 . @; = suplp; (1)} for j=0,1,...,n—-1,
and !

of the differential equation (6).
By Lemma 2 we have

(14) Iyl < Zldl ”’ff("”)”"mdmt Zldai 2

Differentiating (13) %-times and using Lemma 1 we obtain

r-1_

;k——supl?/ KRRV NN e B LY BN “suP‘”‘Pn— B yr” e = @B Yn_als

. for k—~1,2,...¢md f(,=f.
N ; Clearly by theorem 1 we have
dioy ‘

fo = sgpl-wn_l(t)yi’z‘>—...—%(t)yk_n

< Puoifiar 2
4=1

n—l |

PR j

f-—-1

=]

e St o

i=1

for k < n—1. = 7k..12 2 141
By Lemma 2 we have 7=0 iml

n % THEOREM 2. Suppose we are given the differential equation

(16 (k) 1) < rlf — ¥y Y| " " o
) W) Z 7| | freean| < <f%, ot @) P Lt 019 O+ [t gty = £,
) . . . . where %.(t) for i =0,1,...,n—1, and f(I) are bounded for te(-—oo, co).
Let us now consider the differential equation Let the characteristic equation (7) have single roots 7 such that
(17) ¥ A+ A B4 [ A (8)]y = F(D). % =I?e(n-) # 0.
Let n-l n
o ok 8= —-———\ <1
(18) y(t) = D Fy(t) Z % '

i=o
then equation (22) has a bounded solution for te(—oo; oo) given by the

be a certain solution of the differential equation (17). If we substitute .
series

geries (18) in equation (17) we shall see that the functions v, () must fulfil
the following equa.tmns (23) y(t) = Z”'y"(t)
- 3
Y+ A 1y Aoy, = F(t), -
where yy(t) are bounded solutions of differential equations (19) and

(19) "
VLA, gD _ (n— 1)
W+ At Aoy = —gna (YT o o (1) Ype- series (23) converges umiformly in the interval —oo <% < oo
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Moreover, the remainder

(24) By = Ypp1+ Yrqat--
of series (23) can be estimated either by
n
1

¢ =1 d(lz n—1)
(25) [ By «”*“_‘S“PF%_I(!? )y¥ oo o (1) Yl
or by

S Gy 1
26 Byl < |
(26) |k|\71_sg;d.@

Proof. Tf § < 1, then

(@7 Z}k <Py

This follows from Lemma 3, because
(28) fe < ka 1 <. <‘S’k;o'

From the convergence of series ( 274) and from theorem 1 follows the
uniform eonvergence of the series

(20) D) for

k=0

p=0,1,...,0—1.

For we have

2 w0 < 2 (ﬁZ

k=0 1=1

)= (S 3= Sl

Equations (19) and the uniform convergence of series (29) imply the
uniform convergence of series

(30) D)

k=0

d;a;

We shall now show that (23) is a bounded integral of the differential
equation (22). From equations (19) it follows that

Z[yi”’+An_1«/$:‘“’+ Aoyl + 2[%_ AU+ + pe (W) 7a] = f (1),

k=0 k=0

whence, because of the uniform convergence of geries (29) and (30), we
have

( k_Z 9 "+ Lt s 01 307 4 L g0 0] Zwyk) =),

k=0 Komal)

icm
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which shows that the function given by formula (23) is the solution of
the differential equation (22).

Sinee ¥, (t) are bounded and, moreover, series (23) is uniformly con-
vergent, the function given by this_series is bounded. Let us now esti-

mate the remainder R,:
Y ! &
i=1

T zk+_a+_,.)

ER}A < ‘yk+li+ lyk.yﬂ‘*‘--- ) (ik+1+;k+2+~-~)

+=

fk-)-l fk+l

=7-‘k+1$l711—

- n
; feg Zf 1
. 1 12 — —_—
-—mlz_; re) =355 Do
Since )
fry1 = sup |‘Pn+1(t)f'/$cn_l)+---+‘Po(t)yk1)
we have ¢

1 w1 n—t)
el NS P - RN OV AR
1Bl <73 i; ‘ e sup o () Po ()Yl

This proves inequality (25). Inequality (26) 1ssults from (25) and (28).

Regu par la Rédaction le 29. 12. 1960
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