COLLOQUIUM MATHEMATICUM

VOL. 84/85 2000 PART 2

A NOTE ON A GENERALIZED COHOMOLOGY EQUATION

BY

K. KRZYZEWSKI (WARSZAWA)

Dedicated to the memory of Anzelm Iwanik

Abstract. We give a necessary and sufficient condition for the solvability of a genera-
lized cohomology equation, for an ergodic endomorphism of a probability measure space,
in the space of measurable complex functions. This generalizes a result obtained in [7].

Throughout the paper (X, 9, 1) will mean a probability measure space
and ¢ will be an endomorphism of it.

All functions and linear spaces will be complex.

M () will be the space of all 9t-measurable functions on X.

(-]} will be the inner product in L?(u) and || - ||2 be the L?(u)-norm.

I4 will be the indicator function of A € 9.

If f e M(u),\€S!and n €N, then

n—1
S =D A Ffoek
k=0

The following definition was given in [3].
It is said that f € M(u) is (p, A)-cohomologous to 0 in M () if there
exists g € M(u), called a (@, \)-coboundary of f in M (u), such that

(1) f=XM—gop pae

For applications of these notions, see [3-6]. We will prove a theorem
which generalizes Proposition 3 of [7] obtained in the case of an ergodic
automorphism and A = 1.

THEOREM. Let ¢ be ergodic, f € M(u) and X € S*. Then f is (p, \)-
cohomologous to 0 in M (u) if and only if there exists A € M with p(A) >0
and M € Ry such that

(%) 1S () (@) <M
for any n € N and p-a.e. © € A such that o"(x) € A.
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To prove the Theorem we need the following

LEMMA. If (f,) is a p-a.e. pointwise bounded sequence in M (u), then
there exist strictly increasing sequences (ny,), (my) in N such that the se-

quence
my
—1
mt D o
i=1

converges [i-a.e.

Proof. Since a closed ball in the Hilbert space of square integrable func-
tions is sequentially weakly compact (cf. Corollary 8, p. 425 and Theorem 1,
p. 430 of [2]), by passing to a subsequence if necessary, we may assume that

(2)  there exist an increasing sequence (4;) in M with p(|J;2, 4;) = 1 and
f € M(p) such that

fnlA; — flA;  weakly in L?(pu|A;) for any [ € N.

Without loss of generality we may assume that f = 0. Then we prove
that

(3)  there exists a subsequence (f,,,) such that

m
gm =m ™! me. — 0 in L*(u|4;) for any | € N.
i=1
In the proof we use some ideas from the proof of the Banach—Saks the-
orem for the Hilbert space of square integrable functions (cf. Théoréme I
of [1] and Théoreme, p. 80 of [8]). By (2), there exists a subsequence (f,,,)
such that for any j € N,

|<fm fnj+1IAl>| Sj_lu
where 9,0 =1,...,5. Now let [ € N and m > [. Then we have

m

2
Hmfl Z Jnila, H <m72[(m — 1+ 1) sup || fula, |3 + 2(m —1)].
1=l 2 n>1

This proves (3). In view of (3) there exists a subsequence (g, ) such that

HgmkIAk HQ < 2"

for k € N. It is easy to see that g,,, — 0 p-a.e. This completes the proof of
the Lemma.

We now proceed to the proof of the Theorem. The “only if” part is easy
and is similar to that of the proof of Proposition 3 of [7]. For the sake of
completeness, we give a proof. Let g be a (¢, \)-coboundary of f in M (u).
Then there exists M’ € R, such that u(B) > 0, where

(4) B={reX:l|g(x)| <M}
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From (1) it follows that

Sa(f)(@) = Ag(z) — A" 1g(p"(x))
for x € X \ By and n € N, where By € M, p(By) = 0. This yields (x) for
A = B\ By and M = 2M’. For the proof of the “if” part notice that, by the
ergodicity of ¢, there exists B € 9 with u(B) = 1 such that if x € B, then
¢"(z) € A for infinitely many r € N. Let (r,(x)) be the strictly increasing
sequence of all those r. We now show that
(5) for any x € B the sequence (Sﬁ‘n(x)(f)@)) is bounded and
(6) for any n € N the function Sﬁ‘n(_)(f)(-) is M-measurable on B.

For the proof of (5) let x € B and n € N, n > 1. Since
52 @) (N (@) = S} o) (N @) + A7) o (N (2))
and ") (), @ =m1@) (1) (1)) € A, we have

157, () (N)@)] 1S () () (@)] + M.
This completes the proof of (5).
To prove (6) we first show that for any strictly increasing finite sequence
(li)izl,.“,m in N,
(") Biy,..i,={zxeB:riz)=10, i=1,...,m} is M-measurable.
This follows by induction from the following equalities:

l1—1

B, =g (4)nB\ |J B,
=1

lm+171

Bl odoimis =@ (AN By \ U By, i 1
l:l7n+1

We claim that
(8) {reB:r,(x)=1} eM
for n,l € N. This follows from (7), since the left-hand side of (8) is equal to
U By,
h<.<lp_i<l
if n > 1. The condition (8) yields (6).
Now define (f,,) as follows:

_ iy 8 (f)(x) forz € B,
fn(m)_{() e for x € B,

where S (f) = A=182(f). By (5) and (6), the sequence (f,) satisfies the as-
sumptions of the Lemma. Let (n,,), (mg) be the sequences from the Lemma
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applied to (f,). Put
gk = hy,,, for keN,

where
m
h =m™ "y fo, formeN.
=1

Then (gy) converges p-a.e. to, say, g € M(u). We now prove that ¢ is a
(¢, A)-coboundary of f in M (u). In the proof we use the equality

) ASH(£)(@) = Sy 1 (F)p(x)) = f(x)
for x € X and m > 1. Notice that there exists By C B, By € 9 with
wu(Bp) = 1 such that ¢(By) C By and

(10) gx(z) = g(x) for x € By.

We will show that for x € By,

(11) f(@) = Ag(z) — g(p(x)).
First consider the case

(12) ri(z) = 1.

We then have

(13) ri(p(x)) =rip1(x) —1  forieN.

From (9) and (13) it follows that for n € N,

n n—1
AY S (N@) =Y 8 oy (N#() = (n = D f (x).
=2 i=1
This yields
Ma(@) = falp(@) =n7 (n = 1) f (@) + A" f(@) =n 7S oy () (0())
for n € N, which, in turn, gives

(14) M (2) = hin(p()) = m™" Y~ ai(a)

for m € N, where
ai(@) = 7 (ni = D (@) + 2, F@) =17 82 oy (D))
for x € By and i € N. From (14) it follows that

mp

Agi(x) = gr(p(@) = i Y ai(x)

for k € N. From this, (5) and (10) we obtain (11) under the assumption
(12).
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Assume now that (12) is not satisfied. Then
ri(p(x)) =ri(x)—1 forieN.
This and (9) give, for n € N,

A Z S o) (f)(@) — A Z S (oo (D (0(@) = nf(x).

Hence

Afn(x) = fu(e(x)) = f(2),

which, in turn, yields

Agr () — gr(p(2)) = f(z)
for k € N. Together with (10) this implies (11). Thus the proof of the
Theorem is complete.
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