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A NOTE ON DYNAMICAL ZETA FUNCTIONS FOR
S-UNIMODAL MAPS

BY

GERHARD K E L L E R (ERLANGEN)

Abstract. Let f be a nonrenormalizable S-unimodal map. We prove that f is a Collet–
Eckmann map if its dynamical zeta function looks like that of a uniformly hyperbolic map.

1. Introduction. A unimodal map f : [0, 1]→ [0, 1] is called S-unimodal
if f(0) = f(1) = 0 and if it has nonpositive Schwarzian derivative Sf =
f ′′′/f ′ − 3

2 (f ′′/f ′)2. For such a map set ϕ(x) := log |f ′(x)| and ϕn(x) :=
ϕ(x)+ϕ(fx)+ . . .+ϕ(fn−1x). Let Πn = {x ∈ [0, 1] : fn(x) = x} and define
for t ∈ R the zeta function

ζt(z) = exp

∞∑
n=1

zn

n
ζn,t where ζn,t =

∑
x∈Πn

e(t−1)ϕn(x).

Observe that ζ0(z) is just the usual dynamical zeta function. Set

λper := inf{|(fn)′(x)|1/n : n > 0, x ∈ Πn}.

Nowicki and Sands [6] proved that λper > 1 (i.e. f is uniformly hyperbolic on
periodic orbits) if and only if f satisfies the Collet–Eckmann condition (i.e.
there are C > 0 and λCE > 1 such that |(fn)′(fc)| ≥ CλnCE for all n > 0
where c denotes the critical point of f). Extending the transfer operator
method used in [1] Keller and Nowicki had previously shown in [4] that the
zeta function of a nonrenormalizable S-unimodal map f which satisfies the
Collet–Eckmann condition and some additional regularity assumption has
the following property:

(1) There are r > 1 and t1 > 0 such that ζ−1t (z) is analytic in {z : |z| < r}
if |t| < t1 and for those t the function ζ−1t (z) has a unique and simple
zero z(t) ∈ {z : |z| < r} with z(0) = 1.
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Both papers, [6] and [4], relied in an essential way on previous work of
Nowicki. Using the result of [1] more directly Ruelle proved this theorem in
[9] without the additional regularity assumption.

In her review paper [2] Baladi asked whether the converse implication
also holds. The main result of the present note is an affirmative answer to
this question:

Theorem 1. Let f be a nonrenormalizable S-unimodal map with at least
two periodic orbits. Suppose that there are r > 1 and τ > 0 such that
ζ−1t (z) is analytic in {z : |z| < r} for t = 0 and t = −τ and such that for
those t the function ζ−1t (z) has a unique and simple zero z(t) ∈ {z : |z| < r}.
Suppose also that z(0) ≥ 1. Then λper > 1, i.e. f is uniformly hyperbolic on
periodic orbits and hence satisfies the Collet–Eckmann condition.

Therefore we can now say that

• a nonrenormalizable S-unimodal map f with at least two periodic orbits
satisfies (1) if and only if it is uniformly hyperbolic on periodic orbits.

Very early statements and conjectures related to this equivalence were made
by Takahashi in [7, 10].

Remark 1. 1. Using renormalization theory for unimodal maps (see,
e.g., [5]) the result is easily adapted to the renormalizable case.

2. If f(0) = 0 is the only periodic point of f and if f ′(0) = 1 (e.g.
f(x) = x(1−x)), then ζ−1t (z) = 1− z, but f is not uniformly hyperbolic on
periodic orbits. Hence the assumption on the existence of a second periodic
orbit cannot simply be skipped.

Acknowledgments. I am grateful to Viviane Baladi and Duncan Sands
for drawing my attention to the above problem and for many helpful remarks
and corrections to an earlier version of this note.

2. Proof of the theorem. We start with some simple remarks. Since
all ζn,t are real numbers and since ζn,t ≤ ζn,0 max |f ′|tn, we have z(t) > 0 for
all t. Indeed, z(t) is the radius of convergence of the series

∑∞
n=1(zn/n)ζn,t.

For t ∈ {0,−τ} let

ht(z) =

∞∑
n=1

zn

n
(ζn,t − z(t)−n).

Then, by assumption, (
1− z

z(t)

)
ζt(z) = expht(z)

is analytic and nonzero in {z : |z| < r}. So the existence theorem for holo-
morphic logarithms (see e.g. [8, Ch. 9, §3.1]) guarantees the existence of an
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analytic function h̃t(z) defined on {z : |z| < r} such that (1−z/z(t))ζt(z) =

exp h̃t(z). It follows that (2πı)−1(ht(z) − h̃t(z)) = k ∈ Z for z in a neigh-

bourhood of 0. Hence h̃t(z) + 2kπı is an analytic extension of ht(z) to all of
{z : |z| < r} so that

(2) |ζn,t − z(t)−n| = O(r−n)

for t ∈ {0,−τ} (see [8, Ch. 8, §1.5]).

If f had a stable periodic point x = fp(x) with % := |(fp)′(x)|1/p
< 1, then we would have ζp,0 ≥ %−p and hence z(0) ≤ % < 1, contradicting
our assumption. Hence f has no stable periodic orbit and all ϕn(x) involved
in the definition of ζn,t are nonnegative. Therefore t 7→ ζn,t is nondecreasing
for each n > 0, and since |z(0)|, |z(−τ)| < r by assumption, it follows from
(2) that t 7→ z(t) is nonincreasing in [−τ, 0]. Hence z(−τ) ≥ z(0) ≥ 1.

Suppose now that z(−τ) > 1 and fix α, β > 0 such that eτα = z(−τ)β .
Then, for any x ∈ Πn with ϕn(x) < nα,

e−ϕn(x) ≤
∑
x∈Πn

e−ϕn(x) · 1{ϕn(x)<nα} ≤
∑
x∈Πn

e−ϕn(x)+τ(nα−ϕn(x))

= eτnα · ζn,−τ = eτnα · (z(−τ)−n +O(r−n))

= O(z(−τ)−n(1−β)).

Hence, for such x,

(1− β) log z(−τ) ≤ n−1ϕn(x) < α = β
log z(−τ)

τ
.

Choose β = τ/(1 + τ). Then α = (1 − β) log z(−τ) and the upper and
lower bounds in this chain of inequalities coincide so that no x ∈ Πn can
satisfy these estimates. It follows that n−1ϕn(x) ≥ α, i.e. λper ≥ eα =
z(−τ)1/(1+τ) > 1.

It remains to consider the case z(−τ) = z(0) = 1. We first exclude the
possibility that f has a neutral periodic point x = fp(x), p the minimal
period of x, ϕp(x) = 0. If such a point existed, then

∞∑
n=1

zn

n

∑
x∈Πn∩orbit(x)

e−ϕn(x) =

∞∑
k=1

zpk

pk

∑
x∈orbit(x)

e−ϕpk(x) =

∞∑
k=1

zpk

k
e−kϕp(x)

= − log(1− zp)

so that

ζ−10 (z) = (1−zp)·exp(−g(z)), where g(z) =
∞∑
n=1

zn

n

∑
x∈Πn\orbit(x)

e−ϕn(x)

︸ ︷︷ ︸
=:ζ′n,0

.
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As 0≤ζ ′n,0≤ζn,0 for all n, it follows that %(g) :=(lim supn→∞ |n−1ζ ′n,0|1/n)−1

≥ z(0) = 1 and z = %(g) is a singular point of g(z) [8, Ch. 8, §1.5]. On
the other hand, the function ζ−10 has a simple zero at z = 1 and is analytic
in the disk with radius r > 1 by assumption so that exp(−g(z)) is analytic
and nonzero in a neighbourhood of z = 1. Invoking the existence theorem
for holomorphic logarithms once more it follows that z = 1 is not a singular
point of g(z). Hence %(g) > 1 so that |(fn)′(x)| = eϕn(x) ≥ %(g)n > 1 for all
x ∈ Πn\orbit(x). But this is not true for any nonrenormalizable S-unimodal
map with neutral periodic orbit that has at least one other periodic orbit.
One way to see this is the following. Using Hofbauer’s Markov extension it
is easy to construct periodic orbits that follow for a long time the neutral
periodic orbit, do something different for a short time interval (e.g. follow a
second periodic orbit), return to the neutral periodic orbit etc. In this way
one obtains periodic orbits with Lyapunov exponent as close to zero as one
wishes.

Now we can assume that f has neither stable nor neutral periodic orbits,
and it follows from [5, Ch. IV, Theorem B′] that δ := inf{ϕn(x) : n ≥ 1,
x ∈ Πn} > 0. We conclude that for x ∈ Πn,

e−ϕn(x)(1− e−τδ) ≤ e−ϕn(x)(1− e−τϕn(x)) ≤
∑
x∈Πn

e−ϕn(x)(1− e−τϕn(x))

= ζn,0 − ζn,−τ .

As |ζn,−τ − ζn,0| = O(r−n) in view of (2), it follows that e−ϕn(x) = O(r−n),
i.e. λper ≥ r > 1 also in this case.

Remark 2. It seems that the case z(−τ) = z(0) = 1 in the above
proof does not really occur. Recall that f is a Collet–Eckmann map if it
is uniformly hyperbolic on periodic points [6]. Assume now that f satisfies
the additional regularity assumptions from [4], e.g. let f be a polynomial
or let f(x) = a(1 − |2x − 1|`) for some real ` > 1. The results of that
paper show that z(t)−1 is the spectral radius of a suitable transfer oper-
ator associated with f and t and that z(t) is a real-analytic function of
t in a neighbourhood of t = 0. It then follows from [3, Proposition 4.5]
that − log z(t) is the pressure P ((t − 1)ϕ) of the function (t − 1)ϕ, where
P ((t−1)ϕ)=sup{h(µ)+(t−1)µ(ϕ) : µ=µ◦f−1}. Hence, if z(−τ)=z(0)=1
for some τ close to zero, then P ((t − 1)ϕ) = 0 for t in a neighbourhood
of t = 0. By [3, Theorems 5.1, 6.1] the unique absolutely continuous
invariant measure µ1 for f is the unique equilibrium state for −ϕ, and
the pressure P ((t − 1)ϕ) can be constant only if µ1(ϕ) = 0. But abso-
lutely continuous invariant measures have positive exponent, a contradic-
tion.
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