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THE CLASS NUMBER ONE PROBLEM FOR THE
DIHEDRAL AND DICYCLIC CM-FIELDS

BY

STEPHANE LOUBOUTIN (CAEN)

Abstract. We recall the determination of all the dihedral CM-fields with relative
class number one, and prove that dicyclic CM-fields have relative class numbers greater
than one.

1. Introduction. Whenever N is a CM-field, we let N* and hy denote
its maximal totally real subfield and its relative class number (see [Wa,
Chapter 4]). A. Odlyzko [Odl] proved that there are only finitely many
normal CM-fields with class number one, and J. Hoffstein [Hof] made this
result more precise by proving that the degree of a normal CM-field with
class number one is less than 436. (Note that K. Yamamura [Yam] solved
the class number one problem for the abelian CM-fields.)

The aim of this paper is to provide the reader with the determination
of all the non-abelian normal CM-fields with Galois group isomorphic either
to any dihedral group (which we call a dihedral CM-field) or any dicyclic
group (which we call a dicyclic CM-field) which have class number one.

Let us first recall the definition of these two non-abelian groups: the
dihedral group of order 2m > 4 is

Doy = (a,b:a™ =0 =1, b lab=a""),
for which (a’b)? = 1, and the dicyclic group of order 4n > 4 is
Qun = (a,b:a® =1,a" =b* b tab=a""),

for which (a’h)? = a™. Since the centre Z(Da,,) of a dihedral group of order
2m with m odd is trivial, the degree of a dihedral CM-field must be divisible
by 4 (Proposition 2(i)) and its Galois group will be denoted by Dg,. Since
Z(Dan) = Z(Qun) = {1, a"} and since both the quotient groups Dy, /Z(D4y,)
and Qu4n/Z(Q4yn) are isomorphic to Da,, the dihedral group of order 2n, for
any dihedral or dicyclic CM-field N of degree 4n its maximal totally real
subfield N7 is normal with Galois group Da,.
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The determination of all the dihedral CM-fields with relative class num-
ber and class number one has just been completed by a student of ours,
Y. Lefeuvre, and his determination stems from the previous determina—
tion in [LO2| of all the dihedral CM-fields of 2-power degrees with rela-
tive class number one. Let us gather up all these results in the following
Theorem:

THEOREM 1. (i) (see [LO2]) There are 24 dihedral CM-fields of 2-power
degrees 4n = 2" > 8 with relative class number one. More precisely,

o There are 19 dihedral CM-fields of degree 8 with relative class number
one: the narrow Hilbert 2-class fields of the 19 real quadratic number fields
Q(/pq) with pq € {2-17,2-73,2-89,2-233,2-281,5-41,5-61,5-109, 5 - 149,
5-269,5-389,13-17,13-29,13-157,13-181,17-137,17 - 257,29 - 53,73 - 97}.
Moreover, the narrow Hilbert 2-class fields of Q(+/5 - 269) and Q(+/17 - 257)
have class number 3, and the 17 remaining narrow Hilbert 2-class fields have
class number one.

e There are 5 dihedral CM-fields of degree 16 with relative class number
one: the narrow Hilbert 2-class fields of the 5 real quadratic number fields
Q(y/pq) with pq € {2-257,5-101,5-181,13-53,13-61}. Moreover, the narrow
Hilbert 2-class field of Q(v/2 - 257) has class number 3, and the 4 remaining
narrow Hilbert 2-class fields have class number one.

e Dihedral CM-fields of degree 2" > 16 have relative class numbers greater
than one.

(ii) (see [LOO]) There are 16 non-abelian normal CM-fields of degree 12
with relative class number one. Moreover, nine of these fields have class
number one.

(iii) (see [Lef] and [LL]) There are only 2 dihedral CM-fields of degree
4dp > 20, p > 5 a prime, with relative class number one. Only one of these has
class number one. There is only one dihedral CM-field of degree 2"p, r > 3,
with relative class number one, namely the narrow Hilbert class field of the
real quadratic field Q(v/5 - 269), and it has degree 24 and class number one.

(iv) Apart from these 43 =19+ 5+ 16 + 2 + 1 fields (respectively, these
32=17+44+9+1+1 fields), there is no other dihedral CM-field of degree
dn > 4 with relative class number one (respectively, with class number one).

2. Prerequisites. Let p be an odd prime. A pure real dihedral field is
a normal field F of degree 2p and Galois group Dy, such that p is totally
ramified in F/Q and such that p is the only rational prime which is ramified
in F/Q. Note that we must have p = 1 (mod 4) and Q(,/p) must be the
quadratic subfield of F.

We now collect known results we will use to prove that there is no dicyclic
CM-field with relative class number one:
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PROPOSITION 2. (i) (see [LOO, Lemma 2]) Let N be a normal CM-field
with Galois group G. Then the complex conjugation is in the centre Z(Q)
of G (and N1/Q is therefore normal).

(ii) (see [LOO, Th. 5]) Let k C K be two CM-fields. If the degree [K : K]
of the extension K/k is odd, then hy divides hg.

(iii) (see [LO1)) If t prime ideals of N are ramified in the quadratic
extension N/NT then 2071 divides hy.

(iv) (see [LOO, Prop. 8]) Let p be any odd prime and N/M be a cyclic
extension of degree p of CM-fields. Assume that N+ /MT is a cyclic exten-
sion of degree p. Let T be the number of prime ideals of M™T which split in
M/M* and are ramified in N*/M*. Then pT~thy, divides hy.

(v) (see [LOO, Prop. 9]) Let p = 1 (mod 4) be a prime and let €, =
(up + vp\/D)/2 > 1 be the fundamental unit of Q(\/p). If p does not di-
vide vy, then there does not exist any pure real dihedral number field F of
degree 2p.

(vi) (see [Mar]) Let F be a dihedral field of degree 2p. Let L denote its
quadratic subfield, let x1, denote the primitive quadratic Dirichlet character
associated with L and let q denote a rational prime. If q is ramified in L/Q,
say (q) = Q2% in L, then either Q splits completely in F/L or Q is totally
ramified in F/L. In the latter case, ¢ = p. Moreover, if the prime ideals of
L above a rational prime q different from p (1) are ramified in F/L then

q=xr(g) (mod p).

3. Relative class numbers of dicyclic CM-fields
Diagram 1
N Gal(N/Q) = Qur
Gal(N/K) = 02'r~—2
or—3 Gal(K/Q) = C’22

K (where C,,, denotes a cyclic group of order m)

L

(}) Note that we forgot to mention this restriction in [LOO, Lemma 4(ii)].
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THEOREM 3. Let N be a dicyclic CM-field of degree 4n = 2" > 8. Then
at least two distinct rational primes are ramified in N/N*1. Hence, hy is
even (use Proposition 2(iii)).

Proof. Let K denote the subfield of N fixed by the cyclic subgroup H =
(%) of G = Gal(N/Q) = Qor = (a,b:a% =1, a® =02, blab=a"?)
(see the incomplete lattice of subfields in Diagram 1). Since Gal(N/NT) =
{1, a2r72} = Z(G) is the only subgroup of order two of G, any non-trivial
subgroup of G contains Gal(N/NT). Therefore, using inertia groups, we
find that if a rational prime p is ramified in N/Q then all the prime ideals
of NT above p are ramified in N/N™. Since K is a real biquadratic bicyclic
field, at least two distinct rational primes are ramified in K/Q, and hence at
least two distinct prime ideals of Nt are ramified in N/N*. u

COROLLARY 4 (Use Theorem 3 and Proposition 2(ii)). If N is a normal
CM-field of degree 24 with Galois group isomorphic either to Qg x C3 or to
Q24, then hy is always even.

The following result is more general than [LOO, Th. 6] and its statement
and proof correct several slight mistakes made in [LOO, p. 3663]:

THEOREM 5. Let p be an odd prime and let N = FM denote a non-
abelian normal CM-field of degree 2"p, r > 2, which is a compositum of a real
dihedral field ¥ of degree 2p and of an imaginary cyclic field M of degree
2" > 4 and conductor fa, both F and M having the same real quadratic
subfield L (see the incomplete lattice of subfields in Diagram 2).

(i) If 2P~ does not divide hyy then p=1 (mod 4), L = Q(,/p) and p is
totally ramified in F/Q (?).

(ii) If hy is odd then fasy=p. Hence, p = 1+2" (mod 2"T1)=1 (mod 4).

(iii) If fm = p and if p = 1 (mod 4), then any rational prime q # p
which is ramified in F/L satisfies ¢ = 1 (mod p) and splits completely in

(iv) If hy = 1 then F is a pure real dihedral field of degree 2p and
p € {5,13,17,29,37,41,53,61} (®).

(v) We always have hy > 1.

Proof. (i) If p=1 (mod 4) and L # Q(,/p), or if p # 1 (mod 4) and
L = Q(\/p), then there exists a prime ¢ different from p which is ramified
in L/Q, say (¢) = Q% in L. According to Proposition 2(vi), this ideal Q
splits completely in F/L. Since M/Q is cyclic of 2-power degree, q is totally
ramified in M /Q. Therefore, there are at least p prime ideals of N* = FM*

(%) Note that [LOO, Th. 6(i)] should have been so stated, and our proof of
[LOO, Th. 6(i)] was incorrect.

(‘3) Note that the possibility p = 61 for which M is cyclic quartic was not taken
care of in [LOO, Th. 6(iii)].
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above ¢ and they are all ramified in the quadratic extension N/NT  and
according to Proposition 2(iii), we find that 2P~ divides hy.

Diagram 2

7
p
F & M
p o2 M+
Gal(F/Q) = Dy,

5 L Gal(N/F) = Cy,
/ Gal(M/Q) = Cy,
Q (where C,,, denotes a cyclic group of order m)

(i) If hy is odd then hyy is odd (Proposition 2(ii)) and at most one
prime ideal of M* is ramified in M/M™ (Proposition 2(iii)). Since M/Q is
cyclic of 2-power degree, at most one rational prime ¢ is ramified in M/Q,
hence fyp = g and according to the previous point, g = p.

(iii) According to Proposition 2(vi), we have ¢ = x1(¢) (mod p). Since
our assumptions yield L = Q(y/p) we have x1(¢q) = (%) = (%) = +1 and
so ¢ =1 (mod p). Since M is a subfield of the cyclotomic field Q((,) and
since ¢ = 1 (mod p) implies that ¢ splits completely in Q(¢,)/Q, it follows
that ¢ splits completely in M/Q.

(iv) According to points (ii) and (iii) and to Proposition 2(iv), if F
were not a pure real dihedral field then p? ~! with 7> [M* : Q]=2""1>2 would
divide hy. Now, according to Proposition 2(ii), if hy = 1 then
hy = 1. But according to [Lou2] we have hyy = 1 if and only if fu €
(16,32, 5,13,17,29, 37, 41,53, 61).

(v) According to Proposition 2(v), there does not exist any pure real
dihedral field of degree 2p with p € {5,13,17,29,37,41,53,61}. m

COROLLARY 6. The relative class numbers of dicyclic CM-fields of degree
4p (p any odd prime) are greater than one, as are the relative class numbers
of non-abelian normal CM-fields of degree 24 with Galois group C3 X Cg =
{a,b:a®>=0b=1, b tab=a"1).
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THEOREM 7. Let N be a dicyclic CM-field of degree 4n > 4. If n is even
then hy is even and if n is odd then hy > 1.

Proof. Assume that n is even, write 4n = 2" f with f > 1 odd and
7 > 3, and let M be the subfield of N fixed by the cyclic group (a?*//) of
order f. Then M is a normal CM-subfield of N. Since [N : M] = f is odd,
hyp divides hy (Proposition 2(ii)) and since M is a normal dicyclic CM-field
of degree 2" > 8, we see that hy; is even (Theorem 3).

Now, assume that m is odd, let p denote any prime divisor of m, write
4m = 4pf with f > 1 odd and let M be the subfield of N fixed by the
cyclic group (a®/f) of order f. Then M is a normal CM-subfield of N and
[N : M] = f is odd. Hence, hy, divides hy and since M is a normal dicyclic
CM-field of degree 4p, we have hy; > 1 (Corollary 6). m

4. Remarks. There are 12 non-abelian groups of order 24, and 11 out
of them have an element of order two in their centre (those different from
the symmetric group S4) and we have proved that any normal CM-field of
degree 24 with Galois groups isomorphic to three out of these 11 groups,
namely the groups C3 % Cg, C3 x Qg and @24, has relative class number
greater than one. Since we have also noticed that the relative class number
one problem is solved for the dihedral CM-fields of degree 24, there remain
seven Galois groups to look at. In this respect, we refer the reader to [LLO]
for the determination of all the normal CM-fields of degree 24 with Galois
groups SLo(F3) and Ay x Co with class number one.
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