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1. Preliminaries. The standard notions on quantum logics we deal with
in this paper are taken from [4] and [11]. Let us briefly recall the basic ones.
By a quantum logic we mean a triple (L,<,’), where L is a set partially
ordered by < and ’ is an orthocomplementation relation on L, such that the
following properties are satisfied:

(i) a least and a greatest element, 0 and 1, exist in L,
(ii) if a < b, then V' < ', and a = a” (a,b € L),
(iii) ava =1, anad =0 (a € L),
(iv) if a < b, then b=a V (b A a’) (the orthomodular law).
By a state on L we mean a probability measure on L. Thus, a mapping
s: L —[0,1] is a state on L if

(i) s(1) =1,
(ii) s(a VvV b) = s(a) + s(b) provided a <V (a,b € L).

Let us denote by (L) the set of all states on L. By a standard argument,
(L) is a convex subset of the topological linear space R*, and moreover,
(L) is compact with respect to the topology of R (in other words, .7 (L)
is compact in the pointwise topology). Notice that /(L) may be quite poor
or even empty (see [3]).

Let us now introduce the main notion of this paper. We say that L is
state-classically-determined (abbr.: L is SCD) if there is a Boolean subal-
gebra B of L such that, for any state s € (L), if a € L then there is
b € B with b < a so that s(a) = s(b). We are interested in the ques-
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tion of when the SCD logics must be classical. Obviously, the character of
the problem changes when we pass from the finitely additive setup to the
o-additive setup or completely additive setup of the problem. It should be
noted that the SCD logics may also be relevant to certain considerations of
noncommutative measure theory (see [5]).

Prior to presenting our results, let us recall the notion of concrete logic
(see [10]). This notion will play a prominent role in the sequel. A quantum
logic is called concrete (alias set-representable) if L is isomorphic (in the nat-
ural sense based on the quantum logic morphism) to a collection of subsets
of a set. Thus, equivalently, the triple L = (A, <,’), where A is a collection
of subsets of a set S with < meaning the set inclusion and ' meaning the set
complement, is a concrete logic if the following three conditions are satisfied:

(i) 0 e A,
(ii) if A€ A, then S — A € A,
(iii) if A,Be Aand AN B =1, then AUB € A.

We sometimes write L = (S, A) (instead of L = A) when we need to
refer to the underlying set S. Observe that a concrete logic is a Boolean

algebra if and only if it is closed under the formation of intersections (i.e., if
L = A then L is Boolean if and only if AN B € A for any pair A, B € A).

2. Results. Let us first consider the “finitely additive” SCD logics. Thus,
the definitions of the previous section apply without changes. Let L be a
logic. If the state space . (L) is empty (see [3]), then L is SCD by definition.
Continuing in this vein, it can be seen that there are logics with exactly one
state which are SCD. Indeed, if L is stateless, then the logic L x {0,1} is
such an example (see [9]). Obviously, we would rather be interested in logics
which have a fairly large set of states. Let us say that L has enough states
if the following condition is satisfied: If a £ b in L, then there is a state
s € (L) such that s(a) = 1 and s(b) < 1. Naturally, if L is a Boolean
algebra, then L has enough states. The result we want to prove first says
that the converse is true for the SCD logics. (Surprisingly, a one-line proof
does not seem to be available—we were expecting to use the compactness
of the state space plus fairly nontrivial intrinsic properties of logics.)

THEOREM 1. Let L be a quantum logic and let L have enough states. If
L is SCD, then L is Boolean.

Proof. Let us first make two observations. The first relates the class of
logics we are interested in to the Jauch—Piron property for states (see [10],
[2], [11], etc., for discussions of this property relevant to the foundation of
quantum mechanics).
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OBSERVATION 1. Under the assumptions of Theorem 1, there is a Boolean
subalgebra B of L so that the following strong form of Jauch—Piron property
is satisfied: If s(a) = s(b) = 1 (a,b € L, s € .#(L)), then there is an
element ¢ € B with ¢ < a, ¢ < b such that s(c) = 1.

Indeed, there are elements e, f € B such that e < a, f < b and s(e) =
s(f) = 1. Since both e, f belong to B, we easily see that s(e A f) = 1. Thus,
setting ¢ = e A f, we obtain s(c) = 1.

OBSERVATION 2. Under the assumptions of Theorem 1, L is a concrete
logic.

Indeed, all we have to show is that the following implication holds true:
Ifanb=0in L (a,b € L), then a < ¥'. It is known (see [8]) that then L
must have enough two-valued states, and this easily implies (see e.g. [14])
that L is concrete.

Suppose that a € b'. Then there is a state s € (L) such that s(a) =1
and s(b’') < 1. Equivalently, there is a state s € (L) such that s(a) = 1
and s(b) > 0. Since L is SCD, there is a Boolean subalgebra B of L and
elements ¢,d € B so that ¢ < a, d < band s(a) = s(c) and s(d) = s(b). If we
set e = ¢ Ad, then s(e) = s(b) > 0. It follows that e # 0. Since e < a,e < b,
we see that a A b either does not exist or is distinct from 0. Thus, a Ab # 0
and this is what we were to show.

Let us take up the proof of Theorem 1. We may assume that L is
concrete (Observation 2). Thus, P = A, where A C exp S. Write B = A for
the Boolean subalgebra of A guaranteed by the assumptions of Theorem 1
(A C expS). Take two elements of A, some sets A and B, and consider
ANB. We want to show that ANB € A. Put /4 g ={s € .7(4) | s(4) =
s(B) = 1}. Then .4 p is a closed subset of .#(A) and therefore .74 p is
compact. Further, put ¥ = {C € A | C € AN B} and let, for any C € %,
o ={s € Fap|s(C)>0}. Then the set { - | C € €} forms an open
covering of .#4 p (one makes use of Observation 1). Since .4 p is compact,
we see that there is a finite subcollection of ¢, some sets C1,...,C,, such
that “4 5 = U<, Gc,. It remains to be shown that |J,., C;i = AN B.

This will suffice, for | J,,, C; belongs to A and therefore to A. Suppose on
the contrary that J,.,, C; # AN B. Then there is a point p € S such that
p € (AN B) — J;<,, Ci- Consider now the (two-valued) state s, € .7 (A)
concentrated in p. Thus, s,(D) = 1 if and only if p € D. It follows that
sp € L4, and therefore s, ¢ | J,.,, €c,. This is a contradiction. The proof
of Theorem 1 is complete.

Note that, in view of the above result, there are concrete Jauch—Piron
logics which are not SCD. Indeed, there exist non-Boolean concrete Jauch—
Piron logics (see [7]).
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Let us now pass to the o-additive setup of our question. For the o-
additive (o-complete) setup we translate the notions we deal with into the
language of o-complete logics. Thus,

(i) a o-complete logic is a logic L which is closed under the formation
of suprema of countable families of mutually orthogonal elements in L,

(ii) a o-additive state on L is defined in the standard way,
(iii) the symbol .#, (L) denotes the set of all o-additive states on L.

A state-classically-determined logic (an SCD, logic) will now mean a
o-complete logic L which has a Boolean c-algebra B as its sublogic such
that, for any s € .%,(L) and any a € L, there is b € B with b<a so that
s(a)=s(b). Apart from the examples of SCD,, logics with extremally poor
state spaces, every Boolean o-algebra is an SCD,, logic. We are going to show
that there are many others, in particular, that there are many non-Boolean
concrete ones.

Let us first recall a few notions and make some conventions. A mapping
f: L1 — Ly between two (o-complete) logics is called a morphism if

(i) f(1) =1,

(ii) f(a') = f(a)’ (a € Ly), and

(iil) f(Vien @i) = Viey f(ai) provided a; < af, i # j.

A morphism f : L1 — Lo is called an embedding if f is injective and the
inequality f(a) < f(b) implies a < ¥ (a,b € L). If f: L1 — Ly is an
embedding then L; is called a sublogic of Lo. (Obviously, if L; is a sublogic
of Ly and L; is not Boolean, then Ly is not Boolean either.)

Our main result in this section says that every concrete (o-complete)
logic L1 which is not “very big” is a sublogic of a concrete SCD o-complete
logic L. In proving the result, we use some technique of [2] and [6]. We
make the following convention. Let Ny be the countable cardinal and let
N,,+1 be the successor cardinal of X,,. Put @ = sup{R,, | n € N}. Let S be a
set. We say that S is not very large if the cardinality of S, written card S, is
less than «a. (It seems plausible that the logics encountered in applications
to quantum theories are not very large. The important technical aspect of
the notion is that if S is not very large and if exp S means the o-algebra of
all subsets of S, then every o-additive probability measure on exp S must
live on a countable subset of S; see e.g. [13].)

THEOREM 2. Suppose that Ly = (S, A1) is a concrete o-complete logic
and suppose that S is not very large. Then Li can be embedded into a
concrete o-complete SCD,, logic Ly = (W, As) so that W is not very large.
Hence, in particular, there exist concrete non-Boolean o-complete SCD,
logics.
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Proof. Since S is not very large, the set S is either finite or card S = N,
for some n € N. Choose a set T as follows: If card S is finite, we take T so
that card T = Ny, and if card S = N,,, we take T so that card T = N,, 1. Put
W =T x 5. Then W is not very large. Define a collection Ay C exp W by
the following requirement: A € A, if and only if

card(T —{t €T | ({t} x S)NA={t} x U for some U € A1}) < xo.

Let us verify that Ay is a o-complete logic. Obviously, ) € A,. Further,
since A; is closed under the formation of complements, we see that

card(T —{teT | ({t} x )N A= {t} x U for some U € A})
=card(T —{t €T | ({t} x S)N(W — A) = {t} x U for some U € A}).
It follows that if A € Ay then W — A € Ay. Now we assume that {A,, | n e

N} is a collection of mutually disjoint elements of Ay. Put A = |
Then

card(T' —{teT | ({t} x S)NA={t} x U for some U € A}

< anrd(T— {teT|{t} xS)NA, ={t} xU for some U € A;}.
neN
Thus, if every A, belongs to Ay, then so does |
that A, is a o-complete logic.

We now assert that A; is a sublogic of As. Indeed, if we define the
mapping e : Ay — Ay by setting e(C) =T x C (C € Ay), we immediately
see that e is an embedding. Thus, 4; is a sublogic of A,.

Finally, we want to show that As is SCD,. Consider first the Boolean
o-algebra B = (W, X)), where £ = {V x § | V C T}. Since, for any A € X,

we have

T—{teT|{t} xS)NA={t} xU for some U € A} =10,

nEN

nen An. We have checked

we infer that X is a sublogic of Ay. Moreover, Y is isomorphic (as a Boolean
o- algebra) to the o- algebra expT. Further, consider the Boolean o-algebra

B= (W, ), where X is generated by all sets of the form {t} x X (t € T,
X C S). Obviously, for any A € Y we have

card(T —{teT | ({t} x S)yNA={t} xU} < xo.

Thus, Yisa sublogic of As. Finally, let B = (W, X) be the Boolean o-
algebra generated by Y UX. We shall show that for any state s € ./ (As)
and any A € Ay there is a set D € X such that D C A and s(D) = s(A).
We first claim that there is a countable subset P of W so that s(P) 1.
Indeed, since Yisa sublogic of As, we may view s as a state on Y. But
Y = expT and T is not very large. By [13], s must be concentrated on
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a countable set. Thus, there is a countable set K with K C T such that
s(K x §) =1. But X contains all subsets of K x S and therefore s can be
also viewed as a state on exp(K x.5). It follows that s must be concentrated
on a countable set and therefore there is a countable subset P of K x S such
that s(P) = 1.

The rest is easy. Given A € Ay, we easily see that if we put D = PN A,
we have D C A and s(D) = s(A). The proof is complete.

It may be worth noting that we have proved slightly more in Theorem 2:
the desired Boolean sublogic B was in fact a sublogic of the centre of the
logic constructed (i.e., B consisted of absolutely compatible elements of Ag;
see e.g. [10]). Thus, for the o-complete case the notion is meaningful within
“nonclassical logics” even in its stronger central form.

Let us briefly consider the stability properties of the class of o-complete
SCD, logics. It turns out that this class is fairly large, including both
concrete and nonconcrete logics (as is known, Boolean o-algebras are often
nonconcrete; see e.g. [12]).

PROPOSITION 3. (i) Suppose that Lo is an epimorphic image of L1 and
Ly is SCD,. Then so is Lo.

(ii) Let {Lo | o € I} be a collection of logics. Let Lo, be SCD, for any
a € I and let I be not very big. Then the direct product [[,c; Lo is an
SCD, logic. Hence, in particular, a countable product of SCD, logics is an
SCD,, logic.

Proof. (i) Suppose that f : L; — Lo is a logic epimorphism. Let
so be a state on Ly. Then the composite mapping s; = sy - f is a state
on L; and therefore there is a Boolean o-algebra B; of L so that, for any
a € L1,s1(a) = s1(b) for some b € B with b < a. Since a logic morphism
maps Boolean sublogics into Boolean sublogics (see e.g. [10]), the set By =
f(B1) is a Boolean sublogic of Ly. Suppose that co € Ls. Choose an
arbitrary ¢; € L such that f(c;) = co. Then there is an element d; € L with
dy € B, dy < ¢; so that s1(dy) = s1(c1). Put da = f(dy). Then dy < ¢p and
s2(dz) = s(f(d1)) = s1(d1) = s1(c1) = s2(f(c1)) = s2(c2).

(ii) Let L = [],¢; Lo and let B, (o € I) be the Boolean sublogic of L,
which makes L, an SCD, logic. Let B =[] .; Ba and let s € #(L). Since
I is not very large, we can show easily that there is a countable subset J
of I and states s; € (L) such that, for a partition of unity ZjeJ a; =1,
we can write s = ) . ;a; - S;, where 5; € (L) are states defined so
that 5;(a) = s;(a1,as,...,a;,...) = s;j(a;). With the help of the Boolean
o-algebra B, it is easy to show by “coordinate-wise reasoning” that for any
a € L there is b € B with b < a such that s(a) = s(b). This concludes the
proof.
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Let us finally consider the complete state-classically-determined logics
(abbr.: SCDcomp). A logic L is said to be complete if every collection in
L of orthogonal elements possesses a supremum in L. Upon the obvious
translation of all notions into the complete setup, we can formulate the
following result (by Zcomp(L) we denote the set of all completely additive
measures on L).

THEOREM 4. Let L be a complete quantum logic. Let L have enough com-
pletely additive states and let L be SCDcomp. Then L is a complete Boolean
algebra. (Hence, in particular, if a logic of projections in a von Neumann
algebra o7 is SCDcomp, then &7 is commutative.)

Proof. Using the reasoning employed in Observation 2, we immediately
see that L has to be concrete (with respect to finite operations!). Thus,
L = (12, A), where A is a concrete logic. Let A, B € A. We have to show
that AN B € A. This is sufficient since a complete Boolean logic must
obviously be a complete Boolean algebra.

Consider the set AN B. Suppose that AN B # (. Thus, A ¢ 2 — B.
Put ¥ = {s € Somp(4Q) | s(4) = 1 and s(B) > 0}. Since L has enough
completely additive states and since L is SCD¢omp, we easily see that .7 # ().
Write . = {so | @ < B for a cardinal number S}. Thus, . becomes well-
ordered. Consider the state s; € /. Since L is SCD¢omp, there is a set
Cy € A such that C; € AN B and s1(Cy) > 0. Tt follows that Cy # 0. If
C1 = AN B, we are done. If C7 # AN B, then there is a least index a1 < 8
so that s, € 7 and sq,(A—C1) =1, s4,(B—C1) > 0. Since L is SCDcomp,
there is a set Cy, so that s,, (Co,) >0and Cp, C (A—C1)N(B—Ch). It
follows that C,,, # 0. Moreover, C1NC,, =0 and C1;UC,, C ANDB. In the
next step we obtain C’%l, etc. If we continue this way, taking the unions
of the previously constructed sets C, for the limit cardinals, we obtain a
disjoint covering {Cs | § € I} of AN B consisting of sets belonging to A.
Since A is complete, the supremum \/;.; Cs exists in A. But \/;.; Cs must
be a subset of both A and B. Consequently, \/5.; Cs = AN B and therefore
AN B € A. This completes the proof.

REFERENCES

[1] E.Beltranetti and G. Cassinelli, The Logic of Quantum Mechanics, Addison-
Wesley, Reading, Mass., 1981.

[2] L. Bunce, M. Navara, P. Ptdk and J. D. M. Wright, Quantum logics with
Jauch—Piron states, Quart. J. Math. Oxford 36 (1985), 261-271.

[3] R. Greechie, Orthomodular lattices admitting no states, J. Combin. Theory Ser.
A 10 (1971), 119-132.

[4] S. Gudder, Stochastic Methods of Quantum Mechanics, North-Holland, Amster-
dam, 1979.



154 P. DE LUCIA AND P. PTAK

[5] P.de Luciaand P. Morales, A non-commutative version of the Alexandroff de-
composition theorem in ordered topological groups, Pubblicazioni del Dipartimento
di Matematica e Applicazioni “R. Caccioppoli”, Universita degli Studi di Napoli
“Federico 117, 1993, 1-21.

[6] P.de Lucia and P. Ptak, Quantum probability spaces that are nearly classical,
Bull. Polish Acad. Sci. Math. 40 (1992), 163-173.

[7] V. Miiller, Jauch—Piron states on concrete quantum logics, Internat. J. Theoret.
Phys. 32 (1993), 433-442.

[8] M. Navara and P. Ptdk, Almost Boolean orthomodular posets, J. Pure Appl.
Algebra 60 (1989), 105-111.

[9] P.Ptak, Exotic logics, Colloq. Math. 54 (1987), 1-7.

[10] P. Ptdk and S. Pulmannovd, Orthomodular Structures as Quantum Logics,
Kluwer, Dordrecht, 1991.

[11] G. Ruttimann, Jauch—Piron states, J. Math. Phys. 18 (1977), 189-193.

[12] R. Sikorski, Boolean Algebras, Springer, Berlin, 1964.

3] R.M. Solovay, Real-valued measurable cardinals, in: Axiomatic Set Theory, Proc.
Sympos. Pure Math. 13, Part I, Amer. Math. Soc., Providence, R.I., 1971, 397-428.
[14] J. Tkadlec, Partially additive measures and set representations of orthoposets, J.

Pure Appl. Algebra 86 (1993), 79-94.

Universita degli Studi di Napoli “Federico 11” Technical University of Prague
Dipartimento di Matematica e Applicazioni Faculty of Electrical Engineering
Complesso Universitario Department of Mathematics
Monte S. Angelo, Via Cintia Technickd 2
80126 Napoli, Italy 166 27 Praha 6, Czech Republic
E-mail: delucia@matna3.dma.unina.it E-mail: ptak@math.feld.cvut.cz

Received 28 May 1997;
revised 26 October 1998



