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4. Probléme (P 314). Quelle sont les conditions nécessaires et suffi-
gantes auxquelles doivent satisfaire les mesures u et v pour que l'on ait
D, =D,
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The object of this paper is to prove the following

TamoreM. Let ¢ = (&, 7) be a point in the complex plane with & and n
both irrational and let 1, be the number of points with integral coordinates
that lie im the circle

e—mnil < 1.

We know that A, = 2, 3 or 4. Let k be any one of the numbers 2, 3 or 4
and let
JelN) = 2 1.

n<N

Ap=k

Then Limf,(N)/N exists. .

We divide our proof into two cases, firstly where &, 1 and 1 are
linearly independent over the rationals and gecondly where they- are
not go. The result in the first case is contained in a more general theorem
of Hartman, concerning an arbitrary pounded Jordan-measurable set (*).
However, for the sake of completeness, we ghall give here a proof of the
result in the first case also.

The arcs in the figure are circular arcs with the four corners of the

square as centres. AB is identitied with DC, AD with BC.

Let
A, = Alu AZv A} A]

where for example A} is the region APD minus the closed ares AP and PD
Ay =A;uA§uA§uAg

(Y 8. Hartman, Zur Gitterpunkiverteilung bei Verschiebungen vow Mengen,
Studia Mathematica 13 (1953), p. 87-93, Satz IL.
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where for example 4; is the region PDS minus the point D and the cloged
arc PS, and 4, = closed region PQRS.
Let 2, be a point in the plane and let () be the point i

ABCD that is congruent to 2,. Then the nil.:r)lber of pIz)inI;E ﬁiﬁiﬁ&ﬁﬁ
coordinates that lie in the cirele
[2—2| <1 is 2, 3 or 4 according
a8 (%) lies in 4,, 4, or 4, respec-
tively. Thus

fe)=D1= 31, k=234,
ngN <N
In=F (n)ady,

Case 1. We assume that £,y
and 1 are linearly independent.
Consequently the sequence (nf) is
uniformly distributed. Let u(4,)
denote the measure of A; and let
& >0 be any number. For a given
k we can find rectangles R; and R;
A(0,0) B(1,0) 1 <i <4 and 1 <j <j, satisfying:

the following conditions:

;; :;]111 the rectangles are open and pairwise disjoint,

e corners of the rectangles h i i
3 LR are ¥ Zot) jog ave rational coordinates,
9z pn(Bj) < e. j

D(0,1) o(L1)

It is clear from the irrationalit
It . y of & and % and from the second
condition that the point (n) cannot lie on the sides of the rectangles R

and E;. Thus :
1 ~ "1 1
= 1 <<— —
PIEESIPIEES SEDINE
N n<N N
ey By (nt)ody (nt)e Ry RS
P
i e.

1 1 1

— el 1 -
zy_N 2 lngk(-N)\g S—JV E 1+ j—‘—ﬁ- 2 1
t (vﬁﬁ% g nN 7
T (nd)eR; (nd)aR

Since the sequence (nf) is unif istri
cuch that, sor n o (ne) ormly distributed we can choose N,

1

—_ &

'N WEN 1—#(.R¢)t << 1<,
(Dot 0

UNIFORM DISTRIBUTION OF SEQUENCES o1
and
1 ’ & . .,
N 1—p(B) | < 1<j <o
by Jo
(n)eR;

Therefore for N = N,

1
ZH(RO—G <FHE < Zu(Ri)+s+;’u(Ré>+s

< D u(R)+35 < pld)+3e.

Thus
1
w(Ap)—2e < —ﬁfk(—N) < p(dz)+3e.
Thus
.1
l\lrl_?;‘ﬁ‘fk(lv) = p(4y).

This concludes the proof of the theorem in the first case.

Oase 2. & 7 and 1 are not linearly independent over the rationals.
In this case we proceed as follows:

Tet L = {I;| 1 < ¢ <i,) be a finite set of line-segments I; all con-
tained in the unit square ABCD such that no two of them intersect.
By u(l) 'we mean the length of the line segment I and by p(L) we mean

(). We say that a sequence 2, of points in the complex plane is uni-

feL .
Jormly distributed modulo L if the following conditions are satisfied:

(i) The point (z,) in the unit square ABCD congruent to z, lies on

some leL.
(i) If ¥ is a subsegment of 1 and if

= 2 1
<N
(2p) esome U
then
1 1
im —f(N) = ——— ).
lim ) = 1,2,—,"“

We prove the following theorem first:
THEOREM A. Let & and 5 be two irrational numbers such that there

exist integers p, p’ and g such that

] =£5_'*TL, (p, 9,9 =1.
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Then the sequence (n&, nn) is uniformly distributed modulo some finite
set L of line segments in the unit square ABCD.

In the proof of this theorem we shall need the following two lemmag
the proofs of which are immediate:

LemMA 1. Let (a,, ) be a sequence wuniformly distributed modulo I,
and let 6 and 6" be two real mumbers. Then the sequence (a,-+0, B,--0')
is also wniformly distributed modulo some L'.

LeMMA 2. Let 2, and 2, be two sequences uniformly distributed modulo
L and L' respectively. Suppose further that u(L) = u(L’) and that leL,
Vel 1l = B; then the sequence 2y, %, %, 2, ... 48 uniformly distri-
buted modulo L L' }

We can now prove Theorem A.

Without logs of generality we can assume £ and » to be both pogitive.
We first consider the special case where p’ = 0. Let A be the point (&, )
and P be the point (g, p) and let 1 be the half ray through the origin
and the points A and P. Since (p, ¢) = 1, P is the first lattice point other
than the origin on 2. All the points n4 lie on i. The distance of A from
the origin is &¢"Vp*+¢* and the distance of P from the origin is Vp? | g,
The ratio of these distance being irrational, the points nd are uniformly
distributed modulo the segment OP. The result of Theorem A, 111 the
pecial case that we are congidering now, easily follows.

Suppose now that p’ £ 0. Let 0 <<r < ¢ and let us first consider
the sequence nA where n = r(modg). We will prove that this sequence
is uniformly distributed modulo some finite set L, of line segments in
the unit square ABCD. The sequence in question is {{(mg-+1) ¢,
(mg-+7)n)lm > 0} and so by lemma 1 it would be enough to prove the
uniform distribution of the sequence {(mgé&, mgy)|m > 0} or of the
sequence {(mg&, mp&)|m >0} modulo some L. But the uniform distre
bution of this last sequence modulo some L follows from the special cas-
that we have considered above.

It can be seen that (owing to the irrationality of £) from leL,, I <]
and 7 s£ ¢ follows L~ 1' = @ and that u(L,) = u(L.). Using the obvmus
generaligation of lemma 2 we infer that the sequence (n&, fy) 18 uni-
formly distributed modulo I = |J L,.

osr<g

This concludes the proof of éTheorem A.

Having proved Theorem A we can now give the proof of our theorem
in the case where & 7 and 1 are not linearly independent over the
rationals. Thus there exist inetgers p, p’, ¢ such that (p,p',q) =1 and

_pitr
q )

icm°

UNIFORM DISTRIBUTION OF SEQUENCES 93

consequently, the sequence ni = (né, ny) is uniformly distributed modulo

gome L. Now
=Yi= Y1= 3 1

n<N n<N <N
(nd)edy, ('nC)eIUL(lr\Ak)
6.

A=k
Z 4.

leL

and so
tim £, () =
m —
Nesoo N k
Thig completes the proof of our main theorem.
PANJAB UNIVERSITY
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