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GENERAL LOCAL COHOMOLOGY MODULES
AND KOSZUL HOMOLOGY MODULES

BY

K. KHASHYARMANESH ano SH. SALARIAN (TEHRAN)

Introduction. Throughout this paper, A denotes a commutative
Noetherian ring (with non-zero identity), and M a finitely generated A-
module. Moreover, C(A) denotes the category of all A-modules and A-ho-
momorphisms.

The interaction between local cohomology theory and torsion theories
has been verified in [1], where it is shown that, over commutative Noethe-
rian rings, the study of torsion theories is equivalent to the study of local
cohomology in the general sense. The main purpose of this note is to es-
tablish a connection between general local cohomology modules and the
homology modules of Koszul complexes.

Let us review the main concepts concerning the theory of general local
cohomology modules. A system of ideals of A (see [1]) is a non-empty set
@ of ideals of A such that, whenever a,b € @, there exists ¢ € @ such that
¢ C ab. Such a system @ determines the @-torsion functor I'g : C(A) — C(A).
This is the subfunctor of the identity functor on C(A) for which

I's(G) ={g € G:ag =0 for some a € I}

for each A-module G. Note that in [1], I's is denoted by Lg and called the
“general local cohomology functor with respect to ®”. For each ¢ > 0, the ¢th
right derived functor of I'y is denoted by Hg. Moreover, when & consists of
only the powers of an ideal a, I is just the usual local cohomology functor
with respect to a, and H is naturally equivalent to the functor H{ for all
1> 0.

For a rectangular set U (of order n) over A (see [5]), let &(U) be the
set of all ideals which are generated by an element of U. Then ¢(U) is a
system of ideals of A. One of the main results of [5] is Statement 2, which
shows that, for each ¢ = 0,1,...,n — 1, H;g(U)(M) = li_n;zeU Hi(z, M),
where H*(z, M) denotes the ith Koszul homology module of M with respect
to x.
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In this paper we show that, for an arbitrary system & of ideals of A
and every positive integer n, there exists a triangular subset U, (&, M) of
A™ such that, for all i = 0,1,...,n — 1, H5(M) can be realized as the
direct limit of the system of the homology modules of the Koszul complexes
{K*(@z,M) : 2z € Uy(®,M)}, where K*(x, M) denotes the Koszul complex
of M with respect to x. Also, we show that, for all ¢ > 0, the general local
cohomology module H% (M) may be viewed as the ith homology module
of a certain complex of A-modules and A-homomorphisms which involves
modules of generalized fractions derived from the family (U, (@, M)),en of
triangular subsets. Note that the latter result was obtained in [3] for a certain
system @ of ideals which are derived from a triangular subset of A™.

1. Preliminaries. Throughout this section @ is a system of ideals of A
and n is a positive integer. We use N (respectively Ny) to denote the set of
positive (respectively non-negative) integers and D,,(A) to denote the set of
n x n lower triangular matrices over A. For H € D,,(A), |H| denotes the
determinant of H.

A triangular subset of A™ (see [11]) is a non-empty subset U of A™ such
that (i) whenever (z1,...,2,) € U, then (z!',... x%n) € U for all choices of
positive integers t1,...,t,; and (ii) whenever (z1,...,2,), (y1,...,Yn) € U
then there exist (21,...,2,) € U and H, K € D,,(A) such that H[x; ...x,]"
=[21...2n)7 = K[y1...yn]", where T denotes the matrix transpose.

Whenever we can do so without ambiguity, we denote (z1,...,x,) € A"
by x and [z; ...2,]T by 2T,

Now we recall the following definition and proposition.

1.1. DEFINITION (see [10]). Let a be an ideal of A. Let z1,...,x, be a
sequence of elements of a. Then the sequence z1,...,x, is called an a-filter
reqular M -sequence if

x; €p forall p € Assy <M/(§Aacr)M)\V(a)
r=1

foralli =1,...,n, where V(a) denotes the set of prime ideals of A containing
a. It is easy to see that x1,...,x, is an a-filter regular M-sequence if and
only if

Supp((x1, ..., x;))M ipp i1/ (21, ..., 25) M) C V(a)

forall2=0,1,...,n — 1. Note that z1,...,z, is a poor M-sequence if and
only if it is an A-filter regular M-sequence. It is easy to see that the ana-
logue of [13, Appendix 2(ii)] holds whenever A is Noetherian, M is finitely
generated and m is replaced by a; so that, if z1,...,z, is an a-filter regular
M-sequence, then there is an element y € a such that xy,...,z,,y is an
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a-filter regular M-sequence. Thus, for every positive integer n, there exists
an a-filter regular M-sequence of length n.

1.2. PROPOSITION (see [7]). Let a be an ideal of A and x1,...,z, be a
sequence of elements of A. Then the following conditions are equivalent:

(i) x1,...,xy is an a-filter reqular M -sequence;
(i) #,..., % 4s a poor My-sequence in A, for all p € Supp(M) \ V(a)
andi=1,...,n;

(iil) 2%, ..., @l is an a-filter reqular M-sequence for all ti,. .., t, € N.

We shall need the following result.

1.3. LEMMA (see [14, Chapter II, 3.13 and 3.14]). Let n be a positive
integer and suppose that x1,...,%, and y1,...,Ynt1 are poor M-sequences.
Then (3127 Ayy) € p for all p € Assa(M /(31— Az,)M).

Proof. Assume the contrary. Let p € Assa(M/(>.""_, Az,)M) be such
that (372} Ay,) C p.

We claim that, for all j = 0,1,...,n, H;(M/( 1:1 Az, )M) = 0 for
every ¢ =0,1,...,n—j. We prove this by induction on j. The case j = 0 is

clear, since 1, ...,Yn+1 € p is an M-sequence. Assume, inductively, that j is
an integer with 0 < j < n and we have proved that Hy (M /(3] _; Az, )M)
=0 foralli=0,1,...,n — j. Consider the exact sequence

Jj+1

O%M/(éAxr)sz—W M/(éAa:r>M—> M/(;AxT)MaO.

It induces the long exact sequence

0 130 (32 dne) ) 24 1300/ (3 ) 1)

/(S e ) = (1) (3 40 ) )

(32 e Yar) = 1 a1/ (3 e Jor) =

By the inductive hypothesis, H;(M/(ZJE Az, )M) = 0 for each i =

0,1,...,n—(j+1). The claim now followsrby induction. Therefore, in par-
ticular, H)(M/(3>)_; Az,)M) = 0. Hence p & Assa(M/(3_, Ax,)M),

which is the required contradiction.
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1.4. PROPOSITION. Let @ be a system of ideals of A and n be a positive
integer. Set

Un(@, M) :={(x1,...,2y) € A" : x1,..., 2y is an a-filter reqular
M -sequence for some a € O}.

Then U, (®, M) is a triangular subset of A™.

Proof. As we mentioned earlier, for all a € &, there exists an a-filter
regular M-sequence of length n. Hence U,, (@, M) is non-empty. Also, by 1.2,
(8., xin) € U,(®, M) whenever (z1,...,2,) € Up(®, M) and t1,...,t,
€ N. Let (z1,...,2n),(y1,---,Yn) € Upn(®P, M). Then there exist a,b € ¢
such that xi,...,x, (respectively y1,...,y,) form an a-filter (respectively
b-filter) regular M-sequence. Also, since @ is a system of ideals of A, there
exists ¢ € @ such that ¢ C ab.

We show that there exist z1,...,2, € A which form a c-filter regular
M-sequence with z; € (3°!_, Az, )N (>,_; Ay,) foralli=1,...,n. To do
this, let p € Assa(M)\ V(c). Then p € (Assa(M) \ V(a)) N (Assa(M) \
V(b). So e Azy N Ayt € Upeassamnv(oP- Therefore there exists
z1 € ¢N Az N Ayy such that z; & p for all p € Assa (M) \ V(c). Now sup-
pose, inductively, that there exists a c-filter regular M-sequence z1,...,%
(1<l<n)withz e (X_Az,)N(>r_, Ay,) foralli=1,....1. Let p €
Assa(M/(X!_, Az, )M)\ V(c). Then pA, € Assa, (M,/(3_, Ap2)M,).
Also, by 1.2, %,...,x’l“ and %,..., % are poor Mp-sequences. Hence,
by 1.3, (Eiill Az,) € p. Similarly, ( lrill Ay,) € p. Thus there exists
Zi41 € ¢ N (fo:l Az,) N (Ziill Ay,) such that z41 ¢ p for all p €

ASSA(]\/.I'/(Zf:1 Az )M) \ V(c). Therefore the inductive step is complete.

2. The results. Let us, firstly, review the construction of the Koszul
complex and establish our notations.
Let x = x1,...,2, be a sequence of elements of A. For j € N with
1 <5 <n, we write
I(j,n) = {(a1,...,j;) eN : 1 <y < ... < j <n}.
We denote by e,, the exterior product eq, A. .. Aeq; foralla = (aq, ..., ;) €
I(j,n). The (ascending) Koszul complex of A with respect to = has the form

Ko@) : 0= K@) " K ()" T (e - o,
where, for 0 < j < n, K’/(z) = /\j A", with basis e, a € I(j,n), and
the homomorphisms d’(z) (for 0 < j < n — 1) given by d’/(z)(es) =
(> p—q1xkex) A eq for all a € I(j,n). After tensoring this complex with
M we get the complex K*®(x, M), with differentials d’ (z, M) = &’ (z) ®idyy,
which is called the Koszul complex of M with respect to .
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Let U be a triangular subset of A™. Define a relation < on U as follows:
for x and y in U, we set x < y if and only if there exists H € D,,(A) such
that [y1...yn]T = H[x1...2,])T. Then < is a quasi-order on U and (U, <)
is directed set.

Consider z,y € U, where y* = Ha® for some H = (h;;) € D,,(A). One
can define, for any j with 0 < j <mn, amap A\’ H : \” A" — N\’ A" given
by eq — Heq, A ... N He,, or, equivalently, e, — Zﬂel(j,n) Ag qep for
a € I(j,n). Here

hgiay -+ hpgia;
A,&a = .

hgiar -+ hpja,
is the j X j-minor of H determined by 8 and « (see for example [5]). Set
N(H,M) := N H ® idy. By [4, 1.6.8] the map A*(H,M) is a map
of Koszul complexes from K*(x, M) to K*(y,M). Let K = {K*(z, M) :
x € U}. Then K forms a directed system for the maps A°®(H, M).
We shall require the following result.

2.1. LEMMA (see E. S. Golod [5, Lemma 1]). Let z,y € U and let
H,K € D,(A) with y' = HzT = KaT. Set D = diag(yi,...,yn). Then
the homologies of \*(DH, M) and \*(DK, M) are the same.

It follows from Lemma 2.1 that the induced direct system of homology
modules of X has the usual properties of standard direct limit systems where
there is only one morphism between comparable objects (see [9, Theorem
2.17 and its proof], for example).

2.2. REMARK. Let @ be a system of ideals of A. Recall that an A-module
G is P-torsion if each element of G is annihilated by an ideal belonging
to @. If G is a P-torsion A-module, then each p € Ass,(G) contains an
ideal belonging to @; it is easy to deduce from this and the Matlis—Gabriel
decomposition theory of injective A-modules that every term in the minimal
injective resolution of G is also ®-torsion, so that HE(G) = 0 for all i > 0.
The following proposition plays a key role in this paper.

2.3. PROPOSITION. Let I be the set of non-negative integers or I =
{0,1,...,n} for somen € Ny. Let @ be a system of ideals of A. Let
—1 0 n
045 K S R 5 Kt 5 Kkt
be a complex K® of A-modules and A-homomorphisms such that

(a) K= M and, for alli € I, H%(K"“) =0 for every j > 0,
(b) Kerd'/Im d*~! is @-torsion for all i € I.

Then Hy(M) = Kerd' /Tmd*~! for alli € I.
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Proof. Let ¢« € I. Consider the exact sequences
0 — Kerd™ — K'*' = Imd'™" — 0

and
0 — Imd" — K**' — Cokerd’ — 0.
Then
(1) H3(Kerdt') =0 = H3(Imd")
and
(2) H)(Im d™Y) = H3T (Ker dt!)  for all j € Ny.
In particular,
(3) Hj(Kerd') =0 forallieI)\{0}.

Next, the exact sequence 0 — Kerd® — M — Imd® — 0 induces the long
exact sequence

0 — HY(Kerd®) — HY(M) — H3(Imd°)
— Hj(Kerd®) — H3(M) — Hy(Imd®) — ...
in which H3(Im d°) = 0 (by (1)) and H2(Ker d°) = 0 for all j € N. Therefore

Kerd® = HY(Kerd®) = HY(M) and H3(Imd®) = H}(M) for all j € N. To
complete the proof, it is therefore enough to show that

(4) Hi(Imd%) = Kerd'/Imd™! forallic I\ {0}.
We can now deduce from (1), (3) and the exact sequence
0— Imd " — Kerd" — Kerd'/Imd"~" -0
that, for each ¢ € I\ {0},

(5) Hi(Imd" ')~ Kerd'/Imd'*
and
(6) H(Imd*~') = H) (Kerd) for all j > 2.

Now (4) follows from (6), (2) and (5).

2.4. LEMMA. Let @ be a system of ideals of A and G be an A-module.
Then G is @-torsion if and only if Supp(G) € U,ce V(a).

Proof. The “if” part is obvious. Let g be an arbitrary element of G and
Ass(Ag) = {p1,...,ps}. Then thereexist ay,...,a, € @ such that p; € V(a;)
foralli=1,...,s. Since @ is a system of ideals of A there exists ¢ € & such

that ¢ C ay...a,. Hence ¢ C(),_, p; = v/Anny(Ag) and so ‘g = 0 for some
I € N. Therefore G is @-torsion and the proof is complete.

Now, we describe the general local cohomology modules Hj(M) in terms
of generalized fractions.
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2.5. Reminder: Complezes of modules of generalized fractions. The con-
cept of a chain of triangular subsets on A is explained in [8, p. 420]. Such a
chain U = (Up,)nen determines a complex of modules of generalized fractions

0 1 n
0>M-5U'M ... U,"M U, 7'M — ...
in which €®(m) = m/(1) for all m € M and e*(m/(uy,...,u,)) =
m/(uy,...,u,,1) for al n e N, m € M and (uy,...,u,) € U,. We denote
this complex by C(U, M).

2.6. THEOREM. Let @ be a system of ideals of A. For each n € N, let
Up :={(z1,...,2n) € A" : there exists j with 0 < j < n such that z1,...,z;
is an a-filter reqular M -sequence for some a € & and xj11 = ... =z, = 1}.
Then U = (Up)nen 18 a chain of triangular subsets on A, and

HY(CU,M)) = H5(M) for all i > 0.

Proof. Note that, for each n € N, U, is an expansion of U, (®, M) in the
sense of [11, p. 38], and that U = (U, )nen is a chain of triangular subsets on
A. Thus we may form the complex C(U, M). In order to prove the second
part, in view of 2.3, it suffices to prove that

(7) HL(U7"M)=0 forallic Nandj>0
and
(8) HY(CU,M)) is d-torsion for all i > 0.

Let i € N. By [2, 2.1] and [8, 1.4],
H (U7 M) = lim Timy HJ(U,;' (M) for all j >0,

T

ClE@ JIGUi
where Uy = {(27",...,27") : a1,...,; € N} for some a-filter regular M-
sequence r = x1,...,x; and a € @. So, for the proof of (7), it is enough to

show that, for all 7 € N, x € U; and b € &, there exist z € U; and ¢ € ¢ such
that # < z, b < ¢ (ie. ¢ C b) and H{(U,;"M) = 0 for every j > 0. Since
b € @, there exists (y1,...,y;) € U; such that yi,...,y; form a b-filter regular
M-sequence. Thus, in view of 1.4, there exist (z1,...,%;) € U; and ¢ € &
such that < z, b < ¢ and z1,...,2 form a c-filter regular M-sequence.
Now by [12, 2.2], H(U_;"M) = 0 for all j > 0 and (7) follows.

For the proof of (8), by 2.4, we need to show that

Supp(H (CU,M))) € | J V(a) foralli > 0.
acP

Assume the contrary. Then there exists p € Supp(H'(C(U, M)))\Uyeo V (a)
for some ¢ > 0. Let ¥ : A — A, be the natural homomorphism and, for all
l €N, set

Up ={@W1),-- %)) : (y1,---,u) € U},
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which is a triangular subset of (A4,)!. Hence, by 1.2, each element of Uy, is
a poor My-sequence for all [ € N. Therefore, in view of [6, 2.1] and [8, 3.1],
the complex C(U, M) ® 4 A, is exact. Thus p & Supp(H*(C(U, M))), which
is the required contradiction.

We now come to the second main theorem of this paper.

2.7. THEOREM. Let @ be a system of ideals of A and let n be a positive
integer. Then
HL(M)= lim HY(x,M) foralli=0,1,...,n—1,
x€Uy, (P,M)
where Uy, (P, M) is the triangular subset of A™ specified in 1.4.
Proof. Let © be the set of all ideals which are generated by an element
of U, (@, M). Then O is a system of ideals of A. By [5, Statement 2],
9) HLH (M) = h_II)l H'(z,M) foralli=0,1,...,n— 1.
€Uy, (P,M)
Next, it follows from 2.6 (with the same notations) that
(10) HY(M) = H(CU,M)) foralli>0.

Hence, in particular, H'(C(U, M)) is @-torsion for all i >0. Therefore, since
Uaea V(@) € Upeo V(b), it follows that H*(C(U, M)) is O-torsion for all
i > 0. Also, one may use the same arguments as in the proof of (7) to see
that

HL(U7'M)=0 forallj>0andi=1,...,n.
Now, we can apply 2.3 to get
(11) HLY(M) = H(CU,M)) foralli=0,1,...,n—1.
The assertion follows from (9)—(11).
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