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L? ESTIMATES FOR OSCILLATORY INTEGRALS

BY

G. SAMPSON (AUBURN, ALABAMA)

0. Introduction. In earlier papers, [1], [2], we obtained the complete
LP-mapping properties for a class of operators that includes

[ee] a

ixby

Tf(x) fy)dy, xeR,

AR

with the phase function g(z,y) = 2%y%, b,a > 1 and 0 < r < 1. Included
among these operators is the Fourier transform.
In [1] and [2] (Theorem 3.1 of [1]) we showed

THEOREM A. Leta,b>1 and 0 <r < 1. Then
ITfI5 < ClfID
if and only if

b+a <p< b+a .
b+ ar b(1—r)
The driving force behind proving Theorem A is to solve the (L?, L?)
mapping problem in the case r = (b — a)/(2b) + ia for a € R.
In this article we wish to obtain L?-estimates for similar non-convolution
operators with more general phase functions. To be more precise, we consider
the operator

o0

(0.1) Tf@) =\ k(.9 f@)dy, weR,
0

with

k(z,y) = (x,y)e' V)
where g(x,y) is real-valued. In Theorem 0.1, we study the cases where

(0.2) g(a,y) = 2"n(y) + 2" (y), b>a>1

The previous case was when v1(y) = y* and m = 0. In Theorem 2.4 for
1 < a < 2 we obtain a more general result.
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Furthermore, we suppose throughout this paper that for |x — y| > 0,

(2) oz, y)| < Clz —y|~ -0/,

0.3
(03 (b) 9up(z,y)| < Clar —y|~C=/E-L,

The cases where b > a are considered in [1]. Note that without any loss
we can suppose in (0.3) that ¢(z,y) and d,¢(z,y) are both bounded, since
for some cut-off function A(z) we get

oo [e o]

Tf(z) =\ k@, )Mz —y)f)dy+ | k(z,9)(1 = Az - y)f(y) dy
0 0

=T f(z) + Tz f ().

But 7} maps L? into L? since its integrand is in L' and we are left with T5.
In our first result we show that

THEOREM 0.1. Let b > a > 1, and suppose k(z,y) satisfies (0.2) and
(03). Ifb>2,b>m >0, 1 <my <a, and for u,v > 0,

(@) m(w) —m@)] = Clu—ovl(u™ + 0",
(b)  |r2(w) = 72(v)] < Clu = v|(u™ =" 0™ 1),

then [|[Tf|l2 < C||f])2-

(0.4)

Our second result appears in Theorem 2.4.

We find it convenient to let ¥(z,y,y’) = g(x,y) — g(x,y’) throughout
this paper. The letter C' stands for a positive constant that may change
line-by-line.

1. Preliminaries. Here we wish to show that

I= | |ITf(@)de<C|f?dy = ClIf3

— o0

for the operators defined in (0.1). For some constant A that still needs to
be determined, we consider

(1.1) I=h+L= | |Tf@)Pd+ | |Tf(z)]da

lz| <A |z|>A
and we wish to show that

L<O|fI3 and L < C||f]3
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Begin with the term I; and note that

8

B || [ f) et y) - o0.) dy| dr

lz|<A O
o0 2
+C H weWy )f(y)dy‘ dr = Ay + As.
je]<A " 0

By (0.3)(b) it follows that

A1 < O[5,
since the integrand is in L'. We are left with the As-piece, namely,
oo oo
Ay =C \dyf(y) Vdy F') | e @v¥)0(0,5)0(0,y) da.
0 0 || <A

Consider the condition

(1.2) | ey ay| < 70, —.
e ly* —y'e[!/

PROPOSITION 1.1. Let b > a > 1. If o(x,y) satisfies (0.3) and (1.2)
holds, then I; < C||f]|3.

Proof. Since I; < A; + Ay and by (0.3)(b) we get 4; < C|f]|3, it
suffices to estimate As. But by (0.3) and (1.2) we get

Ay <\ dylfw) § dy' 1) Ay, y)
0 0

where
1
|ya _ y/a|1/b(y . yl)(b—a)/(Qb) ’

Aly,y') =

But by Schur’s lemma [4], A(y,y’) is the kernel of an operator that maps
L? into L2. m

We point out the following useful but elementary result.

LEMMA 1.2. Let &(x,y,y") be a real-valued function and suppose that

d
(1.3) A(y,y) =\ 10:K(z,9,9)

S 2@ gl do
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is defined for almost all y,y" > 0. Then

b b d
J = ‘ Vdy f) \dy £(y) | da @V K (2, y, y’)‘

a a Cc

: 2 1/2 : / /2b ! 1/2 0 / /1/2
< (V1r2dy ) (Vv 1F6OP S dyAwy)) (T AWy dy)
Proof. Set B = Sf e@(“”y’y,)K(:ﬂ,y,y') dz. Using integration by parts
we see that

d
1B| < {10 K (z,y,9)

xr
Sez‘@(v,yvy') dv‘ dx = A(y, y,)'

We get our result by repeated application of Schwarz’s inequality. =

We now consider the term I5 (we bounded I; in Proposition 1.1). Let

v+ hily) =1, npeC™, dily) =P(y/2),

and 1 (y) is supported in 1/2 < |y| <2 and n(y) in |y| < 1. We get

19 b<C | | [ My )i d de
|z|>A O
c | ‘Z | bz, )vn(z —y (y)dy‘gdx
z[>A 1=0 0
= Isy + Ioa.

The term I5; is estimated in a straightforward manner, and we shall do that
below; the bounds for I5» will be done later in Propositions 1.4 and 1.5.
Notice that

Iy =\dyf) \dy' F(v/) | dee” v n@—ym@—y)e(z,v)d,y).
0 0 |lz|>A

Note A(y,y’) is defined by (1.3) and is supported in |y — 3’| < 2. From
Lemma 1.2 it follows that we need only show the L! conditions,

(a) S Aly,y')dy < C,
(1.5)
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The next result follows immediately from Lemma 1.2, where A(y,y’)
is defined by (1.3). From here on we use a parameter A and the relevant
constants A and C' do not depend on .

PROPOSITION 1.3. If (1.5) holds, then Iy; < C| f]|3.

In order to obtain bounds for Is5, we utilize the following condition. Let
A > 0. Then there exists a constant A so that for x > A/\, where A does
not depend upon A,

xr ) , C
W (Av,Ay,\y") < s
(1.6) ‘AX/AB | < Sgrmp g oy 20

Next let

b= | |\ kGyte )i ar.
e[>A 0

then set 1:21 = Iy 1 + 19,2 with

At oo
Iuy =2 | dy fOw) § dy' F(N)
0 0
x| dep(a — )o@ — y)ea, )P, Ay e DrAvA)
2| >A/A
with A = 27,

From (1.4) we get
2N~ Y
1/2 #1/2
Iy" < Z Iy
1=0
and so in estimating Iss5 our problem is reduced to seeing that the terms

12171 and 12172 sum.

PROPOSITION 1.4. Letb>a > 1. If (0.3) and (1.6) hold, then

C
Iy < m”f”%

Proof. By (0.3), (1.6) and Lemma 1.2, it follows that

At )
Iuy <CX \ dy [ fOw)l § dy' [FO) Ay, o)
0 0
where
x(ly —y'| <4)

A(y,y,) = )\2|y _ y/|1/b(ya—1 + yl(a—l))l/b'
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We can easily see that
(a) S Ay, )dy <CX™2  for0<y <A™ h
0
)\71
b) | Aw.y)dy < crx"0me/Mx2,
0

(1.7)

Now by Lemma 1.2 and (1.7) we get

CN . T
I < =5 A (1-a/b)/2 S |f(Ay)[? dy
0
< OX~UmeD2) 1|3
after changing variables. =

We still need another estimate for the left-hand term that appears in
(1.6). It will be used to bound Iy o.

Let A > 0. Then there exists a constant A (independent of \) and an
a > 0 so that for z > A/ and y,y’ > 0,

(18) ‘ X eiW()\v,/\y7,\y’) d’U < C

_— fory—l—y'>)\71.
- « a __ la -
Al Ay =y

PROPOSITION 1.5. Let b > a > 1. If (0.3) and (1.8) hold then

Clog(1+A)
IQl,Q < )\(b—a)/b}\a—a—l Hf”%

Proof. Here we have
o0 o0

Iy <N\ dy [FOw)| | dy' 1F ()]
A1 0
8 ‘ | deg(e —y)o(e —y)ea, )z, Ay e CeAv AV,
|z|>A/X

But by Lemma 1.2, (0.3) and (1.8) it follows that
Cx(ly—y<4)
Aly,y) = .
(y’ Yy ) )\(b—a)/b[l + )\a‘ya _ y/aH
We easily see that for a > 1,

(@) | A(,y)dy' < Clog(1+\A~Cma/bratzeif y > A\~
0

(1.9) ~
(b) | A(y.y)dy < Clog(1+ A)A~=a/byeml=e,
>\—1
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Thus by Lemma 1.2, from (1.9) we get

Clog(1+ M)\ T 5
I2l72 S )\(b—a)/b)\a—a—i-l § |f(>‘y)| dya

and after changing variables we get our result. m
Now we put all these results together to obtain

THEOREM 1.6. Let b > a > 1. If (0.3), (1.2), (1.5), (1.6) all hold and
(1.8) holds with o« > a + a/b, then

ITfll2 < Cllfl2-

Proof. We note that by (11) and (14), I = Il —|—IQ and IQ S 121 —|—IQQ,
and we need to show that I < C||f|3.
By Propositions 1.1 and 1.3 it follows that

(1.10) I + Iy < C||f]3.

Also since Iy = I 1 + Iy 2 we see by Propositions 1.4 and 1.5 (A = 271
with @ > a + a/b that I ; and Iy 2 sum, and thus

(1.11) Iy < C|If13-
Now our result follows from (1.10) and (1.11). m

2. Proof of Theorem 0.1. We prove Theorem 0.1 by showing that
the kernel k(z,y) defined there satisfies the conditions of Theorem 1.6. We
begin with the following result which is an easy consequence of Lemmas
7-9 of [3].

LEMMA 2.1.  Assume that b # m, a(t) = t°¢ +t™n, and &,n € R. If
m >0 and b > 2, then

T
‘ Xem(t) dt‘ < ClE[7Y for T >0,
0
and C' does not depend upon £,m or T
Proof. Without any loss, we can suppose that & > 0 and 7" = T™¢™/?
> 1. Then
1 T’ ith/m gith
fl/b

T
‘ Seia(t) dt‘ _
0

t1-1/m dt‘

and A = n/¢€™/°. But since m > 0, it suffices to bound

/

T . .
‘ et b/mezt/\

. t1=b/(2m)¢(1/m)(b/2—1)

T’ ith/m gith
‘ e dt‘ _ dt‘ <c
t1=1/m
1

which follows from Lemmas 7-9 of [3], since b > 2 and m > 0. =
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REMARK. If for the term I, we suppose (0.4)(a), b # m, m >0, b > 2,
then by using (1.3) we see from Lemma 2.1 that

B x(ly —y'[<2)
A(y’y/) - |y _ y/|1/b(ya—1 + yl(a—l))l/b ’

Note that in (1.3), &(z,y,y") = (11 (y) — 1)) + 2™ (72 (y) — 1=2)).

We also employ and prove here the following result.

LEMMA 2.2. Let y,y" > 0. Suppose that
g9(z,y) = 2"y (y) + 2™ (y), 1<mi <a, b>m.

If (0.4) holds, then for any A > 0 there exists an A large enough so that if
x > A/X then

(2.1) 0% (A\z, Ay, \y)|
> OXHy —y/ |y ) fory+y 2 AT
Proof. We have
0, (Ao, Ay, Ay') = DA™ (31 () =71 (Ay) +mA™ 0™ (32 (Ay) =12 (Ay))-
Thus
(2.2) |0,T (v, Ay, Ay )| > o™ T ENTEM |y ) [[Cp NbFaTm g bem
x (yo 7t D) = mOy(y™ T 4y D))

where we used (0.4). Since v > A/ we get

Cy AP AT (o0t g (D) > Oy (y™ 4y (),

But since 1 < mj; < a and b > m, we can choose A large enough to obtain
the above inequality. =

In Lemma 2.2 we have determined the value of A from the beginning
of the article. Also notice that if m; = a in Lemma 2.2, the restriction
y+ 1y > A" could be dropped.

The next result follows from Lemmas 2.1 and 2.2.

PROPOSITION 2.3. Let g(z,y) = y1(y) + 2™v2(y).
(a) If b>2, b# m and m > 0, then

T , c

W (Ao, Ay AY') g ‘ <

e v .
‘ (S) T AmAy) = ()P

) If1<mi <a,b>m,y+y >X"1 y,y/ >0 and (0.4) holds, then
forz > A/,

‘ X 6ilI/()\v,/\y,/\y/) dvl < c )
ety —y/|(yat +y/lemD)

A/A
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Proof. Part (a) follows from Lemma 2.1, while part (b) follows from
Lemma 2.2. m

It follows from Proposition 2.3 that the operator in (0.1) with g(z,y) =
291 (y) + 2™, (y) satisfies estimates like (1.2), (1.6) and (1.8). We are now
in a position to prove Theorem 0.1.

Proof of Theorem 0.1. According to Theorem 1.6, we need to see that
(1.2), (1.5), (1.6) and (1.8) hold, with & > a+a/b. We notice that (1.2) and
(1.6) follow from Proposition 2.3(a) and (0.4)(a). Next (1.8) follows from
Proposition 2.3(b) and (0.4), with « = a + 1 > a + a/b, since here b > a.
We are finished once we show (1.5).

To see (1.5), we use the remark following Lemma 2.1 and get

N x(ly—y'[<2)
A(y,y/) - ly — y/|1/b(ya—1 _|_y/(a—1))1/b'

Since b > a we see that (1.5) holds, and this now completes our argument. m

We say that a function h(x,y,y’) is “monotonic” in z for each y,y" > 0
if there exists a number M independent of z,y,y" so that h(z,y,y’) is mono-
tonic in = for = € [aj_1,a;] with 1 < j < N +1, ap =0, ayy1 = oo and
N < M. Note that these intervals may depend upon y or 3.

We are able to show that

THEOREM 2.4. Let « > a + 2a/b with b > a > 1 and a < 2. Suppose
there exists an A large enough so that

(a) L_D(x,y,y') s “momnotonic” in T,
() 109 (N, Ay, Ay')| = CA®y — o' (3~ + /D),

for each y,y' > 0, A > 0 and © > A/X. If, furthermore (1.2), (1.5) both
hold with A(y,y') taken from (1.3), then

ITfll2 < Cllfl2-
Proof. From (1.3) and (2.3) it follows that

Cx(ly —y'[<4)
L+ Xy —y/|(ya—t +y/(a=D)
just as in the proof of Proposition 1.5. Next,

(2.3)

A(y, yl) = )\(b—a)/b(

)\—1

f2l§>\3( |+ )dylf(ky)l | dy' 1 (Ow)IA®,y)
0 A1 0

= Iy + Iy
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In order to estimate I5;; we can easily see that with A = 2'and a > 1,

0 l
/ /
(a) §A(y,y)dy < Cy(1 - a) oy mra
-

(2.4)

1

C
\—a)/b+2—a”

b | A;Z’_yl') dy <
0

It follows from (2.4) and Lemma 1.2 that

CL2| 13
[2l’1 < \a/2—a/b—a/2"

For the term Iy 2 we can easily see that for y > A landa>1,

T Cl
(a) S A(y,y’) dy' < A\(b—a)/b+a+1-a’
(2.5) o .
(b) S Aly,y') dy < Nb—a)/bta+i—a’
A—1

Thus from Lemma 1.2 and (2.5) we get

ClIf3

12l72 < N\0b—a)/bta—1-a"

But

- ) 112 I
Iyp = Iy q + Iy0 < CHfH2<)\a/2_a/b_a/2 + )\a_a/b_a>

and a > a + 2a/b (A = 2!), therefore 1212/2 <> 1:211/2 sums and we get
(2.6) Ly < C| fII5.
Our proof rests on showing (1.1), that is,
(2.7) I+ L < C|fl3.
Because of (1.2) we see by Proposition 1.1 that
(2.8) I <C|f|3.

By (1.4) and (2.6) it suffices to estimate I»;. But by (1.5) and Proposition
1.3 we get

(2.9) Iy < C|Ifl3-
Putting the estimates (2.6), (2.8) and (2.9) together, we get our result. m

We obtain dual results to both Theorems 0.1 and 2.4. We shall work
through the case of Theorem 0.1 here. This time we consider the operator
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o0

T f(z) = | p(y, 2)el@ @@ () 4y
0

and show that it maps L? into itself. In fact, we get

THEOREM 2.5. Let b > a > 1, and assume that k(z,y) satisfies (0.2)—
(04). If b>2,b>m >0, 1 <my <a, then

1T fll2 < Cl 12
Proof. Just employ duality with Theorem 0.1, i.e., consider
J 9@ Tf(a)de = § dy f(y) § ola,y)e @O0 g(2) da.
0 0 0

Then

| Vo7 da| = | | 19 dy) < gl Tflz < Clglllf =
0 0
where we used Theorem 0.1 in the last step. m
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