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TRANSFERENCE THEORY ON
HARDY AND SOBOLEV SPACES

BY

MARIA J. CARRO anp JAVIER SORIA (BARCELONA)

We show that the transference method of Coifman and Weiss can be
extended to Hardy and Sobolev spaces. As an application we obtain the de
Leeuw restriction theorems for multipliers.

1. Introduction. In 1977, R. Coifman and G. Weiss (see [CW1]) proved
the transference theorem in the setting of LP spaces for 1 < p < co. As a first
application of this result, they were able to show the classical theorem of K.
de Leeuw [D] on restriction of multipliers; namely, if m is a nice function such
that m € M,(RY), then its restriction (m(n)), is in M,(Z"), with norm
bounded by [|m/| sz, w~), where for a general locally compact group G, we
say that m € M,(G) if its inverse Fourier transform K = m is a convolution
operator on LP (é), with G the dual group of G. In this case, the norm of
this convolution operator is denoted by either N,(K) or [[m||as, (q)-

This theory has been widely extended by N. Asmar, E. Berkson and
T. A. Gillespie in a collection of papers (see [ABG1] and [ABG2]) where
they carefully study transference for maximal operators and transference of
weak type inequalities.

On the other hand, L. Colzani (see [C]) proved, using direct arguments,
that if m is a multiplier on HP(RY) and m is a continuous function, then
(m(n)), is a multiplier on H?(T¥), in the sense that the operator

M

(SP)(x) = > m(n)a,e™
n=—M
(with P the trigonometric polynomial P(x) = ZﬁifM a,€%™"*) can be

extended to a bounded operator on HP(TM).

We shall see that this is a consequence of the fact that the transference
method of Coifman and Weiss can be applied to a more general class of
spaces than LP, including Hardy spaces and Sobolev spaces.
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This paper is organized as follows: In Section 2, we give the definition
of transferred space and give several examples. Section 3 contains the main
result of this paper for the case p > 1 and several applications. Section
4 is devoted to the case 0 < p < 1 and Section 5 to the case of maximal
operators and maximal spaces.

Although the theory can be developed for amenable groups ([CW1]),
we shall restrict our attention to locally compact abelian groups where our
theory can go a little further and where all of our examples belong.

As usual, f(u) = f(u™1), (7,f)(u) = f(uv~™!), and constants such as C
may change from one occurrence to the next.

2. Transferred space. Let G be a locally compact abelian group
and let L°(G) denote the set of all measurable functions on G. Consider a
sublinear functional S : A — C, where A C LY(G).

Then, for 0 < p < 0o, we define the space HP(S) as the completion of
{f € LY(G): S(7.f) € L"(G)}

with respect to the “quasi-norm” || f||gr(s) = [|S(7.f)||lr(c)-

Consider now a o-finite measure space (M, dx) and let R be a repre-
sentation of G on LP(M) such that R is uniformly bounded (see [CW1));
that is, there exists a constant A such that, for every f € LP(M) and every
u € G,

(1) R flleay < Allfllze -

DEFINITION 2.1. We define the transferred space HP(S; R) of HP(S) by
the representation R as the completion of

{F e L'M) - S(Ruf () € LP(M)}
with respect to the “quasi-norm” || f|| g»(s;r) = ||S(§uf(-))\|Lp(M).

Before going any further, we give some interesting examples of trans-
ferred spaces. Recall that the transferred operator Tk is defined by (see
[CW1])

(Tx f)(@) = | K(u)(Ry- f)(@) du.
G
ExaMPLES 2.2. (1) If S(f) = |f(e)|, where e is the identity element,
then HP(S) = L?(G), and if R is any representation of G acting on LP(M),
then one can easily check that the transferred space is equal to LP(M).
(2) Consider G =R, M =T, (R,f)(z) = f(z —u) and S(f) = [f(0)| +
|(Hf)(0)] where H is the Hilbert transform. Then

HY(S) = {f € L\(R) : Hf € L'(R)} = H'(R),
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and, following the computations in [CW1], we find that
S(Ruf(z))

. du

=lf@l+|fim | fe-w
1/N<|u|<N

—|f@)+| Jim [ weot(ms)f(@—s)ds| = |f(@)] + (C@)],

1/N<[ul<1
where C'f is the conjugate function of f. Therefore,
HY(S;R) ={f € L'(T) : Cf € L(T)} = HY(T).
Similarly, using Miyachi’s theorem (see [M]), we conclude that, for 0 <
p <1, HP(S) = HP(R), and H?(S; R) = HP(T).
(3) Consider G =R, M =T, (R, f)(z) = f(z —u) and S(f) = |f(0)| +
|£/(0)|. Then

HP(S) ={f € L’(R) : f" € L"(R)} = Wp1(R),
and

HP(S;R) = {f € L"(T) : f" € LP(T)} = W1 (T).
That is, we get Sobolev spaces. Obviously, we can also obtain Wp,k(RN )
and W, . (T™N).

(4) Consider G = Z, (R, f)(z) = f(T"x) with T an ergodic transfor-

mation and S((an)n) = lao| + 13,40 an/n|. Then H'(S) = H'(Z) and
H'(S; R) turns out to be an ergodic Hardy space (see [CW2] and [CT])

HY(S;R) = {f eL'(M): ) %f(T”:E) € Ll(/\/l)}.

BG)IG =R, (R:f)(z) = wg(rxf) f(T*z) with T an ergodic transformation
on a measure space M and w a weight on M, then for S(f) = |f(0)| +
|(H f)(0)|, the transferred space H'(S; R) is the space of all functions F €
L'(w) such that wF is in the ergodic Hardy space H'; this space can be
considered as a weighted ergodic Hardy space.

(6) Consider G = RN, M = TV, (R,f)(z) = f(z —u) and Sf =
sup;~q |t * f(0)], where ¢ € S(RY) and {¢ = 1. Then HP(S) = HP(RY)
and HP(S; R) = HP(TY).

(7) Let now G = R, M = R, the Bohr compactification of R (see [HR]),
and (R;f)(x) = f(x —t). Then one can easily see that the transferred space
of the Hardy space H'(R) is the space of all functions in L!(R) such that
Y oier sgn(t)f(t)e'® is in L'(R), which is H(R).

(8) Let G = R™, M = R™ with m < n and let R be the natural repre-
sentation defined by (Reay.. o) /)U1s- 1 Um) = FW1 = Z1,-- ) Y — Tm).
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If Tgr is the transferred operator of the Riesz transform R} (j = 1,. n)
mR” thenTRn—Olf]—m—l—l nandTR;u—lefj—l
Therefore, the transferred space of HP (R”) by this representation is H p(Rm)
for every 0 < p < 1.

Many other examples can be given in the setting of Triebel-Lizorkin
spaces, Besov spaces, etc.

3. Main results for p > 1. Throughout this section we shall denote by
Kx the convolution operator with kernel K, Tk the transferred operator,
HP(S) will be denoted by HP(K) and the transferred space HP(S; R) by
HP?(Tk), whenever Sf = K x f.

Case of a finite family of kernels and p > 1. Denote by HP({K; }i=1,...n)
the completion of

{fel'G): K;xfeL’(G), Vi=1,...,n}
under the norm ), || K; * f||,, and similarly for H?({Tk, }i=1,...n)-

THEOREM 3.1. Let G be a locally compact abelian group and let 1 < p.
Let K, {K}}i—1, . and {K?}jzl,mml be a collection of functions in L*(G)
and assume that

K : HP({K} }iz1,.n) — HP({K}}j=1,...m)
has the property that there exist positive constants {A;}; such that

D OIE? « K« fll, <) ANK! = £,
=1 i=1

Then the transferred operator
Ty : HP({Tk }i) = H'({Tx2}5)

1s bounded, with
Z ||TK]2TKf||p < BA? ZAiHTK}pra
j=1 i=1

where A is as in (1) and B depends only on n and m.
Proof. We prove this for m = 1. The proof for m > 1 is similar.

We first recall that since K € L1(G), it is known (see [CW1]) that, for
every v € G and every f € LP(M),

@) (RTxf)(@) = | K@)(Ryy-1 /) (@) du= (TkRuf)(z),  ae. x €M,
G
Also, using the same idea, one can easily see that Tx Tk, = Tk+«x, and
therefore, we can assume without loss of generality that H?(Ksy) = LP(G)
and H?(Tk,) = LP(M).
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Now, since K and K} = K; are in L'(G) we can approximate them by
functions in L'(G) with compact support and hence standard arguments
show that for every ¢ > 0 we can find functions K,,, K;, in L'(G) with
compact support such that

1 fllp < Aill K * fllp + €l 1l

i=1

Therefore, we can assume without loss of generality that K and K; are
compactly supported functions in L*(G).
Let f € LP(M). By (1), we have

”TKf”;D = ”RU*IRvTKpr < AHRUTKfHP

Now, as in [CW1], we consider a compact set C such that the identity
element e is in C, supp K C C and supp K; C C for every i = 1,...,n.
Also, take a neighborhood V of e such that

¥ w7y = (L AT TG )
Now, by (2),
Tk fII < j‘i) | IR, T £I2 dv
1%
- u?;) ‘S//\& ‘ CS;K(U)(Rvulf)(w) dul’ dwdo
= /;(4;) \S//\SA ‘ CS:K(U)XVC1(1)”_1)(Rvu1f)(x) du‘p dr dv
AP » ,
=5 }A | Ci | Ci K(u)Xvor (vu™) (Ryer f) (@) du|” dv] da
APB ) ,
< 7 ) S Ao (R A

where the last inequality follows by applying the hypothesis to the function
ha(u) = Xy o-1 (u)(Ru f)().
The last step is to show that, for every i,

@ Y IXves (RD@ e de < AV i + V),
M

from which we can easily deduce the theorem.
To see this, we observe that ||Xvco-1(R.f)(@)|aek,) = 1K * hallLr(c)-
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Now,

VK b0 ) do

!
| § KXo (™) Ry (@) du|” ] da
G

S [ S ‘ S Ki(u)Xyco-1(ou™ ) (Ryy-1 f) () du‘p dv} dx

M vec-ie\V G
=T +1I,

where the last equality follows since V. Cc VC~'C.

Let us first estimate I: since u € C and v € V, we have vu~! € VC~!
and therefore

Ki(w)(Ryyr f)(@) du‘p v do

Ki(w)(Ry Ro f) () du‘p da) do

Tk R f 115 dv =\ || Ry T, fII% dv < APu(V)||Tic, fI5.
1% 1%
To estimate 11, we proceed as follows:

=10 |V E@ven ou ) Buus (o) du|” o] da
M VCIV\V G

IS [T V@) [(Rows £ dude] de

M VC-TVA\V G
<KV IK@] R fIR dodu
G VC-1V\V
< AP FIBIE T p(VETIV A V).
Therefore,

S Xve-1 (R.f)(z )HHP(K )
M

< APp(V))|

Now, since, for every i,

b+ APISIDIE I p(VETIC\ V).

» - o en(V)
uVCTICNY) = p(VET0) = uV) < ey
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we obtain
§ 1 et (R )Y@y ey A < APV B, + (V).
M
as desired. m
Remark 3.2. We observe that, as it happens in the transference theorem

of [CW1], the above theorem is not only a boundedness result, but the
important thing is the norm of the transferred operator.

Applications. We now apply the previous results to the setting of Sobolev
and Hardy spaces.

A. Sobolev spaces. Let K be a function in L'(G) such that
Kx: H?(K;) — LP(G),

with norm N,(K'), where K is not, in general, in L.

Assume that there exists an approximation of the identity ¢,, such that
¢on € LY(GQ) and K; * ¢, is a function in L'(G). Then, if we apply the
boundedness hypothesis to the function f *x ¢, we get

(K % @n) * fllp < Np(K)[(K1 % o) * fllp,

where the kernels K * ¢, and K; * ¢, are functions in L'(G) and hence we
can transfer to deduce that
Tisp, : H (T xp,) — LP (M)

is bounded with norm less than or equal to A2N,(K). The boundedness
of Tk from HP(Tk,) into LP(M) can be deduced, in the case of Sobolev
spaces, by a limit process, since Tk, ,, f converges to Tk, f in the LP(M)
norm, for every p > 1.

THEOREM A.l. Let 1 < p and r,s € N. If m € LiS, is a normalized
function such that K = m has the property that
Kx: W, .(RY) — W, ((RY)
is a bounded operator with norm N,(K), then the transferred operator
T : Wy, (TV) — Wy o(TV)
is given by Tk (Y ane®™ ™) =3 m(n)a,e*™ ™ and is a bounded operator
with norm less than or equal to CN,(K), with C only depending on s and r.
Proof. We prove this in the case s = 0. The case s € N is similar.
Take ¢, (£) = n™ ¢(n€) where @ € D(RY) is such that { ¢ = 1 and ¢ > 0.
In this case K; = 5(()1) for |i| < r, and hence, K; x ¢, = o) € LY(RYN).
Therefore we get the result in the case K € L*(RY).

Now, for the general case we proceed as in Lemma 3.5 of [CW1]. Since m

is normalized and m € L2, we see that m,, = (K x¢,,)" is also normalized,
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m, € L™ and we can find a sequence (m%); such that mk (&) — m,,(¢) for
every ¢ € RN and, if KX = m", then K*¥ € L', and N,(K¥) < N,(K).
Also, my (&) — m(€) for every ¢ € RY. From this, we deduce that Tx =
lim,, j, T and since KP satisfies the right hypothesis we obtain the desired
result. m

Similarly, in the context of the Bohr compactification RN of RV, we get
the following result:

THEOREM A.2. Let 1 < p and r,s € N. If m € LS, is a normalized
function such that for K = m the operator

Kk : Wy, (RY) — W, o(RY)
is bounded with norm N,(K), then the transferred operator

Tk - me(R—N) - Wp,S(R—N)
is given by Tk (3 are®™ %) =3~ m(t)a:e*™*® and is bounded with norm less
than or equal to Cy ¢N,(K).

THEOREM A.3. Let 1 <p, r,s € N. If m € L;S is a normalized function
such that for K = m the operator

K+ : Wy, (RY) — W, (RY)
is bounded with norm N,(K), and K is a convolution kernel on RM with
M < N and I%(m) = m(%,0) where x = (T,2*) € RM x RN=M then the
operator

Kx: W, (RM) — W, ((RM)
is bounded with norm less than or equal to Cy sN,(K).

Proof. Observe that W, ,.(RM) is the transferred space of W, ,.(RY)
under the representation of Example 2.2 (8), and argue as in Theorem A.1. =

B. Hardy spaces (p = 1). Now assume that K is a function in L*(R%)
such that

(5) Kx: HY(RN) — HYRY)
is bounded with norm N;(K). The previous argument cannot be applied
to this case because we cannot find an approximation of the identity ¢,
such that Hy is in L' and { ¢ = 1. However, we obtain the following result
(see [C]).
THEOREM B.1. If K is such that K =m is a normalized function and
Kx: HY(RY) — HY(RY)

is bounded with norm Ni(K), then the transferred operator

Tx ( Z aneQWinr> — Z anm(n)eQWinr
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can be extended to a bounded operator from H*(TN) into H*(TY) with norm
less than or equal to Ny (K).

Proof. First assume that K € L' and N = 1 (a similar proof works for
N >1).

Let P be a trigonometric polynomial of degree j such that P(0) = 0.
Let ¢ € HY(R) be such that ¢(n) = 1 for every 0 < |n| < j. Then both
K * ¢ and H¢ are functions in L'(R) and therefore

|Trcxg Pll 1ty < Ni(E)(|To Py + | THe Pll1)-

Since Ty = TxTy, TyP = P and Ty = TuTy, we obtain the desired
result.

Finally, every convolution kernel on H'(R) is also a convolution kernel
on L?(R) and therefore m € L>°(R). Moreover, ||m|s < Ni(K). Hence, if
a(x) =1, then (Tx)a(x) = m(0) and thus

|Trall g1 ery = [m(0)] < [[m]lee < N1(K).

To consider the general case K ¢ L', we need the following technical
lemma.

LEMMA. If Kx is a convolution operator on H'(R™) with norm Ny (K),
then there exists a sequence (K,), of compactly supported functions in
LY(RYN) such that my (&) = K, (&) — m(§) for every £ € RY and Ni(K,,) <
Ny (K).

Proof. We prove this for N = 1. The general case is similar. First, we
know that m is a continuous function on R\ {0}. Let ¢ € S(R) with compact
support and ¢(&) = 1 for every & € [—1,1]. Define p*(z) = ¢(x/k) and
or(x) = p(kx). Set my(z) = m(z)o*(2)(1 — @r(x)). Then my(x) — m(x)
as k — oo for every z # 0, and my, is a multiplier on H'(R) with norm less
than or equal to C Ny (K), with C only depending on ¢.

Choose ¥ € S(R) with compact support such that ¥(0) = 1 and set
Un(€) =w(€/n). Let ¢, (&) = e 2m€wn(€), and consider

mose) = | 26u( () B = ¥ o () 2.

Then - } - :
-t o5 i)

1-6 146 S

AT

— 00 1-6 1+6
with § to be chosen.
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Now, using the decay of (/b\n we obtain
1-6

1-¢6 N d
S ton(t) (mk<%> - mk(x)> ?t‘ < C’||m\|oonz\;_1 L ; _11|M dt,

— 00

and the above expression converges to zero whenever M is large enough
and n tends to infinity. Similarly for Sﬁ s+ For the second term we use the
continuity of my to deduce that given e there exists § such that for every

te(l1—0,149), |mg(x/t) — my(z)| < e and hence

Tgt@n(t) <mk <E> ~ m(m)) %' < Ce _OS:O Bu ()] dt = Cee.

t
1-5
Now, since
Ky i(z) = My (z) = S @ (sx)my(s) ds,

¢, has compact support and my(s) = 0 in a neighborhood of zero and for
s large enough, we infer that K, , has compact support and obviously is in
L'(R). Finally,

[ e flln =

-~

M (§) F(€)e 277 de| da

dx

[ |16 (Eymi(¢/1) %} Flgye = dg
R

W] §mae/0F(©e>7¢ de | dt | da

S
R
§ma 6/ F(©)e™77S de| dar dt
R
S
R

< Nu(Ep) 1 f [y < ONUE) [ mr )

and hence, K, j satisfies the lemma. m

The proof of Theorem B.1 now follows by standard approximation argu-
ments. m

Similarly, we get

THEOREM B.2. If m is a normalized function such that for K = m the
operator

Kx: HY(RY) — HY(RY)
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is bounded with norm Ny(K), then the operator

Tk : H'(RN) — H'(RN)
defined by T (3 a;e®™®) = >°. m(t)are*™* is bounded with norm less than
or equal to N1(K).

THEOREM B.3. If m is a normalized function such that for K = m the
operator

Kx: HY(RY) — HY(RY)
is bounded with norm Ni(K), and K is a convolution kernel on RM with
M < N and K(x) = m(z,0) where v = (z,2*) € RM x RN=M then the
operator

Kx: HY(RM) — HYRM)
is bounded with norm less than or equal to N1(K).

If we want to use the techniques of Theorem B.1 to cover the case of Ex-
ample 2.2(4), that is, to transfer the boundedness of a convolution operator
from H'(R) to an ergodic Hardy space H'(M), we observe that, in general,
it is not the case that, for every f in a dense set of H!(M), there exists
¢ € H'(R) such that T,,f = f with T, the transference operator of the

convolution operator ¢ *. Therefore, we can only show that, if Ny (K) is the
norm of the convolution operator K# in H*(R), then, for every ¢ € H*(R),

| Trcsp [l (M) < N1 T fllorovy + 1T T fll o))

where Ty is the transference operator of the Hilbert transform. From this,
we can deduce that if m = K has compact support away from zero, then

1Tk fllar vy < NuEella (I ooy + 1T fller o)
since, in this case, there exists ¢ € H'(R) such that K * ¢ = K.

4. Case of a finite family of kernels and 0 < p < 1. Now consider
a o-finite measure space (M,dz) and let R be a representation of G on
LP(M) and on L'(M) such that R is uniformly bounded; that is, there
exist constants A and B such that, for every f € LP(M) and every u € G,

[RufllLe vy < AllfllLe ),
and, for every f € L*(M),

[Rufllr ) < Bl fllzrmy-
Under this last condition, the transferred operator Tk is well defined in
a dense subset of the transferred space.
We observe that in this case the boundedness of Tk is not trivial even
in the case of K € L' with compact support since the Minkowski integral
inequality does not hold.
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This section is organized as follows: first we prove the transference the-
orem if one of the following conditions holds:

(a) G is compact.
(b) G is discrete.
(c) M is of finite measure.

Then, if G and M are either RV, Z™ or TF, we can transfer as in the
following diagram:

7Zm - RN o TF 7™

and hence it remains to transfer from RY to Z™, or more generally from
R¥ to any measure space M.

The next step will be to show that under some conditions on the repre-
sentation we can transfer from R to any measure space M either via the
factorization

RN — TF - M
and /or using the dilation structure of the group R¥.

THEOREM 4.1. Let G be either a compact or a discrete abelian group,
or let M be of finite measure, and let 0 <p < 1. Let K, {K}}i=1,..n and
{K7}j=1,....m be a collection of functions in L*(G) with compact support and
assume that

Kx:HP({K}}iz1,  n) — Hp({K]z}j:L"wm)

has the property that there exist positive constants {A;} such that
m n
D KT« Ko flly < Al K £l
j=1 i=1

Then the transferred operator
Tk : Hp({TK; i) — Hp({TKf 2
18 bounded, with
Y W TweTrc fllp < DAY Al|Tr fllps
j=1 i=1
where A is as in (1) and D depends only on n and m.

Proof. As in Theorem 3.1, we prove this for m = 1.

(a) Assume first that G is compact. Then we proceed as in Theorem 3.1
but, in this case, we can take V = G and then the term I is zero.



TRANSFERENCE THEORY 59

(b) If G is discrete, and we argue as in Theorem 3.1, it remains to show
that I1/u(V) can be made small enough. Now, since p < 1,

P
= | [ | ( | K1 @)Xy ot (0u™ ) (R f) (2) du( dv} dz
M VC-IV\V G
<[ 1 VEK@P (R @) dudz] do
M VC-1o\V G
<VIKi@P \ R fIE dvdu
G ve-ic\V
< A7) FIBIEE(C) P p(v eI e V),
and hence we can choose V' in such a way that I7/u(V') is arbitrarily small.
(c) If M is of finite measure, and we assume that R acts on L'(M), then

LI < (m(M)p(VCIC\ V)

T[T K @xves (ou) (R )(@) dude] da]”
M VC-1o\V G

< (mM)u(vVe= e\ V)Y e VA VP 2] Ryu-r I

< m(M)p(VCTIC\ VI 7B fIIF,
and this expression converges to zero on choosing V' appropriately. m

Transference from RN to M. Let us now consider the case of transference
from RY to a general measure space M. Let R be a representation from
RY into LP(M). Assume that one of the following two conditions hold:

(i) For every f in a dense subset of HP({Tk,}:), there exists M > 0
such that Ry f = f. Then, if we define (R)Y f)(x) = (Rumof)(z) for
0 € [-1/2,1/2]V = TV, we find that RM is a uniformly bounded repre-
sentation of T in LP(M).

If (Ryrf)(z) = f(Syx), then M may also depend on f and z.

(ii) For every f in a dense subset of HP({T, }:), there exist C' > 0 and

My > 0 such that, for every M > My,

| (% | |(Ruf)(:17)|du> dx < C.
M (=M, M)N

In the first case, consider a kernel K € L'(RY) and set Kj(z) =
M-NK(x/M). Let

Kn(0) = Y Ku(0+m)

meZN
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be the periodic extension. Then for the transferred operator we have

(TE" @) = | Ku(0)(RYf)(w)do

’H‘N
= | MY K(MO+ Mm)(R_pof)(x) do
™ m

- | > K(u+ Mm)(R_yf)(x) du

[~ M/2,M/2)8
= | K(u)(R-uf)(z) du
[~ M2, /2]

+ S ZK(u—i—Mm)(R,uf)(x)du
(= M/2,M/2]N m#0

=1y +11y.

Now, since the representation R acts on L'(M) we see that, by the
Minkowski integral inequality,

Ml < AlflL > K (ut Mm)| du
[—M/2,M/2]N m#0

=Allflh | 1K@ du,
jul>M /2

and therefore || I1y/||; converges to zero as M tends to infinity. Therefore,
there exists a subsequence M), such that IIp;, converges to zero almost
everywhere. Since Ijs converges to the transferred operator T, we get

. M
(TR f)(x) = h}gl(T;?M: ().
From this, we can deduce the following result,

THEOREM 4.2. Let G = RY and let M be a o-finite measure space.
Let 0 < p < 1. Let K, {K}}i—1,. . n and {Kf}jzl _____ m be a collection of
functions in L'(G) with compact support and assume that

Kt HP({K Yima,.n) — HP({KG }jm1,.m)
has the property that there exist positive constants {A;}; such that

D OIE? « K« fll, <Y ANK! = £,
=1 i=1

If the representation R satisfies condition (1) then the transferred operator

Ty : Hp({TKg }i) — Hp({TKJ? 1)
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18 bounded, with
Z T2 T fllp < CAZAz‘HTK}f”m
=1 i=1

where A is as in (1) and C depends only on n and m.

Proof. As always, take m =1 and H?({K7};=1,.. m) = LP. Using the
dilation structure of R we see that, for every M > 0,

HKM*pr<ZAH D fllp-

Since T is a measure space of finite measure, we can apply Theorem 4.1
to deduce that we can transfer the boundedness of Ky * to LP(TY) via the
natural representation (S, f)(f) = f(6 — u). Hence, for every M, T is a
bounded operator with

ITR,, Fllp < CA*D " Ail|Tier),, Fllp-

But, since K and K} have compact support, for M large enough we have
Ky (z) = Ky () for every # € TV and similarly for the kernels K}. Now,

since T~ = K s %, we see that if we take M large enough such that this
condltlon holds and also that Ry, f = f, we get

P
1T 1 = H W) (B, () dy| = H K (y) (R, f) (-)dpr

—H Eni(y)(RM f dyH<ZAp 2 () (RY, £)()

=ZA5’H | KN )Ry )y
i RN

THEOREM 4.3. Under the hypothesis of Theorem 4.2, if the representa-
tion R satisfies condition (ii), then the transferred operator

Ty : Hp({TKil }i) — Hp({TKf. 1)

18 bounded, with
D The T fllp < CA* Y~ Al T £l
=1 i=1

where A is as in (1) and C depends only on n and m.

Proof. We follow the same steps as for Theorem 3.1.
Let f € LP(M). Take M large enough such that the supports of the
functions Kj; and (K})y = (K;)a are contained in (—¢, &)V for ¢ > 0 and
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(ii) holds. Then, if V = (=1,1)", we get
1Tk f1I}

=| T rw@Enow)| = § K@@ H0w])
RN —e,e)N

AP P
<u )] ) EmLne g dudv

AP p
- /‘(V) XS//\SA ‘ (ESE)N KM(y)X(ilia’lJra)N(U a y)(Rf){yf)(ﬂj) dy‘ dr dv
<SS T Ruox s 0= )R @) do o] ds

K M (=1,1)N (—g,e)N
< ;1(1;/(’;; S ZA§|’X(_1_571+5)N (RMf)(x)H?{p((Ki)M) dx.

M i
Now, if we take h.(y) = X(1—ca4ev (W)(R) f)(x) and Vo = (=1 — 2e,
1+2e)V\ (=1,1)Y, we get

13 % Bl vy
M

= V[V ] 1 Bom@Xamerion (0= )R, (@) dy| dv] da
M RN ()N

S[ | ‘ \ (Ki)M(y)(Rﬁ{yf)(x)dy‘pdv}dx
M (=1LDN (—ee)N

P
V] T EDu@ IR, D@ dy| dov) da
M Ve (—ee)N
=I+11.
To estimate I we proceed as in Theorem 3.1, and for the second term,
<V F LT 5 1K)l (R, @) dy o] do
M Ve (—e,e)N
N P M P
el §(§ IR @) dy) da
M (=2,2)N

1 p
—cNIEI | (7w 5 I®D@Id) dr< ORI
M (—2M,2M)N

IN

Letting € tend to zero, we are done. m
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For the examples, it will be very convenient to get rid of the hypothesis
of K being with compact support. Because of the lack of the Minkowski
integral inequality, we cannot argue as in the case p > 1. However, we are
going to show that whenever M is of finite measure we do not need that
condition on K. Then we shall prove that under certain conditions on the
representation we can restrict ourselves to this case.

Assume then that M is of finite measure. Then, if K, is a sequence of
functions in L!(G) such that K, has compact support and K,, converges to
K in the L' norm, we have

< De|[fl + 1Tk, fI}-
Now,

1 Tx, f1I5

‘ S Kn(u)Xye— (vu™ ) (Ryy-1 f)(z) du‘p dx dv
G

V| 00 = ) @xvems (ou) (Ruuer (@) du‘pdv dz
vV G

M
K(u)Xyc-1(vu™ ) (Ryy—1 f)(2) du‘p dv dx]

Q) —

< DV K = KIE( T | ] (Ruf)(@) du da)”
M vCe-t

+ Dﬁ Z AP S S ‘ S Ki(w)Xy o1 (vu™ ) (Ryy-1 f) () du‘pdv dx.
i MG G

Following the ideas in Theorem 3.1 and using the fact that, by density,
we can consider f € L*(M), we get the result by letting € tend to zero.

DEFINITION 4.4. We say that R acts locally on LP(M) if the following
condition holds: Given a compact set C, and given € > 0, there exists V' such
that u(VC~1) < (1 4 e)u(V) and, for every finite family {K;}; of kernels
in L', there exists a positive constant B such that, given any measurable set
M in M of finite measure and given any u € G, there exists a measurable set
M, such that |[Ryf| ey < Bl fllzr(a,) for every f in a dense subset of
HP(Tg,) and, for every neighborhood V' of the identity there exists another
measurable set My, such that M, C My for every v € V and

My |Pu(VCie\ V)
(V) =°

In this case, we can reduce ourselves to the case of M of finite measure
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and therefore we do not need the hypothesis of K being of compact support.
To see this we just have to start computing || Tk f/|| z»(ar) for any M of finite
measure. Then

1
u(V)

I Tw fII70ar) < AP 1R Tr o ar, .,y dv

1
< AP ———
- (V)

and the rest of the proof follows as usual.

HRvTKfHIZp(MV) dv,

N

One can easily check that if R is the representation of Example 2.2(8),
then R acts locally on LP(R™), and therefore, we can transfer from R¥ to
R™ (m < N) with 0 <p < 1.

C. Hardy spaces (p < 1). Let K be such that m = K is a normalized

function with m(0) = 0. Assume that

| K * f”p < CHHprv

for some p < 1. As in Theorem B.1, let P be a trigonometric polynomial of
degree j such that P(0) = 0. Let ¢ € H'(RY) be such that ¢(n) = 1 for
every 0 < |n| < j. Take ¢, converging to ¢ in the L' norm and such that
H¢,, has compact support for every n. Then K * ¢,, and H¢,, are functions
in L*(R"™) and the latter has compact support. Therefore

I T, Pllrre vy < CllTHg, Pllp-

But, since m is normalized, we have Tk, = TkTy,. Taking the limit
as n — oo and using the fact that T, P = P, we get the following result:

PRrOPOSITION C.1. Let K be such that m = K is a normalized function
with m(0) = 0. If ||K * f|l, < C||Hf|p, then

H Z m(n)ane%rinx ‘ Z Sgn(n)ane%rinx

<C .
Lr(T) Lr(T)

5. Maximal operators and maximal spaces. In this section, we
consider the case where the operator S is determined by an infinite collection
of kernels K; in L'(G) with compact support; namely Sf = sup, |K; * f(0)|.
In this case, we write HP(S) = HP({K,};).

Hence, if we have two collections of functions satisfying the above con-
ditions, {K}}; and {K7};, and K € L'(G) has the property that the con-
volution operator

Kx: HP({K}}) — Hp({K]Z}j)
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is bounded with norm less than or equal to N, (kK), then the maximal oper-
ator

sup |[K? + | : HP({K}'};) — LP(G)
J

is bounded with norm less than or equal to N, (K).

Therefore, we can reduce ourselves to the case of a maximal operator
acting on a maximal space. Obviously this maximal space can be LP(G)
and then our case will include the maximal transference of [ABG1]. For
that reason, throughout this section we consider only representations such
that

(i) R, is separation-preserving for every u € G,
(ii) there exists B such that HR'U«f”Hp({TKil}i) < B”f”Hp({TKil}i) for
every u € G and every f € LP(M), and
(iii) if 0 < p < 1, then the representation R also acts into L'(M).

THEOREM 5.1. Let G be a compact abelian group and let 0 < p < oo.
Let KJ2 and K} be two collections of functions in L*(G) and let Np(K) be
the norm of the convolution operator

sup| K * |« HP({K; }i) — LP(G).
J
If R is a representation from G into LP(M) satisfying (1)—(iii), then the
transferred operator
sup Tz | : H?({Tk1 }i) — LP(M)
j k2
is bounded, with norm less than or equal to ABN,(K), where A is as in (1)
and B as in (ii).
Proof. Since R is separation-preserving, we get (see [ABG1])

Rv(Sl;p [(Tre2 F)(@)]) < sup |(Tr2 R f)())],

and therefore

Isup [Tz f1 15 < AP | lsup [Tz Ry £ [} do
J a J

— || Sup‘ | K2(w)(Ryy £)(2) du‘pdx dv
GM 7 @G

< AP S Hsup‘ SK?(U)(Rvu—lf)($)du‘de:| dx
M G oG

< (ANLE)P § IR D@ Bggrer .
M
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where the last inequality follows by applying the hypothesis to the function

he(u) = (Ru f)(2).

The last step is to show that

S ||(R.f)($)||€[p({K3}i) dr < Bp”fH;lI)—[P({TK_l}i)'
M k2
Now,

VIR D@ ey, d
M

[ su]

| I @) (R £) () | dv] de

G
Slip‘ S Kzl (u)(Ru*Iva)(x) du‘p dﬂ?} dv

G

G
)
||vaHHp({T 1} )dv < BprH]}qu({TK} IBE

-
-
)

where the last inequality follows by (ii). =

If the group G is not compact, the proof is not so clear. Moreover, the
natural extension of Theorem 3.1 does not work in general since condition (4)
fails. However, we can formulate a quite general result that will be useful
for our purpose.

THEOREM 5.2. Let G be a locally compact abelian group and let 0< p <oo.
Let KJ2 and K} be two collections of compactly supported functions in L' (G)
and let N,(K) be the norm of the convolution operator

sup]K]2 x | HP({K}'};) — LP(G).
J

Let R be a representation from G into LP(M) satisfying (1)—(iil). Let f €
HP({Ty1}4) satisfy the following condition: there exists B > 0 so that, for
every cozmpact E C G large enough, there exists pg such that pp(u) =1 for
every u € E, and

(6) S H‘PE(R.JC)(CU)”I;H:({KQ}Z.) dx < BpN(E)”f”%p({TK_l}i)’
M k2

Then
HSljlp |TK]2f|||p < BA2HfHHP({TKL1}z)7
with B as in (6) and A as in (1).

Proof. First, by Fatou’s lemma, it is enough to estimate the norm
[sup;—1 .~ |TK]zf|||p. Consider C' such that suppK]2 C C for every j =
1,...,N. Then we can adapt the proof of Theorem 3.1 quite easily to get
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S
< 7 S0 s Rl 30

_ M‘(‘l;) éj&]:ﬁﬂ(éf( (Ryur f)( )du‘pdxdv

_ u?;) éﬂgﬂzsﬁ%(cg;zf Yover (vu)(Rywr f)(@) du‘pdm
< 27 ) [fsup] § mbwovens ) Roves o) ]
< CEBEE  lovors (R ey, o

M
where the last inequality follows by applying the hypothesis to the function

ha(u) = pvo-1 (u)(Ru f)(@).
The last step is to show that

S ||90VC—1 (R.f)(ZU)H?{p({K}}) du < BpAp:u(V)(l + €)||f||§{p({TK_l}i)’
M k2

but this follows by (6) and the choice of V such that u(VC~1)/u(V) <
l1+e nm

As in Sections 2 and 4, if p > 1 or if M is of finite measure (or it can
be reduced to this case) and p < 1, we do not need the hypothesis on the
support of K]2 but we do need it for the support of K} (see also [ABG1]).

D. Mazimal spaces and mazximal operators. We start with the result of
[C] we mentioned in the introduction.

THEOREM D.1. Let 0 < p < 1. If K is such that K =m is a normalized
function and the operator

Kx: HP(RY) — HP(RY)
is bounded with norm N,(K), then the operator

Tw ( Z ane27ri:c> _ Z anm(n)e2™e

with m = K can be extended to a bounded operator from HP(TYN) into
HP(TN) with norm less than or equal to N,(K).

Proof. As for the case p = 1, first assume that K € L'.
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Since K x is a convolution kernel in L?, we see by interpolation that Kx
is also a convolution kernel in H'.

Now, since we are transferring to a measure space of finite measure, we
do not need any condition on the support of K but, if we want to apply
Theorem 4.1, we need to have that restriction on the kernels that define the
space HP(RY). Since these kernels do not have compact supports, we are
forced to use Theorem 5.2.

Take a to be an atom in HP (T ). Then either a = 1 or a is a (p, ¢)-atom.
For the first case, we proceed as in Theorem B.1, since

[Txall e ey = [m(0)] < [Imllee < Np(K),

and for a general atom we observe that if TV = (—1,1)", then the function
X(—aran~a is an atom in HP(RY) and

X (=, 00yx all oy < CMN|all o (o)
and therefore condition (6) holds. Hence
[Tk all o ey < Np(K)llal e o).
For the general case of a normalized multiplier we argue as in Theorem B.1.
Take a trigonometric polynomial P in HP(TY) with P(0) = 0 and degree

j and let ¢ be as in B.1. Then K x ¢ is in L' and since T,P = P and P
satisfies condition (6), we can apply Theorem 5.2 to obtain the result. m

Similarly, we can obtain the analogue to Theorem B.3 for 0 <p <1
observing that if a € HP(R) is a (p, o0)-atom and for every compact E C R?
we define ¢pgp(uj,uz) = 1 whenever (uj,u;) € E and ¢g(ui,uz) =0
if (u,u1) € E, where E = E + (0,n) is such that E N E = 0, then
op(uy,uz)a(z —up) is a (p, 0o)-atom of HP(R?) satisfying condition (6).

A final application we want to mention is the following: Assume that we
have two equivalent norms in a fixed space H?. Then we can try to transfer
the identity operator to obtain two equivalent norms in the transferred space.
We illustrate this situation with the following example.

Let ¢ € L' with compact support and consider the atomic and maximal
versions of the space HP(RY) which of course are equivalent. Then, if
HP(RY) denotes the atomic space, the operator

sup |pg * | H”(RN) — LP(RN)
t

is bounded.
Now, since the atomic version of H?(T¥) satisfies condition (6) we can
transfer this maximal operator to obtain

HSlip |9t * Flll o vy < ClF || ooy,

which is a well-known result.
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