COLLOQUIUM MATHEMATICUM

VOL. 72 1997 NO. 2
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DIFFEOMORPHISMS OF TORI

BY
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Introduction. Let o = (aq,...,a4) be a d-tuple of real numbers and
M be a d’ x d matrix with integer entries. For every Z%periodic measurable
mapping F : R? — R? we define a skew-product trasformation of T¢ x T¢
into itself given by the formula

T(z,y)=(z+a,y+ Mz + F(x)),

where the addition is modulo Z? and the variables are treated as column
vectors. It is clear that T is an invertible measure preserving transformation
of T% x T4 endowed with Lebesgue measure. Moreover, if F' is continuous
then 7' is a homeomorphism which is homotopic to the identity transforma-
tion (or equivalently ¢(z) = Mz + F(x) is homotopic to zero) if and only if
M = 0. It is also obvious that T" becomes a C" diffeomorphism if F' is C".
The mapping ¢(z) = Mz + F(z) will be referred to as a cocycle.

If d =d =1 and « is irrational, T' reduces to the well-known Anzai
skew-product extension of the irrational rotation [A]. Ergodic properties of
such transformations have been studied by many authors and are fairly well
understood. The aim of the present note is to extend some of these results
to the multidimensional case.

In the case of M = 0 it was shown in [I2, I3] that if an irrational number
«a admits a sufficiently good approximation by rationals then for every r =
1,2,...,00 and “most” cocycles F' in C"(T) (and in more general spaces
of functions) the Anzai skew product defined on the 2-torus T x T admits
a good cyclic approximation by periodic transformations and has partly
continuous spectrum. In fact, the cocycle is weakly mixing, which means
that the only eigenfunctions are of the form h(z,y) = Cexp(2minx).

We are going to show that analogous results hold true for any d,d’ € N
(Thm. 1 where the cyclic approximation is replaced by a weaker kind of
periodic approximation, Thm. 1’, and Thm. 2).
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In the case of M # 0 and d = d’ = 1,f € C?(T), it is known that
¢(x) = mz + f(x) is always a weakly mixing cocycle and moreover T has
infinite Lebesgue spectrum on the orthocomplement L?(dx)* of the space
of L? functions h(z,y) = h(z) depending only on = € T? (see [K, C, ILR,
I4]). We will prove a similar result for any d, d’, where the smoothness of F'
is expressed in terms of its Fourier coefficients as in [I4]. This extends some
recent results of Fraczek [F], where a different technique is used. As a by-
product we obtain examples of ergodic skew-product diffeomorphisms with
maximal spectral measure of mixed type: partly discrete, partly continuous
singular, and partly Lebesgue.

1. Weakly mixing cocycles. If S is an invertible measure preserving
ergodic transformation of a probability space (X, u) and G is a compact
metrizable abelian group then a measurable mapping ¢ : X — G is called
a weakly mizing cocycle if given any nontrivial continuous character v of G
and any A € T there is no measurable function ¢ : X — T with

V(d(2) = Ap(Sz)/h(x)  ae.

It is not difficult to see that ¢ is weakly mixing iff the corresponding skew-
product transformation of X x G given by the formula (z,y) — (Sz,y+¢(x))
has no eigenfunctions in the orthocomplement L?(dz)‘ of the functions
depending only on =z € X.

Let (X, u) be a standard Lebesgue space. We denote by &(X,G) the
space of all measurable cocycles ¢ : X — G endowed with the topology
of convergence in measure, where cocycles that are equal a.e. are iden-
tified. Extending some earlier results of Jones and Parry [JP], Thm. 8,
it was shown in [IS] that the set of weakly mixing cocycles is residual in
&(X,G). (It should be noted that the definition of weakly mixing cocycle
given in [IS] is correct only for connected groups G; a correct reasoning in
the general case is given in the proof below.) Actually, we have the following
sharper result, whose proof is based on an idea of Baggett [B] (cf. [IS], Thm.
4).

PROPOSITION. Let S be an ergodic invertible measure preserving tranfor-
mation of a standard Lebesgue space (X, 1) and G be a compact metrizable
abelian group. Then the weakly mixing cocycles form o dense G5 subset of

B(X,G).

Proof. We first prove the Gs-ness. In the proof it will be covenient to
identify T with the circle group in the complex plane. Let D be a countable
linearly dense subset of the complex space L?(X,u). It suffices to show
that for every v € G\ {1},h € D, and k € N the set @) ;. of all cocycles
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¢ € &(X,G) such that
INET I € B(X,T) ~od=xpoS/u, Hwhdu‘ >1/k

is closed in @(X,G) (indeed, the union of all such sets is exactly the family
of cocycles that are not weakly mixing). Suppose ¢, € @ZJC and ¢, — ¢
in measure. Choose appropriate A, and 1, for each ¢,. By the weak
compactness of the unit ball in L?(X, i) there exists a subsequence 1,,; — 1
weakly in L2. By passing to a further subsequence we may assume \,, — A
in T. Observe that

(Yo ou)thn — (Yo )Y = (Yo o —v0 @) + (Y —¢P)y0o 9 =0
weakly in L?. We also have \,/1,, o S — )\1; o S hence
(Yo @) = oS.

Clearly |81Zhd,u| > 1/k so ) # 0. Moreover, |¢)| = [/ 0 S], so |¢)] is constant

by ergodicity. Letting ¢ = {/;/]{/;] we get | {Yhdp| > 1/k and yop = ApoS/9
80 ¢ € P} ;. as required.

In order to show that the set of weakly mixing cocycles is dense, we will
use the fact that for every nontrivial character « of G the set

B, = {6 € B(X,G) : I\ € 4(G) T € B(X,(G)) 706 = b S/}
is of the first category ([IS], p. 72). What we need to prove is that
b, ={pecd(X,G):INeT I ecdX,T)vo¢=Apo S/}

is of the first category. If G is connected then 7(G) = T, the two sets
coincide and there is nothing to prove. Without loss of generality we may
now assume that (G) is a cyclic subgroup of order N in T. Denote by
hi,hg, ... a maximal orthonormal system of eigenfunctions for S. If ¢, 1;,
and A are as in the definition of @, then

1=(y0)N = XN (oSN /",

which implies that {/;N is an eigenfunction for S. For some k € Nand c € R
we have

ZZN(x) _ eQﬂichk(x) _ 627ri(gk(x)+c),
where g () is a real-valued function with

gr(5) = gk(x) + Br + ma ()

for some [ € R and my(z) a measurable integer-valued function on X.
One gets

Y(x) = e2milgr (z)+n(x)+e) /N
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for another integer-valued function n(x). Consequently,

Y(p(x)) = M) (Sz) /()
— N e2miBr/N emin(Sm)/N o2mimi(2)/N
e2min(z)/N

_ eQﬂmk(x)/N)\l/J(Sx)/l/J(x),

where 9 and A are as in @,. For every eigenfunction h; and every v as
above we may choose a measurable function 7, j : X — G such that

A1) = TN,

It is now clear that gbn; r € Py or ¢ € 1y P,. Since ¢ was arbitrary in

CE,, we conclude that 57 is covered by a countable union of translates of
first category sets, so it is first category itself, which ends the proof of the
proposition.

In order to prove that the weakly mixing cocycles form a Gg set also
in certain subspaces E C @(X,G), where E is endowed with a topology
stonger than that of convergence in measure, it will now suffice to remark
that the intersection of any Gy set with F is a G in F.

In proofs of the existence (and denseness) of weakly mixing cocycles in
various subspaces the following simple principle may be useful.

Let 1,a1,...,a4 be rationally independent and suppose 8 = > lpay,
where (I1,...,1g) € Z3\ {0}. If ¢ € &(T,T) is weakly mixing over the j3
rotation then @(z1, ..., xq) = ¢(3 lpxy) is weakly mixing over a.

This statement can be checked directly. It is also a special case of the
following lemma suggested to the author by M. Lemanczyk.

LEMMA 1. Let X be a compact metrizable monothetic group with ergodic
rotation a and h be a continuous homomorphism of X onto another compact
metrizable group Y. If ¢ € ®(Y,T) is weakly mizing over B = h(a) then
b=c¢ohe O(X,T) is weakly mizing over c.

Proof. Denote by p,,y € Y, the canonical system of conditional mea-
sures concentrated on the fibers h=!(y). For every bounded Borel complex-
valued function f on X one has

| f@)de =\ f(z) dpy(z) dy
X Y
and, for almost every y,

V(@ + ) duy (@) = f (@) dpyy ().
The latter formula is a consequence of the invariance of the Haar measure on

Y and can be checked directly by integrating against an arbitrary bounded
Borel function g(y).
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In order to prove that 5 is weakly mixing suppose, to the contrary, that
for some m # 0 and |A| = 1,

¢(@)™ = Mp(x + a) /¢(x),

where ¢ : X — T is a measurable mapping. We then have
¢(h(z))"Y(x) = Mp(z + a).
On the other hand, there exists a character x € X such that

Jv(@)x(z) dx # 0.

By multiplying the last equality by x(z) and integrating with respect to p,,
we get

d(y)™ \ X (@) (@) dity (z) = Ax(0) | (2 + @)i(z + o) dpy (@)

= XN\ X(@)0 () dpy 4.5 (2),

where [X| =1 and n(y) = § x(2)¥(z)dp, (x) does not vanish a.e. on Y. By
ergodicity, |n(y)| is constant a.e. on Y so without loss of generality we may
assume 7 € (Y, T). Consequently,

o(y)™ = Nn(x + B)/n(=),

which contradicts the weak mixing of ¢.

Let a be an ergodic rotation of T¢. Then it follows directly from the
definition of weak mixing that for every d’ € N a cocycle ¢ : T¢ — T
is weakly mixing over « iff x o ¢ is weakly mixing over « in @(T9,T) for
every nontrivial character y of T, The mapping ¢ — y o ¢ is a continuous
open homomorphism of @(T¢, ’]I‘d,) onto &(T%, T) so the inverse image of a
dense G (residual) set is a dense G (residual) set in ¢(T4, T%). We may
use this remark along with Lemma 1, the Proposition, and results from [12,
I3] to prove that weakly mixing cocycles are generic in some subspaces of
@(Td,Td/). As a sample result of this type we prove that “most” cocycles
among those defining skew-product C'*° diffeomorphisms which are homo-
topic to the identity are weakly mixing cocycles. To this end denote by
®5°(T?, T4') the set of cocycles of the form F(z) = (f1(x),..., fa(x)) mod-
ulo Zd,, where each of the functions fi(x1,...,2z4) is C* and 1-periodic in
all its variables. The space #°(T%, T%) will be endowed with its usual C'*
topology.

COROLLARY 1. Let d,d’ € N. There exists a residual subset A of R? such
that for every o € A the set of weakly mizing cocycles in ®F (T4 T) is a
dense Gs in (T4, T).

Proof. Let A be the set of vectors & = (a,. .., aq) such that the num-
bers 1, a1, ..., aq are rationally independent and «; is a Liouville number.
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By [I2], Thm. 2, the weakly mixing cocycles over a; form a dense G set in
@ (T, T). It therefore follows from Lemma 1 that there exist weakly mixing
cocycles over a in @5°(T? T). On the other hand, by the Proposition, the
set of weakly mixing cocycles is a G, so to prove that it is a dense Gy in
@5°(T4, T), it remains to show the denseness. This follows directly from the
following observations:

(a) the trigonometric polynomials in d variables with zero constant term
are coboundaries over any ergodic rotation of T?, in fact if

p(x) =) a;exp(2mijz),

where jz = jrxk, then p(x) = g(x + ) — g(x), where
g(x) = Z a;(exp(2mija) — 1)~ exp(27ijx),

(b) the constant cocycles with values 5 = )" [y, where [ is any vector
in Z4, are coboundaries since if g(z) = Y lxz then g(z + ) — g(z) = 3,

(c)if 1,1, ..., a4 are rationally independent then modulo 1 the set of all
B as above is dense in T; consequently, the set of coboundary polynomials
is dense in &g (T4, T),

(d) if ¢ is weakly mixing and % is a coboundary then ¢ + 1 is weakly
mixing.

The final step in the proof consists in passing from 1 to d’. Here we simply
use the open homomorphism ¢ — y o ¢ from &3 (T% T¢) onto & (T?,T)
as indicated in the preceding discussion.

In the same manner, using Corollary 3 of [I2], we obtain the following
result for C! cocycles. Here @}(T?, T¢) denotes the corresponding space of
C! cocycles endowed with its C! topology.

COROLLARY 2. Let d,d’ € N. There exists a residual set A of full mea-

sure in RY such that for every o € A the set of weakly mizing cocycles in
@} (T4, T?) is a dense Gs in ®§(T, T).

It is clear that results of this type can also be obtained for other spaces
such as C", analytic, and entire cocycles (homotopic to constant functions),
thus extending the 1-dimensional case discussed in [I2, I3, KLR, Z].

2. Periodic approximation. We know from [R, IS, 12, 13] that if o ad-
mits a sufficiently good diophantine approximation then for “most” cocycles
in spaces such as (T, T), &((T, T), etc., the skew product 7" admits a good
approximation by cyclic transformations in the sense of Katok and Stepin.
This implies that T is rigid and rank-one, so in particular it has simple si-
ngular spectrum. Moreover, the spectral measure must be concentrated on
a small set if the rate of approximation is high (see [I1] for more details).
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In the present section we indicate how to obtain analogous results for
skew products on multidimensional tori. The essential difference between
d=1and d > 1 is that now we will use an approximation of the second type
by periodic transformations (briefly, a.p.t.Il; the definition, due to Katok
and Stepin [KS], is recalled below). This kind of approximation, however, is
sufficient to imply singular spectral type (see [I1], Thm. 4). The proofs are
only sketched to indicate differences with the one-dimensional arguments.
In the whole section we assume M = 0.

One important ingredient is the following lemma, which for d = 1 can be
found in [CSF], 16.3. In the present generality the proof is essentially the
same with the gradient VF replacing the derivative F” and the curvilinear
integral

1
|
—

VF( + ja)dl

B —8

<.
I
=)

in place of the corresponding definite integral.

LEMMA 2. Let 1, a7, ...,aq be rationally independent real numbers and
F:R% - R be C' and 1-periodic in each variable. Then
r—1

ZF(xl + ja) — F(2? + ja)| = 0

max
1<r<gq, [|lz1 —22||<1/q
as ¢ — Q.

It is clear that the lemma carries over to functions F : R? — R? by
considering each coordinate separately. Thanks to Lemma 2 we will be able
to prove that approximating partitions converge to the point partition of
the space T x T

If a is as in Lemma 2 then la & 7Z for every nonzero integer vector
Il = (ly,...,lg). By the continuity of the inner product, for every r € N
there exists a neighborhood U of « such that {8 & Z whenever 8 € U, [ # 0,
and |l;| < 7, j =1,...,d. Now let P(z) be a real-valued trigonometric
polynomial in d variables,

P(z) = Z Z all___ldezmm.

llzfr ldsz‘

Ifa™ = (pgn)/qn, . 7pgl")/qn) — «, where o is written in its reduced form,
then for all sufficiently large n we have a,, € U whence la” ¢ 7Z for all
nonzero [ occurring in the representation of P(x). Consequently, for all such

l, g, does not divide ljpgn). It follows that
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anl
Z Pz + ja") = gnao..o
j=0

as in the 1-dimensional case (cf. [I3]).

According to [KS], T is said to admit a.p.t.II with speed u(n) if there
exist a sequence of partitions

{Co, . aCQn—l} — £

and a sequence of p,,-periodic transformations 7;, permuting the sets C; and
such that T,, — T and

Qn_l

> ITC; AT, Gyl < ulpy).

§=0
If u(n) = o(v(n)), we will say that T admits a.p.t.II with speed o(v(n)). If
Q.. = pn, the approximation is called cyclic.

As in [I3] we will consider rather general spaces of smooth cocycles con-
tained in &}(T¢, T?). Let E be an additive subgroup of ®}(T%, T¢ ) endowed
with its own topology, stronger than the C''-convergence, and such that

(1) E is a complete metric group,

(2) E contains the constant mappings with natural topology,

(3) E has a dense subset of trigonometric polynomial mappings.

The next theorem is proved in a similar way to Theorem 1 of [I3].

THEOREM 1. Let a,a™, E be as above and v(n) be a sequence of positive
numbers converging to zero. Suppose there exist integers s, — 0o such that

o —a™|| = o(v(sngn)/qn)-

Then the set of cocycles F' € E such that the corresponding skew-product
diffeomorphism admits a.p.t.II with speed o(v(n)) is residual in E.

Proof. We first show how to approximate a skew product whose cocycle
is a special polynomial function. We begin by choosing a sequence of integers
Sp — 00 as in the statement of the theorem. Without loss of generality we

(n) (n)

may assume that s, = 57 ...s;°, where the greatest common divisor of
sgn), o ,sg,l) is equal to 1 and min(sgn)7 . ,sg,l)) — 00. We define

Co = [0’ 1/qn)d X [O’ 1/5n)d,

to be the first cell of an approximating partition. If Pisa trigonometric
polynomial mapping then according to the preceding discussion there exists
a vector ¢, of size not exceeding 1/¢,, such that Q,, = P + ¢, satisfies the
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equation

qn—1

Z Qu(z +ja) = (1/s™,..., 1/3((;7)) modulo Z% .
=0

It is clear that the skew product
Ty, (@,y) = (@ + 0,y + Qu())

is approximated by the g, s,-periodic transformation

Tn(.%', y) - (1‘ + an7 Yy + Qn(.%'))
The first g,,s,, cells of the partition C; are defined to be the images of Cy by
T7. This gives the first tower—a cycle of length ¢,s,. To define C,,,, we
pick any unoccupied 1/g,-cube C in [0,1)% and let C,, ., = C x [0,1/s,)?".
Now put
Copsnti = TiCyps,
for j =0,...,¢n8, — 1. By continuing in this manner we will produce ¢!
disjoint towers of height ¢, s,,, each being a T),-invariant set on which 7, acts
periodically with period ¢,,s,,. We obtain a partition consisting of Q,, = ¢%s,,
elements C;. The approximation error for a single 1/¢,-cube is majorized
by
2d|ja — ™| /g5~
so the total error, which is at most ¢¢ times larger, is bounded by

QnO(U(QnSn)/Qn) = O(U(Qnsn))-
To pass from polynomial mappings to generic cocycles in E we use small
neighborhoods of the @,,’s from a dense set so that the approximation error
remains of the same magnitude; to obtain the convergence of the partitions
to the point partition € we use Lemma 2 (see [I2] or [I3] for the details).
If we only care about a residual set of a’s, then the approximation can
be made cyclic.

THEOREM 1'. Let E and v(n) be as above. There exists a residual subset
A of R? such that for every o € A the set of cocycles F € E such that the
corresponding skew-product diffeomorphism admits a cyclic approximation

with speed o(v(n)) is residual in E.
Proof. To construct A we fix a sequence of integer vectors (qgn), ey qc(ln))
(n)

such that the numbers ¢

; are distinct primes for any fixed n and

min q(-n) — 0.
J

It is clear that for every NN the set of vectors of the form

B=m"/d™, .05 g,
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where n > N and 1 < pg-n) < qj(-n), is dense in the d-torus. Now let s, be as

in the previous proof, g, = qgn) .. q((in), and 7, = 0(v(Snqn)/Snqn). Denote

by U(n) the union of the 7,-neighborhoods of all the vectors g for fixed n.

We define
A= U v).
N n>N
It is clear that A is a dense G set, hence residual. For every a € A we
choose a sequence of approximations f3,, and repeat the procedure from the
proof of Theorem 1, but with different partitions C;. For simplicity we write
n =n and §,, = a”. Now let

Co=10,1/q1") x ... % [0,1/q5") x [0,1/5,,)"

and C; =TJCp for j = 1,...,8,qn, where T}, is defined as before. We obtain
a single cycle of length s,gq, for T, and the proof is completed without
difficulty.

By combining the above theorem with the results of the previous section
we may obtain cocycles which are both weakly mixing and well approx-
imable. In particular, by intersecting two residual sets we may produce
“large” sets of exponentially approximable weakly mixing analytic or even
entire cocycles in @} (T4 T%) (cf. [I3] and the spaces E* therein). The
resulting skew products are analytic diffeomorphisms which are rigid and
have partly continuous spectrum with spectral measure concentrated on a
set of Hausdorff dimension zero (for the latter statement see [I1], Cor. 6).

It is also clear that in the special case of d = 1 we may replace a.p.t.Il
by cyclic approximation in Theorem 1, with a proof as in [I3].

3. Lebesgue spectrum. In the present section we study cocycles of
the form

¢(x) = ma + f(z) modulo Z%
where m is a nonzero vector in Z? and f(x) is Z%periodic. The following

theorem generalizes a 1-dimensional result from [I4].

THEOREM 2. Let f : R — R be a O function 1-periodic in each variable
and suppose

S PIFGI < co.

jezd
Then for every a € R? such that 1,aq,...,aq are rationally independent
and for every m # 0 in Z% the skew product

T(x,y) = (x 4+ o,y + mz + f(x))

acting on T4T! has countable Lebesgue spectrum on the space L?(dx)*:.
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Proof (sketch). The proof differs from the 1-dimensional case [I4] in
some details; we outline the necessary changes.
For every N # 0 the operator

(Vng)(x) = 2T NU@OFD (1 4 )
acts on L?(dxy ...dzq) = L?(dx). The partial sums S, are defined as

— E . g2mi(fiza e tjaza)
Sn - a’_]l..._]de 9
il <n

~

where a;,., = f(j1,...,jqa) and || || is the sup norm. We have
(V" 1,1)] < 2w N[ £ (2) — ST ()| da
+ ‘ SeQWiN(Sﬁbn)(r)—i-nmx) dx

=1I,+1,,

where g™ (z) = 3°_, g(z+ ka) for n > 0. It suffices to show as in [I4] that
the sequences I,, and II,, are square summable. The proof for I,, does not
require any change. For I EL we may assume mj > 0 and write f’ for the
partial derivative with respect to 1. The sets

Ap ={z1€[0,1]: S (x)/n < 1/2 —my}

depend on xs, ..., x4, but still f'(n)/n — 0 uniformly and
ISy, = fll5 = 47> > RIFGP <47 Y 1iIPIFG)P
llilI>n i ll>n
which allows us to prove > |A,| < co uniformly in o, ...,x4. The sets B,

are defined without any change by
Bn = [0, 1] \An = [al,bl] U [ag,bg] Uu...u [ar,br],

We obtain
I, < S ‘ S 2N (S( (2)+nma) dml‘ dzo...dxg
Ta—1 A'n,
i X S o2miN (U () +nma) dxl‘ das . .. day

Td—1 Bn
r by
< sup |An|+ S ‘ Z S 2min(S) (@)+nma) dzq|dzs . .. dzg.

T2,...,Tq Td-1 " k—1ag
We estimate the inner integral of the second term of II,, by integration by
parts and the van der Corput lemma as in [I4] (cf. also [ILR]). The total
variation in z; of the integrand on the set A,, is evaluated as the L'-norm
of its partial derivative and the same calculation as in [I4] carries over due
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to the uniformity of the estimates in the remaining variables (m will have
to be replaced by mj). The second derivative of S,,, which occurs in the
integration by parts, is also majorized as in dimension one:

ISilz < > AP G

lill<n
As a result we will get S IT? < oo, completing the proof of the theorem.

It should be noted that if f € C?(T¢) then P 1314 F ()2 < oo, so f
satisfies the assumption of Theorem 2.

We may also consider the more general case of d > 1,M # 0, and
F : R? - RY. Assume for simplicity that F € @3(Td,']rd/). For every
N € 24\ {0} the character XN(y) = exp(2miNy) of T? defines the 7T-
invariant subpace Hy C L%(T? x T?) consisting of the functions g(z)xn (y).
The action of T on Hy is unitarily conjugate to the operator

VNg(ac) _ e27riN(F(x)+Mr)g(x + a)

acting on L%(T%), so formally Vi is the same as for d’ = 1. The argument
reduces to d = 1 with f(z) = NF(z) and m = NM. If m # 0 we are
in the position of Theorem 2 and obtain Lebesgue spectrum. If, on the
other hand, m = 0, then, at least for certain F’s as in Sections 1 and 2,
we obtain singular continuous spectrum on Hpy. Moreover, the singular
part of T" will have multiplicity one. To see the latter property we assume
0 < rank M =d} < d', write Ty = MT? Ty = ']I‘d//']I‘l, and let 7 : T — Ty
be the quotient homomorphism. Note that Ty can be identified as a d’ — d-
dimensional torus and its dual group is just the annihilator Ti of Ty in
the dual of T% (use the formula ym = X for x € T{). The homomorphism
7w is now represented by an integer matrix. By the preceding discussion,
the spectrum is Lebesgue on the direct sum @XN efa\TL Hpy. On the other
hand, the spectral behavior of 7" on @XN ert Hy is the same as that of the
skew product Ty (z,y) = (v + o,y + 7F(z)) on the space L?(T? x Ty). By
Theorem 1/, for most o and most cocycles mF (hence for most F’s) this
skew product admits a good cyclic approximation so it has simple singular
continuous spectrum on the orthocomplement of L?(dz) in L?(T¢ x Ty).
Consequently, we have the following corollary.

COROLLARY 3. Let a and M be as above. If rank M = d' then for every
Fe @%(Td,'ﬂ‘d,) the skew product diffeomorphism T has countable Lebesgue
spectrum on L?(dx)*. If 0 < rank M < d' then for a residual set of vectors
a and a residual set of functions F € @S(Td,']l‘d/)(r =2,3,...,00) the skew
product T is ergodic and its spectrum on L*(dx)L splits into a Lebesgue part
with infinite multiplicity and a singular continuous part with multiplicity
one.
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It is clear that the functions F' in the second part of the corollary can
also be chosen analytic or entire at the expense of diminishing the set of o’s.

7]
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