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Let K be a closed Lie subgroup of the unitary group U(n) acting by au-
tomorphisms on the (2n+1)-dimensional Heisenberg group H,,. We say that
(K, H,) is a Gelfand pair when the set LL.(H,,) of integrable K-invariant
functions on H,, is an abelian convolution algebra. In this case, the Gelfand
space (or spectrum) for L} (H,,) can be identified with the set A(K, H,,) of
bounded K-spherical functions on H,,. In this paper, we study the natural
topology on A(K, H,) given by uniform convergence on compact subsets
in H,. We show that A(K, H,,) is a complete metric space and that the
“type 1”7 K-spherical functions are dense in A(K, H,). Our main result
shows that one can embed A(K, H,,) quite explicitly in a Euclidean space
by mapping a spherical function to its eigenvalues with respect to a certain
finite set of (K x H,,)-invariant differential operators on H,,. This viewpoint
on the spectrum for A(K, H,,) was previously known for K = U(n) and is
referred to as “the Heisenberg fan”.

1. Introduction. Given a locally compact group G and compact sub-
group K C G, the pair (G, K) is called a Gelfand pair if L'(G//K), the
space of integrable, K-bi-invariant functions on G, is commutative. Per-
haps the best known examples are those defining symmetric spaces, that is,
when G is a connected semisimple Lie group with finite center, and K is a
maximal compact subgroup. The analysis associated with such pairs plays
an important role in the representation theory of semisimple Lie groups and
has been extensively developed in the last four decades (cf. e.g. [9], [11]). In
sharp contrast to this case, one might begin by assuming that G is a solvable
Lie group. But then, if G is simply connected for example, there may be
no non-trivial compact subgroups. One can, however, consider pairs of the

1991 Mathematics Subject Classification: Primary 22E30, 43A55.

[305]



306 C. BENSON ET AL.

form (K x G, K) where K is a compact subgroup of Aut(G), the group of
automorphisms of G.

The Heisenberg group H,, of dimension 2n+1 is defined in Section 2. The
unitary group U(n) is a maximal compact connected subgroup of Aut(H,).
Throughout this paper, K will denote a compact Lie subgroup of U(n) for
which (K x H,,K) is a Gelfand pair. We say, by abuse of terminology,
that “(K, H,) is a Gelfand pair”. In this setting, L'(K x H,//K) can be
identified with the algebra L} (H,) of integrable functions on H,, that are
invariant under the action of K. In [1], it is shown that the Gelfand pairs
of this sort play a central role in the study of Gelfand pairs associated with
more general solvable Lie groups.

Under the conditions described above, the set Dy (H,,) of differential
operators on H,, which are simultaneously left- H,,-invariant and K-invariant
forms an abelian algebra. In Section 2 we construct a canonical set of
generators {L~,, ..., L,, T} for this algebra. Here T is the derivative in the
central direction of H,,, and each L., is a polynomial coefficient differential
operator of degree at least 2 involving derivatives in non-central directions.
The operators L, arise from the invariant theory for the action of K on the
ring Clzq, ..., 2]

The Gelfand space (or spectrum) of the commutative Banach *-algebra
L1 (H,) is the set of continuous non-zero algebra homomorphisms from
L1 (H,) to C. This can be identified, via integration, with the set A(K, H,,)
of bounded K-spherical functions on H,. These are the smooth bounded
K-invariant functions v : H, — C which are joint eigenfunctions for the
operators D € Dy (H,,) and are normalized to take the value 1 at the iden-
tity. A description of the bounded K-spherical functions can be found in
[2] and is summarized below in Section 2. These functions are of two types.
The K-spherical functions of type 1 yield non-trivial characters when re-
stricted to the center of H,, whereas the K-spherical functions of type 2
are constant on the center. The latter can be regarded as functions defined
on the quotient of H,, by its center and reflect the abelian component of
analysis on H,,. For K = U(n), these can be expressed in terms of Bessel
functions (see equation (3.4)). The K-spherical functions of type 1 reflect
the non-abelian component of analysis on H,,. For the case K = U(n), these
can be expressed in terms of Laguerre polynomials (see equation (3.3)).

Our focus here is on the topology of the Gelfand space, where the usual
weak*-topology coincides with the compact-open topology on A(K, H,).
Our main result is stated as Theorem 4.1. It asserts that a sequence (¢Y'n)%_,
in A(K, H,,) converges to ¢ € A(K,H,) if and only if the sequences of
eigenvalues for ¢ with respect to each generator for Dy (H,,) converge to
the corresponding eigenvalue for . We require a careful analysis of the
behavior of such eigenvalues, and these results are described in Section 3.
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As a corollary to Theorem 4.1, we find that the map which sends ¢ €
A(K, Hy) to its eigenvalues with respect to (L.,,...,L,,,T) is a homeo-
morphism of the space A(K, H,,) onto its image in C4*1. In Section 3 we
show that the eigenvalues for the L. ’s are real numbers with constant sign
and that the T-eigenvalues are pure imaginary numbers. Thus we obtain a
map to (R*)? x R with image §(K, H,,) homeomorphic to A(K, H,). We
call §(K, H,,) the Heisenberg fan for the Gelfand pair (K, H,,) and describe
this explicitly as the union of a d-dimensional algebraic set in (R*)4 x {0}
and a countable family of 1-dimensional polynomial curves. This picture is
derived from the invariant theory for the action of K on the ring of polyno-
mials Clz1,. .., z,].

We refine our description of the topology on the Gelfand space by proving
two final results. Proposition 4.5 asserts that A(K, H,) is complete. That
is, if a sequence of bounded K-spherical functions converges to some func-
tion in the compact-open topology, then the limit is necessarily a bounded
K-spherical function. Proposition 4.4 asserts that the K-spherical functions
of type 1 are dense in A(K, H,,). Thus, every bounded K-spherical function
is a limit in the compact-open topology of some sequence of K-spherical
functions of type 1. Our proof of Proposition 4.4 uses the fact that the K-
spherical functions of type 2 form a set of measure zero with respect to the
Godement-Plancherel measure on A(K, H,,). Section 5 contains a descrip-
tion of the Godement—Plancherel measure and the K-spherical transform.

Propositions 4.4 and 4.5 are clear for the case K = U(n). Theorem 4.1
is not obvious, but was also known in this case (cf. [4]). We have adopted
the term “Heisenberg fan” from [7] and [17], which discuss the case when
K = U(n). Our proof of Theorem 4.1 in Section 4 is, however, self-contained.
The main interest in the current paper is that our results encompass Gelfand
pairs (K, H,,) for proper subgroups K of U(n).

2. Notation and preliminaries. We need to establish notation and
recall some results concerning Gelfand pairs and spherical functions associ-
ated with Heisenberg groups. For details concerning this preliminary mate-
rial, we refer the reader to two earlier papers, [1] and [2], by the first three
authors.

2.1. Heisenberg group. Given a complex vector space V of dimension n
with Hermitian inner product (-,-), one forms the Heisenberg group H,, =
V x R with group law

(z,t)(z", 1) = (z+ 2/, t + ' — L Im(z, 2")).

At times, it will be convenient to work in coordinates on V. One can use an
orthonormal basis to identify V' with C™ so that (z,2’) = z-2’ for z, 2’ € C™.
The left-invariant vector fields generated by the one-parameter subgroups
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through ((0,...,0,1+14,0,...,0),0) are written explicitly as

0 z; O — 0 zZ; 0
Z, =202 v % 7. 9% ;27
=% T e T %, 2
In addition let
0
T:=—
ot’
so that {Z1,...,Zn, Z1,...,Z,,T} is a basis for the Lie algebra b, of H,.
With these conventions one has [Z;, Z;] = —2iT.

2.2. Gelfand pairs. The group U (n) of unitary transformation of (V/ (-, -))
acts by automorphisms on H,, via

k-(zt) = (kz,t) for ke U(n)and (zt) € Hy,.

This yields a maximal compact connected subgroup of Aut(H,). If K is a
compact Lie subgroup of U(n) then we say that (K, H,,) is a Gelfand pair
when the algebra LL-(H,) := {f € L'(H,,) | f(kz,t) = f(z,t)} of integrable
K-invariant functions on H,, is commutative under convolution. The group
U(n), and many proper subgroups K of U(n), yield Gelfand pairs. One can
find a complete classification of all such subgroups in [14] and [3]. Under
our identification of V' with C™, U(n) can be regarded as the group of n xn
unitary matrices.

2.3. Multiplicity free decomposition. An important ingredient in the
theory of Gelfand pairs (K, H,,) is the representation of K on the space of
polynomials C[V] given by

One has the following result:

THEOREM 2.1 (cf. [5], [1]). (K, H,) is a Gelfand pair if and only if the
representation of K on C[V] is multiplicity free.

Throughout this paper, K will denote a closed Lie subgroup of U(n) for
which (K, H,,) is a Gelfand pair. We decompose C[V] into K-irreducible
subspaces P,,

(2.1) CV]=>_ Pa,

ac

where A is some countably infinite index set. In view of Theorem 2.1,
this is a canonical decomposition. Since the representation of K on C[V]
preserves the space P,, (V) of homogeneous polynomials of degree m, each
P, is a subspace of some P,,(V). For a € A, we write |a| for the degree of
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homogeneity of the polynomials in F,. Thus we have P, C Pj,(V) and

Pu(V)= Y P

|a|=m

2.4. Fock space. Fock space F consists of engire functions f : V — C
which are square integrable with respect to e~!?I"/2dz with Hilbert space
structure

o= (L) | e
14

Here “dz” denotes Lebesgue measure on the underlying real space Vg = R?"
for V= C". The holomorphic polynomials C[V] form a dense subspace in
F and one has the formula

(p.q)F = p<2%>§(z)

where g(z) denotes the holomorphic polynomial obtained in coordinates by
conjugating the coefficients of g. The monomials 22 = z{* ... 28" with |a| =
a; + ...+ a, = m form an orthogonal basis for P,,(V) in F. One has

22|l = V2lalal, where as usual a! := a4!...a,!.

2.5. Invariant polynomials. Since the trivial representation of K occurs
in C[V] as Py(V), and C[V] is K-multiplicity free, there can be no non-
constant K-invariant holomorphic polynomials. One does, however, have
invariant polynomials on the underlying real vector space Vg for V. We
denote the set of these by C[Vk]X. More explicitly, given a € A, let {vq, ...
..+, Udim(P,)} be any orthonormal basis for P, and define

for p,q € C[V],

z=0

dim(P,)
(2.2) Pa(z) =Y 0;(2)7;(2).
j=1

This definition of p, is independent of the basis chosen for P,. Further,
Do is a K-invariant polynomial on Vg homogeneous of degree 2|a|, and
{pa | @ € A} is a vector space basis for C[Vg]*. Note that p, takes values
in the set R* of non-negative reals.

A result due to Howe and Umeda (cf. [12]) shows that C[Vg]¥ is freely
generated as an algebra. So there are polynomials 71,...,vs € C[V&]¥ so
that

ClVe]® =Cly,...,74-
We call v1,...,7v4 the fundamental invariants. In fact, one can take, for

each v;, a p, for which P, contains a primitive highest weight vector. We
let d1,...,04 € A be the indices for which

Vi = D5,
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One computes that

pn(e) = 3 pale) = g T

|a|=m
Letting vo(z) be defined as

70('2) = |Z|27

this becomes p,, = v§*/(2™m!). When K acts irreducibly on V, 7o will be
one of the fundamental invariants. In general, one will have vy = Z‘ ajl=15"

2.6. The value space. The invariants for a smooth linear action of a
compact Lie group K on a real vector space separate K-orbits (cf. for
example page 133 in [16]). Thus, the map

Y= XX g V= (R
yields a bijection between the set V/K of K-orbits in V' and the subset
It =~(V)
in (R*)4. We call I';t the value space for K.

2.7. Invariant differential operators. The algebra D(H,,) of left-invariant
differential operators on H,, is generated by {Z1,...,Z,, Z1,...,Z,,T}. We
denote the subalgebra of K-invariant differential operators by

Dy (H,) :={D € D(H,) | D(fok) = D(f) ok for k € K, f € C®(H,)}.

Since (K, H,,) is a Gelfand pair, Dy (H,,) is an abelian algebra. A result of
Thomas (cf. [18]) shows that the converse is also true, at least when K is
connected.

Each K-invariant polynomial p € C[Vg]¥ gives rise to a differential op-
erator

L, :=S(p) € Dg(H,).

Here S = Soj o 2, where 2 : C[Vi] — C[Vg] is the algebra isomorphism
induced by the symplectic pairing —Im(-,-) on Vg, and j : C[V§] — C[h}]
is inclusion and S : C[h}] — D(H,,) is the symmetrization map. We have

(2.3) (Lpf)(2,1) :p<2%,2§<>f<2 +(,t— %Im(z,@) ‘CO

for f € C(H,).
The operators L, can be written explicitly using coordinates as follows:
Let p(2) = Y cab2®Z°, where a, b are multi-indices and 22 = z{* ...z,
b =b1
1

zZ° = ...Z% . Since p is K-invariant, it is easy to see that the operator
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p(Z,Z) defined by
p(Z,7) = Zc&bZaZb = anbZi“ ...Zg”Zlil ...ZZ”

belongs to Dk (Hy,). Note that the operator L, is intrinsically defined,
whereas p(Z, Z) depends on the basis used to identify V with C™. One has

L, =Sym(p(Z,Z)),

where Sym is the linear map characterized by

arzb) _ 1 a7zb
Sym(Z2ZP) R UESZ o(Z2ZP).

lal+b]
Here, as usual, |a| = a;+...+a, and 0(Z2ZP) denotes the result of applying
the permutation o to the |a| + |b| terms in Z2ZP.

For a d-multi-index a, let 4 :=~{* ... 757, ||a]] := a1|d1] + ... + aq|dq]
(the homogeneous degree of v?), and L5 := L5 ... L. Using the definition

of the map S, together with the fact that [Z;,Z] = —2iT, one sees that

(2.4) L= Lf‘y + Z ca7bL2Tllallfllbll
Ibll<]lall
for some coefficients ca, € C. Since 7vq,...,7q4 generate C[Vg], it follows

easily that {L.,,...,L,,, T} generates the algebra Dg(H,).

2.8. Spherical functions. A smooth function ¢ : H, — C is called
K -spherical if

(1) ¢ is K-invariant,

(2) ¢ is an eigenfunction for every D € Dk (H,), and

(3) ¥(0,0) = 1.
Since L.,,...,L,,,T generate Dy (H,), (2) holds if and only if ¢ is an
eigenfunction for each of L.,,...,L,,,T. We write D(z) for the eigenvalue

of D € Dk (H,) on a K-spherical function 1, that is, D(¢) = ﬁ(¢)1/) Note
that since ¥(0,0) = 1, one has

(2.5) D(¥) = D(4)(0,0).

We denote the set of positive definite K-spherical functions on H,, by
A(K,H,). In [1], it is shown that every bounded K-spherical function
is positive definite, so A(K, H,) is also the set of bounded K-spherical
functions. We remark that this result is not true for more general Gelfand
pairs (G, K) and contrasts with the situation for symmetric spaces. The
positive definite K -spherical functions 1 are the matrix coefficients obtained
using unit K-fixed vectors in the representation spaces for the K-spherical
representations of the semidirect product group K x H,. In [2], it is shown
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that these functions can be described directly in terms of the representation
theory for H,, and the action of K on V.
One has an irreducible unitary representation = of H, on F defined as

(n(z,8)f)(w) = et w2/ 2=z /4 p (4 2).

For o € A let
1 dim(P,)
(2.6) Pa(z,1) = dim(Py) ; (m(z, t)vj,vj) F,
where {v1,...,Vdim(p,)} is an orthonormal basis for P,. This description of

¢o does not depend on our choice of basis {v;}. Define ¢, , for A € R* and
a € A by

(2.7) Dra(2,t) = da (VN2 ),

so that ¢o = ¢1,o. The ¢y o’s are distinct bounded K-spherical functions.
We refer to these elements of A(K, H,,) as the spherical functions of type 1.
From equation (2.6) one can show that ¢, has the general form

ba(z,1) = € ga(2)e I/,
where ¢q, is a K-invariant polynomial on Vx with homogeneous component
of highest degree given by (—1)l%lp, /dim(P,).
In addition to the K-spherical functions of type 1, there are K-spherical

functions which arise from the one-dimensional representations of H,,. For
w eV, let

(2.8) Mo(z,t) = | e R gl = | i Rel=he) g,
K K

where “dk” denotes normalized Haar measure on K. The 7,, are the bounded
K-spherical functions of type 2. Note that 7g is the constant function 1 and
Nw = Ny if and only if Kw = Kw'. We have one K-spherical function for
each K-orbit in V' and sometimes write “ng,,” in place of “n,”.

It is shown in [2] that every bounded K-spherical function is of type 1
or type 2. Thus we have:

THEOREM 2.2. The bounded K -spherical functions on H,, are parame-
terized by the set (R* x A)U (V/K) via

A(K,Hy,) ={¢ra | NeR*, a € Ay U{nky | w eV}
Note that, for ¢ € A(K, H, ), one has
(2.9) b(z,t) = (2, 0),
where A = —ifw) € R. We observe that 1) is of type 2 if and only if A = 0.
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3. Eigenvalues 13(1/1) The eigenvalue T(T/J) of T on ¢ € A(K,H,,)
is easily understood via equation (2.9). Eigenvalues of the form Zp(l/J) are
much more subtle. In this section, we present a number of results concerning
these eigenvalues. The first of these shows that Ep(w) can be computed by
replacing L, with its “highest order terms”.

LEMMA 3.1. For p € C[Vg]¥ and ¢ € A(K, H,,), one has

Lp(w) = ap(i/))(O, 0)7
where O := p(2%,2%). That is, Oy is the operator obtained by replacing
each occurrence of z; in p by 2% and each Z; by 2%.

Proof. Using equations (2.5) and (2.3) we see that

L,(¥) = Ly()(0.0) :p<2a%,2§<)w(o +C0- %Im«xo)'

- <p<2%,2%>1/1> (0,0).

The eigenvalue for an operator of the form L, on a K-spherical function
of type 2 can be computed as follows. Recall that P, C Py, so that p, is
homogeneous of degree 2|«|.

¢=0

LEMMA 3.2. Zpa (Nw) = (=) p, (w).

Proof. Using equation (2.8) together with Lemma 3.1 yields

E;oa (Nw) = Op,, (Mw)(0,0) = 0, [ S ot Re(z kw) dk]
K

z=0

One computes

apa (eiRe(z,kw))(Z) — Z'2|o¢\pa(kw)eiRe(z,kw) — (_1)\a|pa(w)ei Re(z,kw)'

Thus, Ly, (w) = (=1)!%pa(w)1,(0) = (—1)*Ips (w). =

Lemmas 3.3, 3.4 and 3.5 concern eigenvalues on K-spherical functions of
type 1.

LEMMA 3.3. For D € Dg(H,), a € A and all v € P, one has
(D) = D(¢o)v.

Proof. This is Proposition 3.20 in [2]. For the reader’s convenience, we
outline the proof here. One observes that the operator m(D) on F preserves
C[V] and commutes with the action of K. Since the decomposition given
by equation (2.1) is multiplicity free, 7(D) must preserve each P,, and by
Schur’s Lemma, w(D)|p, is a scalar operator, c,Ip, say. Equations (2.5)
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and (2.6) now show that

dim(Py)

D(6a) = D(6a)(0,0) = d%m S (7(0,0)(D)vy, v))r = o m

j=1
LEMMA 3.4. L, (éx5) = [\ L, (¢3) for o, B € A, XA € RX.

Proof. Using Lemma 3.1 together with equation (2.7), we compute

Ly, (62,8) = Op. (6,5)(0,0) = p <2%2(%> (65 (V/1A]z,0)]
= (VI (2257 ) 63(:.0)

since pq is homogeneous of degree 2|a|. Thus, Epa (dx.5)=|A1210,, (65)(0,0)
= [A\[®IL,, (#5) as desired. m

z=0

)
2=0

LEMMA 3.5. Epa () is a real number with sign (—1)1*! for all a € A and
Ve A(K,Hy).

Proof. In view of Lemmas 3.2 and 3.4, it suffices to show that Epu (03)
is a real number with sign (—1)!* for a, 3 € A. We have
Ly, = Sym(pa(Z,Z)) = Pa(Z,Z)+ Y casps(2,Z)(2T)71

18] <lex|

1
(2fal)!

for some coefficients ¢, ;. The value of ¢, s is obtained by collecting terms
after reordering the monomials arising from symmetrization, so that the
Z;’s precede the Zj’s. Since Zij = Zij + 2iT', we see that co 5 > 0.
Thus we have

(3.1) Ly, (¢p)

1 _ B "
= 2fa])! [pa(ZaZ)A(QiB)Jr N7 Casps(2,Z) (¢5)(~2)11-PI|
' 51<od
Let {v1,...,vdim(p,)} be an orthonormal basis for Ps and let ug be a

unit vector in Pgz. Using Lemma 3.3 and equation (2.2) we see that

ps(Z,2)(¢p) = (x(ps(Z, Z))ug,ug)r = Y (7 (v;(Z))m(0;(Z))ug, up) #

J

=Z< (@(Z))ug, 7(T;(— Z))ug) 7
8 Z 17 (5 (2))up) |-
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Here we have used the fact that m(—Z;) is the adjoint operator for 7(Z;)
on F. This is equation (4.13) in [2] and follows easily from the formulas
of

(3.2) w(Z;)f(2) = —z;f(2), =(Z;)f(z) = 28—23(Z) for f € F.

Thus, in equation (3.1), pa(Z, Z)"(¢p) is a real number with sign (—1)l¢!

and each of the ps(Z, Z)"(¢g)’s are real numbers with sign (—1)1%l. As the
Ca,s’s are non-negative real numbers, we conclude that L, (¢g) is a real

number with sign (—1)l°/. u

The Gelfand pair (U(n), Hy,) plays a special role in our proof of Theo-
rem 4.1. The U(n)-spherical functions on H,, are well known and have been
computed independently by many authors. We refer the reader to [2] for
one treatment and additional references. The U(n)-spherical functions of
type 1 associated with P.(V) (r =0,1,...) can be written as

; A 2

where Lﬁn_l) is the Laguerre polynomial of order n — 1 and degree r nor-
malized to have value 1 at z = 0. The U(n)-spherical functions of type 2
are no(z,t) = 1 and

2n=1(p — 1)
(lwl|z[)"~
for w # 0. Here J,_1 is the Bessel function of order n — 1 of the first

kind.
We have Ly, = 3 Zj(Zij +Z;Z;), and using equations (3.2) one com-
putes that 7(L,,) = —2E — n, where £ = Zj Zjaizj is the degree operator.

(3.4) T (2, 1) = In—1(|wl[2]),

Thus, 7(Ly,)|p, vy is the scalar operator —(2r +n). From Lemmas 3.3 and
3.4 we obtain the following result, which is, in any case, very well known.

LEMMA 3.6. The eigenvalues for L., on the U(n)-spherical functions of
type 1 are Ly, (oxr) = —|A|(2r +n).

The eigenvalues Ep(gb,\m) for operators L, arising from polynomials p €
C[Vk]Y™ (= C[yo]) of degree greater than 2 are more difficult to compute.
We provide the following estimate for Epm (¢r). As explained in Section 2.5,
Pm = 75"/ (2™m!) is the U(n)-invariant polynomial obtained from P, (V)
via equation (2.2).

LEMMA 3.7. | Ly, (¢,)] < ("F7Fm1).

m
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Proof. Using Lemma 3.3, we have Z%n((br) = (7 (L )ur, ur) 7, where
u, is any unit vector in P.(V). We take u,(z) := 2] /(2"r!). One has

m' —a
Lym = ) 7 Sym(2°Z7).

la|=m

Applying 7 and using equations (3.2) we obtain

Lp@)= 3 2(sm ((—z>a<2%)a)ur,ur>f

la|=m
- (o)),

One sees that

(o (@) Joowe), =((3) o),

(11—|—’r'!
:(’,"7') 2!...(171!,

where the quantity on the left is a positive real number. We obtain
2™m! (a1 +7)!
(a1 4 1) 0!

Lop(enl < Y —

la|=m

=ml2™ Z <a1:—r>

la|=m

m
ai+r\/m-—a;+n-—2
= ml2™
w3 (") (RS

a1:0

. Lay,]

where the second binomial coefficient in the last expression counts the num-
ber of terms (ag,...,a,) with ay + ...+ a, = m —ay.

We have a sum of the general form ZTI:O Ag, Bri—q,, which is the coef-
ficient of the mth term in the product of the following two series:

o] ) o) + . ) 1 r+1
S -n(7)7- ()

j=0
0 ‘ e’} . _9 ' 1 n—1
§=0 §=0 J -

This product is
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. Thus we have shown that

and the mth term has coefficient ("*" ")

|L,Y(7)n (¢7’)| S m'Qm <

This completes the proof, since p,,, = v§*/(m!2™). m

n+r+m-—1
m .

The following lemma shows that the eigenvalues Epa (¢x,3) for a Gelfand
pair (K, H,,) are controlled by eigenvalues for the pair (U(n), Hy).

LEMMA 3.8. For a, 3 € A one has

Ly (05)] < |y, ($19))]-

Here the eigenvalue on the right hand side of this inequality is for the pair
(U(n), Hy).

Proof. Letting m := \a!, we have pp, = > 5_,, ps and thus
Ly, (¢3) = Z Ly (¢p)-

|6]=

Lemma 3.5 shows that the Eps (¢3)’s are real numbers with common sign.
We conclude that

Since Pg C Pj5(V'), Lemma 3.3 shows that both L, (¢g) and L,, (¢5)
are equal to (m(L,,, )ug,ug)r, where ug is any unit vector in Pz. Thus,

Ly (65)] < 1Ly, (65)] = | Ly, (d15)]- =

The eigenvalues Epa (1) for a K-spherical function ¢ are related to the
coefficients in a Taylor series expansion for . One can find results closely
related to Proposition 3.9 in [19].

PROPOSITION 3.9. For ¢ € A(K, H,,), one has

Ly, (¥)

¥(2,0) = dim(P(;)p(;(Z)’

seA

where the series converges absolutely and uniformly on compact subsets in'V .
Thus we have the following series expansions for the K -spherical functions
of types 1 and 2 respectively:

AL
qb)\a 2, t Z)\tz‘ ‘ Ps ¢5 5(«2)7

dim(Py)
seA 5)

1Yol (w
o) = 3 S )

Here, convergence is absolute and uniform on compact subsets in H,,.
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Proof. The expansions for ¢y o(2,t) and n,(z,t) follow immediately
from that for (z,0) together with Lemmas 3.4 and 3.2. It is a general
fact that the spherical functions for a Gelfand pair (G, K) are real analytic
(cf. Proposition 1.5.15 in [9]). For pairs of the form (K, H,), one can
see this directly from the functional forms of the two types of K-spherical
functions. Write the Taylor series expansion of 1(z,0) centered at z = 0 as
¥(2,0) = >~ himm(2), where h,,(2) is a homogeneous polynomial of degree
m on Vg (i.e. in the variables (z,%)). Since v is K-invariant, one sees by
K-averaging this expression that each h,, is K-invariant. As {ps | § € A} is
a basis for C[Vz]¥, we can rewrite the Taylor series as

¥(2,0) = esps(2)
deA
for some coefficients cs. Note that since Taylor series converge absolutely, it
is not necessary to specify an ordering on the set A of indices for this sum.
We use Lemma 3.1 and perform term-wise differentiation of this Taylor series
to obtain
Ly, (#) = 0p, (#)(0,0) = Y _ ¢50p, (15)(0).
deN

Let {v1,...,%d4im(p,)} be an orthonormal basis for P, and {u1, ..., Udim(p;s)}
be an orthonormal basis for Ps. Thus p, = Y v,(2)7,;(Z), ps = >_ w;i(2)u;(Z)

and
Bp,, (05)(0) =D v 20 ()0, 20 u;(2)
po \P§ = — j 07 i j 2 i
_ oy p2_J0 if § # a,
= Z ‘(U]7Uz>.7:‘ - {dim(Pa) if 6= a.
i,

Hence Epa (¥) = codim(P,) and ¢5 = Em (1)/dim(Ps). Since this is a
Taylor series, the convergence is absolute and uniform on compact sets. m

2=0

It is well known that a spherical function is completely determined by its
spectrum of eigenvalues. Proposition 3.9 shows explicitly how ¢ € A(K, H,,)
is determined by {D(¢)) | D € Dx(H,)}. Since L,,...,L,,,T generate
Dy (H,), it follows that 1 is in fact determined by (Em (Q,D),...,ZALW(Q/)),
T(4)). Indeed, equation (2.4) shows that eigenvalues of the form Eﬂ,a (v) are
determined by the eigenvalues of the sort (L2)"(¢) = Z*n ()b ... E% ()b
together with f(?/)) Since each p; is a linear combination of y#’s, we obtain
the following corollary from Proposition 3.9.

COROLLARY 3.10. A K-spherical function ¢ € A(K, H,,) is completely
determined by the d + 1 eigenvalues

(Loy (), -+ Ly (1), T (1))
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4. The topology on A(K, H,). Given a Gelfand pair (K, H,), one
can consider three topological spaces:

e The set A(K, H,) of bounded K-spherical functions on H,, endowed
with the compact-open topology. That is, we give A(K, H,,) the topol-
ogy of uniform convergence on compact sets.

e The Gelfand space (or spectrum) A(LY (H,)) of the commutative Ba-
nach algebra LL.(H,). This is the set of continuous non-zero alge-
bra homomorphisms from L} (H,) to C regarded as a subspace of
L1 (H,)* with the weak*-topology.

e The set G of K-spherical representations of G := K x H,. This
is the set of irreducible unitary representions of G that possess cyclic
K-fixed vectors. We give G the Fell topology.

Since bounded K-spherical functions are necessarily positive definite,
we have a natural bijection between G and A(K, H,). Moreover, inte-
gration produces a bijection between A(K, H,) and A(L} (H,)). That is,
Y € A(K, H,) yields a continuous algebra homomorphism L} (H,) — C
via

fre | etz t) dzdt.
Hy

It is standard that these set bijections are homeomorphisms when
A(K, H,), A(L}(H,)) and G are endowed with the natural topologies de-
scribed above. Moreover, it is known that these spaces are locally compact,
second countable and metrizable. The study of these topologies amounts to
the following analytic question:

Under what conditions does a given sequence (Yn)3—, of K-spherical

functions converge uniformly on compact sets to a given K-spherical func-
tion ¥ ?

The following theorem answers this question and is our main result.

THEOREM 4.1. Let (¢n)3_; be a sequence of K -spherical functions and
v € A(K,Hy,). Then ¢y converges to v in the topology of A(K,Hy)
(i.e. wuniformly on compact sets) if and only if E%. (VN) — E%. () for

Proof. Suppose that (¥)n)3_; converges uniformly to ¢ on compact
subsets of H,. Since ¥y (0,t) = eTWN) and P(0,t) = ef(w)t, we must
have T(¢n) — T(1). The series expansions for ¥y (z,0) and t(z,0) given
in Proposition 3.9 ensure that Zpé (Vn) — Epé (¢) for each 6 € A. Since

{71,-..,7a} C {ps | 6 € A}, this shows in particular that E%. (VN) — Zﬁ,j (¥)
forj=1,...,d.
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Conversely, suppose that E%. (VN) — E%. (¢) for j=1,...,d and Cf(sz)

— T(1). Tt follows that Epr) — Ep(q,b) for every p € C[Vg]¥X. Indeed,
each p € C[Vg]¥ is a linear combination of monomials ¥ in the fundamental
invariants, and from equation (2.4) one obtains

Jim (L) (en) = lim [Z3@n)+ Y canLB(n) (o)== 0]
bl <|lall
=L3W)+ Y. caplE@)T(@)IRIIPN = (L0)" ().

Ib]l<lal|
It suffices to consider two cases:

(1) Each ¢y is a K-spherical function of type 1.
(2) Each vy is a K-spherical function of type 2.

Indeed, if ()n)3F_; contains infinitely many terms of both types, then one
reduces the situation to these cases by forming the subsequences consisting
of the terms of each type.

We begin with the easier case (2) and write )y = 1y, . Since T(y) =
limf(wN) = 0, ¥ must be a K-spherical function of type 2, ¥ = ny
say. Lemma 3.2 shows that E%. (Nwy) = (=)l (wy) and Zﬁ,j (Nw) =
(—1)1%l;(w). We conclude that v(wy) — y(w) in the value space I';: and
hence Kwy — Kw in V/K. Equation (2.8) shows that 7,, and 7, can be
obtained via integration over the K-orbits Kwy and Kw. It follows easily
that 7,,, converges to 1, uniformly on compact sets.

Next consider case (1). Let ¥y = ¢xy,an and let S be a given compact
subset of H,. In case (1), ¥ can be a K-spherical function of either type.
Suppose first that v is of type 2 and write ¢ = n,,. (Later we will also treat
the situation where 1) is a K-spherical function of type 1.)

Choose a constant ¢; large enough so that vo(z) = |z|> < ¢; for all
(z,t) € S. We write rx for |ay| and consider the tail of the series expansion
for ¢y .ay consisting of the terms with indices 0 satisfying |6] > M. For
M > 2 and all (z,t) € S, we obtain the following bound:

2 %W)MW' <3 L (0l Y ps(2)ANI™

seN m=M [8|=m

|6|>M
> m+n+r 1 1
N — m m
< (M) g @

1 > m+n+ry—1
< gy 2 (" e
"m=M
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1 = (mAntry—1 m
<gmm 2 (" e
_ Ro(JeiAn])
LV
We have used Lemmas 3.7 and 3.8 here, together with the identity Z| §|=m Ps

=0/ (2™ml).
We now regard Rs(x) as a remainder term for the Taylor series for
(1 — )~ (+7~) Computing the integral form for this remainder term yields

(n+ry)(n+ry+1)(x—1t)
(14 ¢)ntry+l

xT

Ro(x) = |

0

dt < (n+ry)n+ry +1)2?,

provided 0 < z < 1. Since f(qﬁ)\N,aN) = iAn converges to T(nw) = 0,
we have Ay — 0. Thus for N sufficiently large, N > Ny say, we have
0 < |ezAn]| < 1 and hence
Ro(leidn]) < (m+rn)(n+7rn + D]eidn /.

Moreover, we have Evo(@w,aw) = Evo(¢AN,rw) —|An|(2rNn +n) by Lem-
ma 3.6 and since L., (dxy,ay) converges to L. (n,), we conclude that
(|An]|rn) is convergent. We now see, in particular, that both (Ay) and
(|An|rn) are bounded sequences and hence

(Tl +TN)(71 +7’N + 1)’61)\]\[’2 S Co

for some constant ¢y and all N. Thus, for all N > Ny and all (z,t) € S we
have

~

|E 5(¢>\N,a1\1)| C2
(;1 pdimwp‘;(z) <

|6|=M

This bound ensures that the series converges uniformly to 7,, on compact
subsets of H,,.

Finally, suppose that ¥y = ¢xy.ay and ¥y — 1, where 1) = ¢ o is
a K-spherical function of type 1. Since T(¢AN,aN) = AN converges to
T(¢r,a) = 1A, we have Ay —>A)\. Since Ly, (day,an) = |IAN|Lryg (@lan|) =
IAn[(2|an]| + n) converges to L., (dr.a) = |A|(2|la] + n), also ry = |an]|
must converge to |a|. Thus, both (Ay) and (ry) are bounded sequences
and we choose constants ¢y, co with

Al <ec, 0<ry<c

for all N. Choose constants c3 and ¢4 with yo(2) = |2|? < c3 for all (2,t) € S
and
20()™ AN _ (ese)™ _ ca

m! - om! T 2m
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for all m, N and all (z,t) € S. As before, we obtain, for (z,t) € S,

iIANt E 6(¢>\N70¢N)
S pdimwpa(@

seA
18] =M

IN

m 2mm!

< Cq > <m+n+rN—1><1>m
ot m 2

€ o= (m+n+ry—1\/1\"
< = Z
- oM — m 2

where c5 := ¢42"7. From this, we conclude that ¢y, oy — ®x.o uniformly
on S by reasoning as in the case where ¢y = ¢xy,ap and P =17,. =

= (mAn+ry—1 1 m
T ( N )—vo (=) Aw]
m=M

|
()
S

For the Gelfand pair (U(n), H,), one has the single fundamental invari-
ant vo(z) = |z|2. Theorem 4.1, together with Lemma 3.6, shows that a
sequence (¢ .ry)3—y Of U(n)-spherical functions of type 1 converges in
A(U(n), H,) to a U(n)-spherical function 7, of type 2 if and only if

Av — 0 and  |Ay|(2ry +n) — |Jw]?
These spherical functions are given explicitly by equations (3.3) and (3.4).
From this we obtain, for example, the following corollary to Theorem 4.1.

COROLLARY 4.2. The sequence

n—1 2
xiL(ﬂfl) - E—Win)
2n=l(n -1 2(2m +n)

converges to J,_1(x) uniformly on compact subsets of Rt = {z € R |
x > 0}.

The reader will find classical viewpoints on Corollary 4.2 discussed on
page 92 in [7].

One can obtain a clearer understanding of the topology on A(K, H,,) by

recasting Theorem 4.1 as follows. Consider the map E : A(K, H,) — Co+!
defined by

BE() = (=)L, (9),..., (1)L, (), —iT (v)).

Since E%. (1) is a real number with sign (—1)/%! and f(?[)) is pure imaginary,
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E takes values in (R*)? x R. We denote the image of E by
3(K,H,) = E(A(K,H,)) C (R")? xR

and give this the subspace topology from (R*)? x R. We call §(K,H,)
the Heisenberg fan for (K, H,). In view of Corollary 3.10, the map E is a
bijection between the sets A(K, H,) and §(K, H,). Since both A(K, H,,)
and §(K, H,) are metrizable spaces, Theorem 4.1 shows that both E and
E~1 are continuous maps. Thus we have proved the following theorem.

THEOREM 4.3. The map E is a homeomorphism between A(K, H,) and
the Heisenberg fan §(K, Hy,).

Lemma 3.2 shows that the image under E of the K-spherical functions
of type 2 is precisely the value space I ; in (RT)%:

E({, | we V}) = If x {0},
Lemma 3.4 shows that for fixed oo € A we have
E({¢ra | X € R*Y) = {(raa AP, o ko a AP 0) | A € R,
where kg j 1= |E%. (¢)|- This is the disjoint union of two algebraic curves,
E({éra | A€ R} = L2 11 L5,
where
LE = {(Kaa N ke A% £X) | A > 0.

Thus we see that F(K, H,,) is the algebraic set in (R*)4 x R consisting of
the value space I’ ; together with a countable family of curves:

§(K, H,) = (I} x {0}) 11 < I1 53) I ( 1 5;).
ac ac

§(U(n), H,) is depicted in Figure 1.

Fig. 1. The Heisenberg fan for (U(n), Hp)
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One has

oo

f@%n%ﬂz>=<R+x{ODll(fizxﬁll(llz%g,

m=0
where £ are the lines
LE ={(@2m+n)\, £X) | A > 0}

of slope £1/(2m + n) in RT x R. The Heisenberg fan for (U(n), H,) is
described in [7] and in [17], although the latter paper does not explicitly
discuss the topology on A(U(n),H,). A proof that E : A(U(n), H,) —
§(U(n), H,) is a homeomorphism is implicit in Bougerol’s paper [4], which
includes a description of a system of open neighborhoods for 19 = 1 in
A(U(n), H,). Thus Theorems 4.1 and 4.3 are known results for the case
K =U(n).

The following result ensures that each K-spherical function 7, of type
2 is the limit in A(K, H,) of some sequence (¢xy ay)3—, Of K-spherical
functions of type 1. Proposition 4.4 is clear for the case K = U(n) but is
rather surprising when K # U(n). In these cases, I';- has dimension d > 1
but the £L’s are one-dimensional. The result reflects the manner in which
the countable family of £LX’s sit over the value space in §(K, H,).

PROPOSITION 4.4. The K -spherical functions of type 1 are dense in the
space A(K, H,,).

Our proof for Proposition 4.4 requires the spherical transform and will
be given in Section 5. Proposition 4.5 complements Proposition 4.4. If a
sequence in A(K, H,) converges uniformly on compact subsets of H,, then
the limit is necessarily a bounded K-spherical function.

PropoOSITION 4.5. A(K, H,) is a complete metric space. That is, if
(YN)R—y is a sequence of bounded K -spherical functions that converges uni-
formly to ¢ on compact subsets in H, then v is a bounded K -spherical
function.

Proof. It is clear that v is continuous, K-invariant and bounded and
that (0,0) = 1. Moreover, if f,g € L} (H,) have compact support then

[0 (f +9) (a0 dzdt = T [ (= 0)(f ) (2, dz b

H, Hy,
= lim Vw2, t)f (2 t) dzdt | P (z,t)g(z,t) dz dt
H, H,

= S P(z,t)f(z,t)dz dt S ¥(z,t)g(z,t) dz dt.

Hy Hy
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Thus f + §, 9(z,t)f(2,t) dz dt defines a continuous non-zero algebra ho-
momorphism Lk (H,) — C. It follows that ¢ € A(K, H,,). =

5. The K-spherical transform. The K-spherical transform for f €
L1 (H,) is the function

FrAK H,) —C, f) = | flz.t)(z1)dz dt.
Hn
Here “dzdt” denotes Haar measure for the group H,, which is simply Eu-
clidean measure on Vg x R. One has

(5.1) (f *9)" (@) = F@)g(¥) and (£)"(¥) = f(©)
for f,g € LL-(H,), v € A(K, H,,), where f*(z,t) := f(—z,—t).

The compact-open topology on A(K, H,,) is the smallest topology that
makes all of the maps {f | f € L (H,)} continuous. Since L} (H,) is a

Banach *-algebra with respect to the involution f — f*, it follows that f
belongs to the space Co(A(K, H,,)) of continuous functions on A(K, H,,)
that vanish at infinity. Moreover, we have

1 Flloe < 1112

for f € L (H,). This follows immediately from the fact that for ¢ €
A(K, Hy,) one has |¢(z,t)| <(0,0) = 1, since 1 is positive definite.

Godement’s Plancherel Theory for Gelfand pairs (G, K) (cf. [10], or
Section 1.6 in [9]) ensures that there exists a unique positive Borel measure
du on the space A(K, H,,) for which

(5.2) J 1f ()P dzdt="§  |f@)P du(w)
H, A(K,H,)
for all continuous functions f € Lk (H,) N L% (H,). If f € L (H,) N

L% (H,) is continuous and f is integrable with respect to du then one has
the Inversion Formula

(5.3) fe= | Fw)et) duly).

A(K,Hy,)

In particular, this formula holds when f is continuous, positive definite and
K-invariant. Moreover, the spherical transform f — f extends uniquely to
an isomorphism between L% (H,) and L?(A(K, H,), du).

The following result makes the Godement—Plancherel measure on
A(K, H,,) explicit. Given F : A(K, H,,) — C, we write F(w) and F'(\, «) in
place of F'(n,,) and F'(¢x,q) respectively. The reader can find another proof
of Theorem 5.1 in [19]. The result for K = U(n) is also discussed in [7]
and [17].
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THEOREM 5.1. The Godement—Plancherel measure dyp on A(K, Hy,) is
given by

| F@) = | > dim(P.)F(\ )|\ dA.

A(K,Hy) RX acA

Proof. For A € R* let 7y be the irreducible unitary representation of
H,, on F defined by m(z,t) := 7w(1/|\|, At). One has the formula (cf. [2])

(b)\,a(za t) = S <7T)\(k27 t)uou ’U,a>]_‘dk,
K

where u,, is any unit vector in P,.

Since existence and uniqueness of the Godement—Plancherel measure is
guaranteed, we need only verify that equation (5.2) holds for du as in the
statement of the theorem and all f in a dense self-adjoint subalgebra of
C(H,)N LY (H,)NL%(H,). For f continuous, K-invariant and of compact
suppport, we compute

(ma(f * f U, ua)F = S (f = )z, t)(ma(2, t)Ua, Ua ) F dz dt
H

(f * f*)(Z, t) <7T>\(k27 t)uou Uq>]—‘ dk dZ dt
= [ (f* /) t)dralzt) de dt

= (f = )\ a) = f(n o)

Thus we see that tr(mx(f* f*)) = > ca dim(Pa)|f()\, a)|?. The Plancherel
formula for H,, (cf. pages 37-39 in [8]) now gives

| 1zt dzdt = Str(ﬂ,\(f FNIA™ dA

Hy

S > dim(Py)[ f(A, @) 2N dA. =

RX a€A

Theorem 5.1 shows that the K-spherical functions of type 2 form a set
of Godement—Plancherel measure zero in A(K, H,). Our proof of Propo-
sition 4.4, stated earlier, uses this fact together with the Inversion For-
mula (5.3).

Proof of Proposition 4.4. Take a point w in V', and suppose that
My 1s not in the closure of {py o | A € R*, a € A}.
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A(K, H,) is metrizable, hence it is completely regular, so one can find a
continuous function J : A(K, H,) — R with J(w) = 1 and J(\,a) = 0 for
all A € R*, a € A. We can assume that J has compact support.

The second of equations (5.1) ensures that L} (H,) is a symmetric Ba-
nach %-algebra. It follows that {f | f € L (H,)} is dense in (Co(A(K, H,)),
| - o) (See, for example, §14 in Chapter III of [15].) Thus we can find a
sequence (jy) in L} (H,) with jy — J uniformly on A(K, H,). We can
assume that each jun is continuous and compactly supported. Moreover,
since J is real-valued, we can assume that j3 = jn.

The proof of Proposition 3 in [13] shows that one can find an approximate
identity (as)s>o in Lk (H,,) with @5 compactly supported in A(K, H,,) for all
s > 0. For s sufficiently small, one has as(w) > 3/4. Moreover, for each s one
sees that (as*jn)" = ’dJN converges uniformly to a,.JJ as N — oo. Thus we
can choose sy sufficiently small and Ny sufficiently large that g := as, * jn,
satisfies

gw) > 1 and |g(\ )| < 1 forall A, a.
Note that g is continuous, integrable, square-integrable and ¢g* = g.
Dixmier’s functional calculus (cf. [6]) ensures that “sufficiently smooth
functions operate on Lk (H,)”. Thus, if ( : R — R is sufficiently smooth
with ¢ and its derivatives integrable and ((0) = 0, then there is a function
f=<c{g} € LY (H,) N L%(H,) N C(H,) with the property that f=¢(og.
We choose such a ¢ with (¢) =1 for¢t > 1/2 and ((t) = 0 for ¢t < 1/4. Then
F:= f = (¢{g})" satisfies F(w) =1 and F(\, ) = 0 for all X, a.
Now Theorem 5.1 shows that F' = 0 a.e. on A(K, H,,). In particular, F
is integrable on A(K, H,,) and we can apply the Inversion Formula (5.3) to

conclude that f = 0 on H,. This implies that F' = f is identically zero on
A(K, H,), which contradicts Fl(w) =1. m
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