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FOR A FAMILY OF COMMUTATORS ON L?

BY

SONG-YING LI (ST. LOUIS, MISSOURI)

1. Introduction. Let (X,d,u) be a space of homogeneous type.
Let Tk be a singular integral operator which is bounded on L?(X) (see
[2] for definitions and characterization: T(1)-theorem). Let f € L?(X).
We use My to denote the multiplication operator on function spaces on
X. Then the commutator of My and Tk is defined as Cy = [My,Tk] =
M¢Tg —TrgMy.

The characterization of f such that C is bounded or compact on LP(X)
or belongs to the trace ideal space for some singular integral operators
has received considerable attention. When X is R", and Tx = R; =
(—A)_1/26/8xj (j = 1,...,n) are the Riesz transforms, it was proved by
Coifman, Rochberg and Weiss [5] that [My, R;] is bounded on LP(R™) for
all 1 < j < n for some 1 < p < oo if and only if f € BMO(R"); and
by Uchiyama [18] that Cy is compact on LP(R™) for all 1 < j < n and
some 1 < p < oo if and only if f € VMO(R™). The characterization
of f such that C belongs to the trace ideal space S, was given by Jan-
son and Wolff [9] and more general results were proved by Rochberg and
Semmes [15] and Janson and Peetre [8] (see also the references therein).
When X is a space of homogeneous type, it was proved by Krantz and
the author [11] that if f € BMO(X), then Cf is bounded on LP(X) for
all 1 < p < oo. If f € VMO(X), then Cy is bounded on LP(X) for all
1 < p < co. In [4], Coifman, Lions, Meyer and Semmes proved that the
above theorem of Coifman, Rochberg and Weiss is equivalent to the state-
ment that {f;R;g; + 9;R;f; : f; € LP(R"), g; € LY (R™)} is a subspace
of HY(R") and is dense in weak topology, which was called compensated
compactness for H'. Moreover, this fact gives a decomposition theorem for
HY(R™). Furthermore, many interesting examples were given in [4] which
connect the compensated compactness of H' and quantities in PDEs, such
as Dir-Curl lemma, etc. In [20], Z. Wu studied a Clifford algebra of func-
tions on R™ and produced a class of singular integral operators 7 (some
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combinations of Riesz transforms) which can be used to characterize f such
that [My,T}] are bounded on LP(R"™).

The main purpose of the present paper is to characterize the bounded-
ness of [My, K;| on LP(R™) for the family of operators K; (j = 1,...,m)
introduced by Uchiyama [19]. As a consequence, we generalize the men-
tioned results of [5] and [20].

Let 01(£),...,0,(&) € C°(S™ 1), where S"~1 is the unit sphere in R”™.
Let

(1.1) Kjf(z) = 0;/1ENFE)Y (),  j=1,....m,

where f denotes the Fourier transform of f while f denotes the inverse
Fourier transform of f.

If 0,(¢/1€]) = i&;/|&|, then K; = R;. According to [19], there exist a
number a; = a(f;) € C and function £2; € C>°(S™"!) such that

[ 2@)do(z) =0

Sn71

and

Kif(x) =a;f(x) +PV. [ 2i((x—y)/|lz—y)lz -yl ™" f(y)dy.
-

So Kj is a family of singular integrals which are bounded on L?(R"™).
In [19], Uchiyama proved that K, ..., K,, characterize H'(R") if and
only if

01(6) - Om(&) ) _
(1.2) rank <91(_€) 9m(—§)> =2.

If one considers 6y = 1 and 0;(¢) = i§;/|¢|, then K; = R;. The result of
Fefferman and Stein [7] and Stein and Weiss [17] uses {I,R; : j =1,...,n}
to characterize H'(R™), which is a special family of operators given by (1.1)
and satisfying (1.2).

From the results of [5] and [11], we know that if b € BMO(R") then
[My, K] are bounded on LP(R™) for all 1 < p < co. We shall show that the
converse is also true. It is easy to see that if (1.2) holds, then the function

0(6) = _16:(6) = ;(=9)P

nowhere vanishes on S”~!. By compactness of S~ !, and the smoothness
of ©(¢) on S"71, we know that ©(£) has a positive lower bound. More
generally, we shall consider functions 61,...,60,, € C>®(S"!) such that
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there is a continuous map 1 : S"~! — S"~! and Jy > 0 such that
(1.3) D 105(z) = 0;((2)* = 6o, we ST
j=1

We prove the following theorems, where p’ is the conjugate exponent
of p,iel/p+1/p'=1for 1< p< 0.

THEOREM 1.1. Suppose that (1.3) holds. Let 1 < p < oo and [ €
L?(R™). Then the following statements are equivalent.
(i) f € BMO(R™);
(ii) [My, K;] is bounded on LP(R™) for all j =1,...,m;

(iii) [My, K;] is bounded on LI(R™) for all 1 < j < m and all g with
I<g<oo; _

(iv) D050 KMy, K] — [My, Kj]K; is bounded on LP(R"),

where By (1)) = @ (€/EDFE) (@), j=1,...,m.

THEOREM 1.2. If (1.3) holds, then f € H*(R™) if and only if there are
a sequence {\;} of numbers, and sequences {fi} of functions in LP(R™)
and {gi} of functions in L (R™) such that ||\grlly || fxll, = Cp > 0 for all k,
>t Akl = N flla s and

oo m
f= Z Ak Z[Kj(fk)K; (g) + K;(fr) K5 (gx)
k=1 j=1
— Je(KG K (9r) — (KK fr) G-
THEOREM 1.3. If (1.3) holds, then f € H*(R™) if and only if there are
a sequence {\,} of numbers, and sequences {f; i} of functions in LP(R™)
and {g; 1} of functions in LP (R™) such that ||g; x|y | fixll, = Cp and
[e.e] m [e.¢]
F=Y ) (FinE(gi0) = 5K (Fk)s D Il = I f e
k=1 j=1 k=1
The paper is organized as follows. In Section 2, we prove Theorem 1.1.
The proofs of Theorems 1.2 and 1.3 are given in Section 3. In Section 4, we

give some application of the above theorems. As a special case of Theorem
1.2, we obtain the main theorem of [20].

The author would like to thank Steven Krantz and Richard Rochberg for
some useful conversations he has had during the preparation of this work.

2. Proof of Theorem 1.1. To prove Theorem 1.1, we first collect
some results from Janson and Peetre [8] and C. Li [13] (a similar idea of the
proof was used by Wu [20]). Let 6; € C°°(S""!) and let K; be given by
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(1.1) for j = 1,...,m. Then we have the following identity due to Janson
and Peetre [8]:

(21) (Mo, KINNE) = [ bE—)(0;(/1€D) = 6;(u/1yD) f (v) dy.

R™

Let

(2.2) W(&m) =D 0;(n/ )0/ 1) = 0;(n/ Inl))-
j=1
Then it is easy to verify that

m
[ b€ =) L&) fy) dy = (M, K1K;(£)"(€).
R" j=1

It is obvious that L; is homogeneous of degree 0. In other words, L,
satisfies Assumption Ay in [8].

For convenience, we recall Theorem 10.1 of [8] or Theorem C of [20]
proved by C. Li in [13], which we shall use later. First we need to introduce
the following function space of Schur multipliers. Let U and V be two
subsets of R™. Let M (U x V') denote the set of Schur multipliers on U x V
consisting of all functions ¢ € L>°(U x V') that admit a representation

(2.3) 3(&n) = [ &, 2)B(n, ) du(x)

Y

for some o-finite measure space (Y, ) and measurable functions o on U X Y’
and S on V x Y, with the norm

I6laewrvy = m{fm @ 1B @) vy da(a) },

where the infimum is taken over all & and 3 such that (2.3) holds. We know
(see [8]) that M (U x V) is a Banach algebra.

Let b be a complex-valued function in R™. The paracommutator with
symbol b and kernel A(£,n) is the operator T,(A) defined by the following
bilinear form on CSO(R”) X COO(R")‘

= [ [ Fb& —n) A ma(=¢) dnde.
R’VL R"L
Then we have the following theorem.
THEOREM 2.1. If the kernel function A satisfies the following conditions:

AO: A(rg,rn) = A&, n) for allr # 0 and §,n € R™;

Al: Ae M(R™ x R");

A3: A(§,€) = 0, and there are v,0 > 0 such that ||Allyxp) <
C(r/[€l)” for B = B(&o,7) = {§ : [ — &l <7} and 0 <7 < 4|%l;
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A5: For any &y # 0 there exist 6 > 0 and no € R™ such that ||1/Al[aprwxv)
< O, where U = {&: [§/I¢] = &o/I8ol | <0, [§] > [€ol} and V' = B(no, 5|&ol)-

Then
[bllemo < CITo(A)| (e ®n), Lo ®n))-

Theorem 2.1 is due to Janson and Peetre [8] for the case p = 2; for the
general case 1 < p < oo it was given by C. Li [13]. It is also stated in [20].

We shall prove the following proposition.

PROPOSITION 2.2. L1(&,n) defined by (2.2) belongs to M (R™ x R™), i.e.,
L1 satisfies Al.

Proof. Since

Ly(&m) =Y 0;(5/1€D0; (n/Inl) Z%n/\n\ (n/Inl),

j=1

it is obvious that L;(§,n) admits a representation (2.3) with du being the
Dirac mass concentrated at x = 0 and Y = [—1,1]. Moreover, we have

1Ll aren iy < HZ@ (&/1€18;n/ )|

< 2Z||9j\|§o-
j=1

This completes the proof of the proposition. m

M(R™ xR") H Z| 6 [* HM(Rann)

PROPOSITION 2.3. There exists 6 > 0 such that if By = B(&y,r) and
r/|€o| < 9, then Ly satisfies A3 and

| L1l ar(Box Bo) < C1/1&o0l-

Proof. Since §; € C*(S"1), we have

Z 0; (%) < Cn ZW e (sn-1)1§ — &ol
j=1 j=1
for all £&,& € S™1L.
Now we choose 0 < § < 1/2. For any r > 0, we consider £, € R™ so that
|€0]0 > r. We claim that

& &

€l 1ol

r

€0l
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for all £ € By. In fact,

& So| _ €&l —Solél] _ (€= &o)l€ol + &o(I€] =[S0

&l 18l €1 4ol €] - [€ol
< €=l [&o] + %] - [€ =&l _  27[&] <477”7
- €1+ ol = ([€ol = m)[&l T 1€l

so the claim is proved. Now we have

M(Bo XB())

VElnt(Box o) < || D2 (05(/1€1) = 0560/ 160185 (/1]
j=1

M(Bo XBo)

+ i“"j("/‘”‘) — 030/ 16018 (n/ 1) |

<20, Z 105l (sn-1y(47/160]) = Cr/[&ol-

j=1

This completes the proof of the proposition. =

Now if we let

m

Z (&/1€D(0;(¢/1€1) = 6;(n/Inl))]

then

m

[ b€ =) La(& ) Fy) dy =D (K;[My, Kj](£)"(€).

R™ j=1
It is clear that Lo is homogeneous of degree zero. With the same arguments

as above, we find that the conclusions of Propositions 2.2 and 2.3 hold for
Lo(&,m). Now we let

L(§777) = L2(€a 77) - Ll(f:n)
Then

m

(2.4) Z 1 (&/181) = 05(n/[m]) I

Thus L is a homogeneous kernel of degree 0 and Propositions 2.2 and 2.3
hold for L.

The main lemma of this section is:

LEMMA 2.4. If 0; (j =1,...,m) satisfy (1.3), then L(§,n) defined above
satisfies Ab.
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Proof. For each & € R™\ {0}, since 6, satisfy (1.3), there is 6 =
d(&0) < 1 such that

D 105/ 1) — 0, (Eo/1€)I? = do/2.

j=1

Since the map 9 involved in (1.3) is continuous, we may choose 71y with
norm large enough such that ng/|n| = ¥ (&0/|&0|), and

(2.5) > 16;€/1€D) — 8;(n/InD)I* > 60 /4

Jj=1
for all £ € U and n € V. = B(no,0|¢]|). Thus 1/L is bounded by 4/dy on
UxV.
Next we show that

(2.6) 11/L|| vy < Co.
Since
1 1
L(&mn) — L(&m0) + L(&,m) — L(&,m0)
1 1

T L(Em) T+ L(Emo) L(L(E,n) — L(Em0))
-~ L(&mo) Z < L(&,m0) )

k=0
& (L&) — L& m))F
=L T L

to prove (2.6), it suffices to show that there is a sequence {dj} of positive
numbers such that

(2'7) de < Cég
k=0
and
o k
L(& o) M(UXV)
forall k=0,1,...

In order to prove (2.8), we introduce the following notation. For each
1 <5< m, welet

(2.9) b;i(&,m) = 0;(&/1€1) = 6;(n/Inl)-
Then
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L(ga 77) - L(g, 770)
&I = 3 b€, m0) P

I
NE

S,
Il
-

[16;(§/1€DI17 + 165 (n/1nDI* — 2Re(8;(§/1€1)8;(n/1n])

I
NE

J

10;(&/1EDI* = 10 (no/Imo))|? + 2 Re(8;(¢/1€1)8; (no/ Ino]))]

105(n/InD) (03 (n/Inl) = 0;(no/Imol)) + (65 (n/In])

I
WE

.
Il
-

|
>

i (10/1m01))05(mo/m0]) — 2Re(0;(£/1€1)(0; (1n/ Inl) — 0;(no/Imo]))]

[16; (1, m0)[> — 2Re(8;(110/ 1101)b; (1, m0)) — 2Re(6;(£/1€])b; (n,m0))]

I
NE

<
Il
—

[165(n,m0)I* = 2Re(b; (&, 10)b; (1, m0))]-

NE

<
Il
_.

We may choose our 1y with |ng| large enough so that

(2.10) > " Ibj(n,mo)| < 63/ (32mM?),
j=1
where
(2.11) M= Z 165(-5 ) Lo (sn—1x 5m-1).-
j=1

Thus we only need to show

(2511165 (m,m0)* — 2Re(b; (€, 10)b; (1, m0))))"*

(2.12) < dj.
L(§7770)k+1 MUxXV)
To prove (2.12), we use the notation
b(&;m) = (b1(&,m); - -, bm (&5 1)),
and let a = (v, ..., Q) be a multiindex with non-negative integers. Thus
(271 [1b5 (1, m0) 1> — 2 Re(b; (€, 1m0)bj (1, m0))])*
L(&,mo)*+!

can be written as at most (4m)* terms of the form

1b(n, 10) [2B(&, 70)“B(E, 7o) b(, m0) b, 70)” L(€,m0) ™52,
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where || + |5 + |y| = k and |y| + |B] > k/2. It is obvious that

116(7,0) b€, 70) “BCE, 1m0) b7, 10) B0 L(E,m0) ™ Masw vy

< [11B(&, 7o) PUHEDLE, 10) =5 oo 0y 16, m0) PP o

4/ 1\"
< | =
_5()(87%)

for all k > 0. Therefore, if we choose dj, = 45, '27% then (2.12) holds, and
Y reodi < 8/80. Therefore, the proof of Lemma 2.4 is complete. =

By Propositions 2.2, 2.3 and Lemma 2.4, we see that the kernel L satisfies
A0, A1, A3 and A5 of Theorem 2.1. Therefore, by Theorem 2.1, we have
the following theorem.

THEOREM 2.5. Suppose that (1.3) holds and f € L*(R™). If the operator

ZTZI[Kj[Mf,Kj]—[Mf,Kj]Kj] is bounded on LP(R™) for some 1 < p < o0,
then f € BMO(R"™).

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. By a theorem of [5] or [11], we know that
(i) implies (iii). It is obvious that (iii) implies (ii). Since K; is bounded on
L1(R™) (see [16]) for all 1 < ¢ < oo, (ii) implies (iv). Now, by Theorem 2.5,
(iv) implies (i). Therefore, (i)—(iv) are equivalent, and the proof of Theorem
1.1 is complete. =

3. Proof of Theorems 1.2 and 1.3. We need the following theorem
of C. Fefferman and Stein [7], and Coifman and Weiss [6].

THEOREM 3.1. Let X be a space of homogeneous type. Then

() [HH(X)]" = BMO(X);
(i) [VMO(X)]* = H'(X).

We first prove the following proposition.

PROPOSITION 3.2. Suppose (1.3) holds. Let 1 < p < oo and p' be the
congugate exponent of p. For any f € LP(R™) and g € LP (R™), we have
K;(f)g - [K;(g9) € H'(R") and

(3.1) 15 (F)g = FEG (@) < Cllflpllglly -
Proof. Since VMO(R")* = H(R"), it suffices to prove

(32) | [ @) (N @) — F@RFG) @) de| < Cylllmol 71, lglly-
J
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This is a direct consequence of Theorems 1.1, 3.1 and the identity
(3.3) f b(z)(K;(f)(@)g(z) — f(2)K;(9)(w)) dx
R’VL
— [ My K1) (@) 9(a) da.
R’n

Therefore, the proof of the proposition is complete. m

PROPOSITION 3.3. Suppose (1.3) holds. Let 1 < p < oo and p’ be the
conjugate exponent. For any f € LP(R™) and g € LP (R™), the set

m

{ S (KN (9) + B3 (N (0) — (KK )(9) — (KK £)g

Jj=1

ferLP ge Lp/}
is dense in H'(R™).

Proof. Since

[ (KM, K5) (f)(2)g(w) de

RTL
= [ (M. KD ()@ K (g) () da
Rn
= | MDEDE; ()w) = F@ K 9)(w) da
R’n
and

) = R[ K;(f)(@)([My, K;])7 g () da
- f K;(f) (@)K} (bg) — DK (g)(x) d
- ! b(x) (KK, (£)g — K;(£)K;(9)) () dar
Therefore

[ S (K;MK; — K;K;My, — MK K + K MK (f)(2)g(@) da
R™  j=1
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= [ b(2) > [K;(HK;(9) + K;(£)K(g) — F(KIK)(g) — (KK £)g) da.
R" j=1

Therefore, the proposition follows from Theorem 1.1. m
Now we are ready to prove Theorems 1.2 and 1.3.

1) Theorem 1.2 is a direct consequence of Lemmas II1.1 and II1.2 of [4]
and of Proposition 3.3.

2) Theorem 1.3 is a direct consequence of Lemmas III.1 and II1.2 of [4]
and of Proposition 3.2. =

4. Application of Theorems 1.2 and 1.3. We apply Theorems 1.2
and 1.3 to prove several theorems concerning the compensated compactness
on Hardy spaces.

The following theorem is due to Wu [20].

THEOREM 4.1. Let | be a positive integer, and let 1 < p,p’ < oo and
1/p+1/p" = 1. Then the bilinear form

(4'1) <fg - Z le s le(f)le s le (g),b>

Jiyeegi=1
is bounded on LP(R™) x L¥ (R™) if and only if b € BMO(R™).

Proof. We claim Theorem 4.1 is a special case of Theorem 1.2. In fact,
since >0 RjR; = —I and R} = —R;, if we let

Kj .; =Rj ...R;, and 0 ;&) =i, ...& /€l

then
KJl Ji ( 1)le1 'le’
Z K 5Ky = ( 1)l(_1)l =1,
Ji,--g1=1
and
n ~
Z K;l---lejl---jl =1
Jiy-sg1=1
Thus
n
(4'2) Z le.-.jz (5/‘8) - 9]1]1(1/}(5/\5’))’2 =cin >0,
J1s-g1=1

where 1 : S"~! — §"~! is defined as follows: If [ is odd, we let 1 (z) = —z
for x € S"~'. If | is even, we may choose an orthonormal matrix O such
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that if we let ¢ (x) = Ox for all z € S"~1, then (4.2) holds for some constant
¢i,n > 0. Therefore, by Theorem 1.2,

Z Rj, ... R;([)Rj, ... R, (9) — fyg

isin H! for all f € LP? and g € o (here we consider real-valued L? and H'!
functions). Moreover, the set of such forms is dense in H' and the proof of
Theorem 4.1 is complete. m

Finally, we make the following remarks.

Remark 1. In [4], Coifman, Lions, Meyer and Semmes gave many
examples in PDE related to the theorems of Coifman, Rochberg and Weiss
[5]. We believe that the family of integral operators in Theorems 1.1-1.3
will give some more information on some useful quantities in PDE, harmonic
analysis and operator theory (for examples, see [1], [4], [10], [12] and [20]).

Remark 2. By using a theorem in Section 13 of [8], one can prove a
similar result to Theorem 1.1 for compactness of commutators; we leave it
to the reader.

Remark 3. Theorem 1.1 partially answers the following question: Let
X be a space of homogeneous type. Suppose that Ky, ..., K,, is a family of
singular integral operators which characterize H*(X). Can one prove that
[My, K] is bounded on LP(X) (1 < p < o0) for all 1 < j < m if and only if
b € BMO(X)?

Theorem 1.1 gives an affirmative answer for X = R"™. More detailed
information on families of singular integral operators which characterize

H'(X) can be found in [3].
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