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On the other hand, kot
y—n\1l
o = €2f+ ) (1— - );%e“f,

y=N+1
T
o n+k—1
=N
a
U'ILJ-T = e;+k~1f'_ § —701' qcve f
r=n41

By lemma 2 and the hypothesis Xf < M
Ke*f = Kf < M,

and therefore
n4k—1

1 k—1
Gui—Cof < M E S
r=n-+1
and
. mE k—1
en+k——1f" Ok < JI\Z — < M .
v=n41 v n

Now, if k¥ = [ne]+ 1, where ¢ is an arbitrary positive real number,
then

n n " 1 k—1 [me] ne-t1 1

- < —— = —, = — —_-g—|———~-,

ko [me]l+1 ne £ n n n n
whence

limo,, = s, s—lmef< Me, lLmCf—s< Me.
N—>00 0

Thus —
s—Me < limCf < lim C*f < 8- Me

and the theorem is established.

COROLLARY. If Kf < M for some real M and HmC**'f = s for a =0,
then imf = s.

Proof. From lim@*'f=g¢ follows LmC*'f=s for any integer
k >a. Applying the theorem k-1 times, we obtain lim Cof = lim f = s,
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ON MULTIPLICATIVE SEQUENCES
BY -
Z. CIESIELSKI (POZNAN)
1. Let {z(n)}, n =1, 2, ..., denote a sequence satisfying the follow-
ong conditions:
1°g(n)=1o0r —1 forn=1,2,..,
2° g(nm) = x(n)x(m) for n,m =1,2, ...
P. BErdés has asked (see [1], problem 9): if the limit

exists for every sequence {w(n)} satisfying conditions 1° and 2°
The theorem proved in this section (*) concerns this problem but gives
no final answer.
Now let {p,}, » = 0,1, ..., denote the sequence of all consecutive
prime numbers. Let us write
a, ) a; n)
w=pd
where of”, i=0,...,%,, are non-negative integers and af) > 0.’
We denote by {r,(1)}, » = 0, 1,..., the set of all Rademacher functions
(see e. g. [2], p. 42). Let us put

w(ny 1) = [ ... [y, (0T,

Obviously, for almost all £e{0, 1> conditions 1° and 2° for the sequences
{m(n, 1)}, n=1,2,..., are satisfied.
THEOREM 1. For almost all t<{0,1)

lim z(1,t)+...+z(n, ) _

n—>00 n

0.

(*) (Added in proof.) After having written this note I learned that theorem 1
had been proved in another way by Wintner (see [4], p. 270, corollary).
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Proof. Throughout this proof we assume », < ...
< ty. Lot us remark that

n
1 (1
hl z i
n 2 R
=1

where mS’fﬂ denotes the number of all positive integers less than or
equal to n which are of the form

< s and uy < ...

.
2’ m,(,:‘.)“,,sr,,l ()1 (8),

Dy By

(PP Dy - Doy

here a;, ¢ =1, ..., k, are non-negative integers and 0 < », < ... < v, < I,
k being the number of primes not exceeding n. It is easy to see that (')

O
- Doy Drg

Using the properties of Rademacher functions we obtain

f{ [/E; pvs] )

By v Pyt

[/ Doy p1s] 2 []/pyl-qipvs ]2 []/pﬂl-q-%-:m, ]E’

where the last sum is extended over all pairs of systems (v, ...

L

Ty (t)}4 dt

I

Py 13,, <n

, vs) and

(tryony ,u.,.) such that p, ...p, <n, Puy- Py, <7y and such that » = s,
= p;, 4 =1,...,8 does not hold. Thus
In =0 (’ILZ —1—A§) -+
By n P P)
1 2
+0{(n Y » )1 = 0 (ntlogn).
S PPy
il "8
Finally
’ 1
i Sl
[ v=1

hence, by the theorem of Lévy, theorem 1 follows.

() [*] denotes the integral part of f.

icm®
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2. In this section {z(n)},n = 1,2, ...
satisfying the conditions

1 |g(n)] =1 for n=1,2,...,

2" z(nm) = z(n)z{m

in place of x(n), does not exist.

Now let {@,(#)}, n=0,1,
tions (see [2], p. 134). The nomtlon of section
out. Moreover, we pub

2(n, 1) = [0,(01%"...(0

TunorEM 2. For almost all 1<{0, 1)

Him

n—so0 n

Proof. Let us remark that

n n

4 %

E 2(v, 1) l = ‘_}J
p=1 Apyo=1

Using the properties of Steinhaus functions we obtain (?)

1

) for mym =1,2, ...
It has been shown by A. Wintner (see [3], p.48) that there is
a sequence {z(n)} satisfying 1’ and 2’ for which the limit (%), with z(n)

,’.3,(,:5’ t)+...~tz(fn, )

, will denote a complex sequence

, denote the set of all Steinhaus 'func-
1 will also be used through-

()1,

#(Av, 1)z (pe, 1).

j’z(ﬂ, 12 (v, B)dt = 0,,,-

0

In this way we get

Ty = f|2z(v,t)|“dt =
0

2 674',11@

=1 Aprie=1

Y
d | id
k=1 Ap=1

‘where 7(k) denotes the number of divisors of

7&2
y 51;.,k)2 = U(E TZ(IG))7

fe=1

number k. Since it is known

that, for every e > 0, v(k) = O(k°) we have

Ip = 0(77’2(28+1));

(%) As usual d,, equals 0 for p % » and 1 for p = ».
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hence

1 n?

1 4
JI7 2w
0 =1

For 4¢ < 1 the last estimate implies our theorem.

dt = 0(n*%).

REFERENCES

[1] P. Erd6&s, Some unsolved problems, Michigan Mathematical Journal 4 (1957)
p- 293-294. ’

[2] 8. Kackmarz und H. Steinhaus, Theoric der Orthogonalreihen, \War-
szawa-Lwow 1985,

L4 [3]1 A. Wintner, The theory of measure in arithmetical semi-groups, Ballimore
“ §

[4] ~ Random. factorizations and Riemann’s hypothesis, Duke Mathematicul
Journal 11(1944), p. 267-275.

INSTITUTE OF MATHEMATICS,
A, MICKIEWICZ UNIVERSITY, POZNAN

Legu par la Rédaction le 20. 5. 1959

COLLOQUIUM MATHEMATICUM

VOL VII 1960 ! FASC. 2

SUR UN PROBLEME DE T. WAZEWRSEKI

PAR

7. OPTAL (CRACOVIE)

1. T. Wazewski a posé le probléme suivant (Nouveau Livre Ecossais,
Probléme 29 du 14. XTI. 1946):

Le cercle D est contenw dans un ensemble ouvert 2 dans lequel un
chamyp vectoriel dépendant du temps est défini. Ce champ vectoriel définit
le systéme d'équations différentielles

dos dy
- = P, z,y), - = Qt,x,y)

1)
& seconds membres continus. Le vectewr v(t, z,y) = {P(t,2,9), Q(t, , )}
ne s'annule en aucun point de lo circonférence du cercle D. Lorsque le point
(2, ) parcourt, pour wn t fize, cette circonférence, Vewtrémité du vecteur »
(attaché & Vorigine du systéme des coordonndes) déerit une courbe fermée C,.
Pour tout t, Pindex de cette courbe par rapport au point (0,0) est supposé
différent de zéro.

Dans ces hypothéses, ewiste-t-il au moins une solution du systéme (1)
qui soit située dans le cercle D pour tout 12

Le but de la prégente note est de démontrer que la réponse h cette
question est négative.

2. Le champ vectoriel considéré ne s'annule pas sur la clrconférence
du cercle D; I'index de la courbe C; ne peut donc pas dépendre de t. Pour
démontrer que la réponse & la question envisagée est négative, il suffirait
évidemment de construire un systéme d’équations différentielles (1)
Q’index bien déterminé, par exemple égal & I'unité, de telle maniére que
ses solutions ne jouissent pas de la propriété voulne. Pour k=1, c'est
bien simple. Il suffit par exemple d’envisager le gystéme

dw dy ‘
~d? = —y cost, —d? = g 8int,
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