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A CHARACTERIZATION OF STEP FUNCTIONS

BY

H. PAST anp K. URBANIK (WROCLAW)

To every Lebesgue measurable function f on an interval I assign
a functional az(f), to be called its indew of variability, defined by the for-
mula

or(f) = lim . lim ——‘ @i |flo+ Ry —f(@)] > ehy mel, m+hell],

=0+ RS0+

where |4| denotes the Lebesgue meagure of a set A. It is easy to see that
ar(fi) = az(fy) if f, is equivalent to f, in I, i e. if f; is equal to f, almost
everywhere in I. Moreover, we have the inequality ez, (f) < ar,(f) when
I,CI,.

A funection f defined in an interval I will be called a step fundtion
with m jumps it it has n points of discontinuity only, all of them belonging
to the interior of I, if it is continuous on the right and if it is identically
congtant in every mterval of continuity.

The aim of the present note is to give a characterisation of step
functions by the index of variability. Namely, we shall prove the following

TeROREM. The values of the index of variability are either nom-negative
integers or the infinity. Moreover, az(f) =mn (n=10,1,...) if and only
if f s equivalent to a step function with n jumps.

Before proving the Theorem we shall prove three Lemmas.

LemmA 1. If f is continuous in I amd ar(f) < oo, then it is @ constant
function.

Proof. Let I, be a closed interval contained in the interior of I.
We choose a positive number h, so that @+ hyel, when zel,. Setting

) A(s, h) = |o: [f(@-+h)—Ff(@)| > eh, wel, o+ hel},

(2) B(s, b) = {o: [f(@+h)—F(@)] < eh,vel,o+hel},
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we have for every ¢ > 0 and 0 < h < h, the following inequality:

@t —f@) Wt h)—=fa)]

noo ot 7
A(e,hy B(e,h) v

&) —f:
[ECELE IR o

1
< 5 1 (e, W) max (o h) —F(@)] +e(B (s, B).
xelg

Taking into account the inequality «;(f) < oo, the continuity of f
and the arbitrariness of s, we infer that

®) i [LeEDfel g

Further, for every pair y, <y, (¥, ys¢l,) we have the equality
Fya)—f() =

lim _lyThf dp— ].1 e fa'/"|'h f( )
y (@) o lim ffm)dm hmf =,

A0t

Hence and from (3) it follows that f is constant in I, and, consequently,
in I.

LeMma 2. If f 45 measurable and bounded on I and if a;(f) < oo, then
i 45 equivalent in I to a function of bounded variation.

Proof. We may suppose, without loss of generality, that f i8 periodic
on the line of period |I|. Setting

M= sup @), Ck) = {w:wel, x+hel)

and using notations (1) and (2) we get the inequality

f et —o) 0  fa+D—f@) [ et B=tto, ,
b A(e,l) h
0 Bs,h)
o+ ) —f(a)]
+ [ e < o0 e, by oBsy Wi+2 3 0(h],

cin

whence for & - 0+, h— 0+ we obtain the inequality

. If(@+h)—
" Jim [PEENZION gy <0311 4 ar(f) < oo

©
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It follows from this inequality, in virtue of & modified theorem of Hardy
and Littlewood (see [1]), that fis equivalent in I to a function of bounded
variation. The proof of this modified Theorem is exactly the same ag that
of the original one, given in [2] (p. 106). Namely, from (4) we get

fl% |dw_hm —~—~——]0"(m+h;t—a”(wldm

gum!mth)—"i@-dm n=1,2,..)

A0+ h

where o, (@) is the n-th Fejér mean of the Fourier series of f. Whence,
in view of Theorem 4.325 in [2] (p. 82), follows the Theorem.

LEMMA 3. If a measurable function f has at least n jumps in the
interior of I, then ar(f) = n.
Proof. Let u consider a system of » points of jumps a, < a, <.
. < a, belonging to the interior of I For every ¢ > 0 we choose a po-
smve number h(e) 8o that

Ifla)—fl)l <e for o <z <ay+he),

\flg;o)—fla)l <& for a—hie) <@ <a (§=1,2,..,m).

Consequently for ay—h <z <a; (j=1,2,...,7; 0<<h<h(e))
we have the inequality

f (@) —Fla2)] < If(ay)—fle+ 1)+ If (@+ B)— fla) +

+ | flas-)—F(@)| < 2e+1f(@+h)—fl@)].

Hence, when 0 < ¢ < ymin|f(a;,)—f(a;..)| and 0 <k < min(1, h(e)),
1<i<n

we get the inequality

' f @+ h)—f(x)
for oy—h<az<a (j=1 2, n). In other words, all the intervals
G—h<z<a (j=1,2,.., n) are contained in the set 4 (e, k) defined
by formula (1). For suffmlently small b the intervals a;—h < o < a;
(j =1,2,...,n) are disjoint, which implies the inequality |4 (e, k)|
= nh. Consequently

| > eh

ar(f) = lim lim —|A(s B)| =
>0+ A0+

The Lemma is thus proved.
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.Proof of the Theorem. Let us assume that a7 (f) << co. For every
positive integer N we set

Slz) it |f(z) <N,
fulz) =1 N if  f(z) >N,
N it f(a) < —N.

. Obviously, a7(fy) < a7(f). Further, by Lemma 2, fv is equivalent
in I to a function fx of bounded variation. Moreover, we may suppose
thg,t [ i8 continuous on the right. By Lemma 3, fx has at most [ar ()]
points of jumps, in the interior of I. By Lemma 1, fy is identically con-
stant in every interval of continuity. Hence it follows that v (V=
= 1,2,...) are equivalent in I to step functions with at most Lar ()]
Jumps. Thus f is equivalent in I to a step function. Tt is easy to verify
?hat for a step function its index of variability is equal to the number of
jumps. Henee directly follows the assertion of our Theorem.
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SUR LES THEOREMES DE J. MYCIELSKI ET W. GUSTIN
CONCERNANT LES DECOMPOSITIONS DE I’INTERVALLE
PAR

A. ¢SASZAR (BUDAPEST) Br 8. MARCUS (BUCAREST)

Dans un travail récent J. Mycielski a démontré le théoréme sui-
vant [2]:

Pour tout nombre transfini m, inférieur ou égal & la puissance du
continu, chacun des intervalles (0,1),<0,1),<0,1> est une réunion
de m ensembles disjoints, superposables deux & deux par translation.

En ce qui concerne l'intervalle <0, 1), il est évident que le théoréme
de J. Mycielski reste valable aussi dans le cas olt m est un nombre entier
positif. Ce n’est pas le cas pour les intervalles (0, 1) et (0, 1), comme il
résulte du théoréme suivant, établi par W. Gustin [1]:

Pour tout nombre entier n > 1, aucun des intervalles (0, 1) et <0, 1)
ne peut &tre décomposé en n ensembles disjoints superposables par trans-
lation ou par rotation. :

La démonstration de ce théoréme donnée par W. Gustin est assez
compliquée et occupe dix pages (d’ailleurs on y démontre un résultat
plus général). Tl ne sera peut &tre pas dépourvu d’intérét de montrer
que le théoréme de W. Gustin admet une démonstration simple et directe,
dés quon supprime dans 1’énoncé les derniers trois mots: ,,ou par rota-
tion’”. On obtiendra ainsi une démonstration rapide du fait que dans le
théoréme de J. Mycielski on ne peut pas remplacer m par un enfier
supérieur a 1.

TutorEME. Il n'exviste aucune décomposition de Vintervalle (0, 1)
ou <0,1> en n > 1 ensembles disjoints, superposables, deux & deuw, par

translation.
n

Démonstration. Soit I = (0,1) ou 0,1, I = B;, B;~nE;j= 0

1
(¢ #4) Bit ay = By
Le nombre des composantes des F; est fini. Bn effet, si ce nombre
était infini, il existerait dans <0,1) un point dont chaque voisinage
rencontre une infinité de ces composantes. L’ensemble des points de ce
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