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Let @ Dbe a locally compact Abelian topological group and leb @ be
its character group. By LG we shall denote the space of all measurable
and square integrable with respect to the Haar measure of @ complex-
valued functions. We set for every integrable function f belonging to
LG

F) = [f@)z@mda) (xed),
G

where m denotes the Haar measure of G- For a suitably normalized Haar

measure m the mapping f— f has a unique extension to a unitary mapping
of the whole of .22(®) onto the whole of £22(&), which will be called the
Fourier-Plancherel transformation (see [2], p. 145). In the sequelf will
denote the Fourier-Plancherel transform of a function f belonging to
L2,

Let C be a compact subset of @. By F(0) we denote the space of all
functions belonging to £22(G) whose Fourier-Plancherel transform va-
nishes off ' almost everywhere with respect to the Haar measure of G
It is evident that F(C) is a closed subspace of £%(@). Moreover, every
function fe7(C) is equivalent to a continuous function. This follows

from the continuity of the inverse transform af ]:(X) 7(®)p(dr) where u

is the suitably normalized Haar measure of G. Therefore F(C) will be
regarded as a space of continuous functions.

Let us introduce the following property:

(H) For every compact CC & there ewists a finitely generated algebraic
subgroup D of G such that every function belonging to F(C) is unsquely
determined by its values on D.

The additive group R of all real numbers with its natural topology
has property (H). In fact, every function f whose Fourier-Plancherel
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transform vanighes off an interval — ¢ << # < a can be represented by an
orthogonal expansion

_ w [ n _ sin(ag—nm)
flam) = Z (T) aw—nw

n=—co

whence it follows that f is determined by its values on the cyclic group
nwle (n=0, 41, £+2,...). :

In the present note we shall prove the following theorem, which is
an answer to a problem raised by S. Hartman: ‘
THEOREM. A locally compact Abeli 8 €O g
o and oty o & B p%peﬂyp(ﬁ)- an group 18 compactly generated

Before proving the theorem we shall prove a lemma.

' LeMMA. Let Gy and @, be two locally compact Abelian groups. If the
direct sum @ X G, has property (H), then the summands G, and a, have the
same one. '

Proof. Obviously, to prove our lemma is.sufficient to show that
G, has property (H). Let us assume that ¢, and 0, are compact subsets
of G, and @, respectively and,-moreover, Int ¢, # 0. From the compactnes;
of C0;xC, and property (H) of &, x &, follows the existence of a finitely
lgene.ra;ted algebraic su.bgroup D of @,X@, such that every function be-
onging to F(C,x ;) is uniquely determined by its values on D. Further
fronl the relation IntC, £ 0 it follows that there is a function g belonginl,
to 7(C,) and being not identically zero. Let p be the projection of ;X G’g
iotnizo G, and let fi, f, be functions belonging to F(C,), satistying the etlual?
) }E<mf1(z)>;—_—f_‘z(m) for any wmep(D). Setting h,((w,, 2,)) = Ja(®a) g(w,),
ha (@1, 20)) = fz(%)g(fﬂz) ((ml,‘wzﬁGlez), we obtain functions belong-
ing to f(O_lx 02.) which are identical on .D. Thus, by property (H), »
:1111;1 eh2 a.r]jtldenmca,l on Gy x@,. Since ¢-is not identically zero, we h’a.ve1
e quality ]21‘(50) = fz(m). for any @e@,. Consequently, every function
onging to F(0,) is uniquely determined by its values on » (D). Pro-
perty (H) for the group @, is thus proved. pLo) e
Abelirﬂo Ofoﬁf glhe _theorem. The sufficiency. Let G be a locally compaet
o group having prpperty (H.). According to a well-known theorem
na,(f gro:p a de001n£0ses into the direct sum @ = R™ x G, of an n-dimensio-
thabvzieorqi%?fntlﬂ gra(,;dl.) agg/r((;up G’&,j having a compact subgroup G, such
Go/6, 15 discrete (see [3], § 29). Obviously, %
f]igv; (::l};;t ;htias group @ is com.pactly generated, it suffic)es to showyéh:bz
o of the same kind.
djméf}; utr};inlenjima,, the group @, also has property (H). Since G, has no
ands of the form R™ (m 3 1), the chdracter group @, does
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not contain direct summands of this form. There is then a compact sub-
group C, of @, such that the quotient group G,/0, is discrete. Let 4 be the
annihilator for the group C, in the group Gy, i. e. the set of all elements
ze@, satisfying the equality y(x) = 1 for every 1€ 0y, It is well known
that ¢, and G,/C, are character groups of the groups G,/A and A respecti-
vely. Since C, is compact, the quotient group G,/A is discrete. Thus A
is an open subgroup of &;. Furthermore, since Gy/0, is discrete, the group
A is compact.

Tet o be the class of all complex-valued functions defined on G,
which are constant on cosets of the subgroup 4 and vanish off a finite
number of cosets. It is evident that o C .L%*(G,). Moreover, if a function f
belonging to ¢ assumes values 2y, 2s, oy 2, 'on disjoint cosets #,4, x4,

..., & A respectively and vanishes off |J #; 4, then its Fourier-Plancherel
j=1

transform is given by the formula

k o k o .
W fw=Y [f@remam = 3@ [ z@)md),

F=1 sz A

where m is the suitably normalized Haar measure of Gy.
If y¢0,, then it is not identically 1 on 4 and, consequently, f % (w)m (dx)
A

= 0 (see [3], § 20). Hence and from (1) it follows that the Fourier-Plan-
cherel transforms of all functions belonging to d vanish off C,. Since A
is an open subgroup of Gy, all functions belonging to ¢ are continuous.
Thus § C F(C,). By the compactness of Cq and property (H) of &, there
is a finitely generated algebraic subgroup D of @, such that every function
belonging to 5 is uniquely determined by its values on D. But this is
possible if and only if the discrete group G/ A is finitely generated. Hence,
taking into account the compactness of A, we infer that the group G
is compactly generated. The sufficiency of our condition is thus proved.

The necessity. Every compactly generated Abelian group G decompo-

ses into the direct sum

G = BXR*x 4™,

where B is a compact group, B" is an n-dimensional vector group and A™
is the direct sum of m discrete additive groups of all integers (see [31,
§ 29). Hence we get the following decomposition of the character group:

G = BxR"xT™,

where T™ is an m-dimensional toroidal group.
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To prove property (H) for all compacts ¢ C @ it suffices to prove
(H) for all compacts ¢ of the form

0 =ExIxT",

where F is a finite subset of B and I is an interval in R" of the form
k)
I'= () {<ty tyy -y bl < [L}
=1

It is clear that the characters

»

exp (i.;ft,k) G=1,2,...,m; k=0, 1, +£2,...)

of R" separate points of I. Further, there is a finite system of characters

of B, i. e. elements of B which separates points of ¥. Finally, the character
group of T™, i.e. A™, is finitely generated. Hence it follows that there
is a finitely generated algebraic subgroup D, of ¢ which separates points
of the set €. From the Stone-Weierstrass Theorem ([2], p-9) it follows
that every continuous function on ¢ can be uniformly approximated on ¢
by {finite linear combinations of elements belonging to D, considered ag
funetions on €. Let &(€) be the image of 7 (C) under the Fourier-Plan-
cherel transformation. Every function belonging to % (0) can be appro-
ximated in £2(@)-norm by continuous functions vanishing off C (see
[1], §55). Consequently, every function g belonging to % (C) is uniquely
determined by inner products

(2) Jowawp@y (veD).
¢
By the continuity of fe F(C) we have the equality
1@) = [f)aw)may).
C

Therefore by (2) it follows that the Fourier-Plancherel transform. of f
and, consequently, the function f itself is uniquely determined by the
values f(y) (yeD). The theorem is thug proved.
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A LIMIT THEOREM FOR RANDOM VARIABLES
IN COMPACT TOPOLOGICAL GROUPS

BY
M. ULLRICH (PRAGUE) 4xp K. URBANIK (WROCLAW)

1. Let @ be a compact (not necessarily Abelian) topological group.
A regular completely additive measure u defined on the class of.a,ll Borel
subsets of @, with x(@) = 1, will be called a probability distribution. A se-
quenice of probability distributions uy, ps, ... i8 shid to be weakly conver-
gent to a probability distribution p if

im [ f(g)un(dg) = [ f(9)u(dg)
N—00 ¢ Q
fbr any complex-valued continuous function f defined on G. .
A G-valued random variable is called symmetric it its probability
distribution wx is invariant under the transformation g— g7 ie if u(B)
= u{E"Y) for each Borel subset B C G, where B™' = {g': g B}.
Let X,, X,,... be a sequence of independent G-valued random va-

riables with probability distributions u,, pg, ... Put
Y, =X, X,...0. X, (n=1,2,..),

~where the product is taken in the sense of group multiplication ip G.
It is well known that the probability distribution », of the random variable
Y, is given by the formula

Yy = gk kg, (o= 1,2,..),
where the convolution = is defined by
v A(E) = [ v(By™)A(dg) (*).
&

The limiting distribution of the sequence ¥,, ¥,, ... is the weak limit
of the probability distributions »,, v,,....

() Bg~' = {hg™': heB}.


GUEST




