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ON A PROBLEM OF 8. HARTMAN ABOUT NORMAL FORMS

BY
VERA T. SOS (BUDAPEST)

With the usual notation let z, y be integers and
min jga— f—y| = Jwa— Bl
v

A pair of numbers (a, f) is called normal, positively normal and ne-
gatively mormal if the inequality

(1) Jla— Bl < 1/t

is soluble for any t > , with |o| < ¢, 0 <& < ctand —ct < < 0 respec-
tively, where %, ¢ depend only on § and a

8. Hartman [2] raised the question, whether or not a normal pair
is necessarily positively or negatively normal. In this note we shall give
a negative answer to this question constructing a normal pair (e, f) which
is neither positively nor negatively normal. Before the proof we remark
the following:

1. Suppose that 0 < a < 1, « is Drational,

1 1 1
- agt ... apt... ]

o =

o (k=1,2,...) are positive integers,

po=—1, =0, p. =0, ¢ =1,
PRINTED IN POLAND

Pr 1 1
Pe = (k=2,3,..)
Qx Uyt . Oy
det
the convergents of a, and dy £ gra—pi () (d = —1). Then we have
W R
0O0RAWSEKAL DRUEKARNIA NAUKOWA4 (*) The sequence d has alternative signs for & = 1,2, ... and |dg| is monotonie-

ally decreasing.
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the well-known recursive formulas

(2) Qpr1 = O Qe+ Qo1 (k=1,2,...),
(3) Q1 = byt ey (B=1,2,...)
We note the identity
) 1= dit D ol
Bl

a8 a consequence of (2) and (3), and

(h=1,2,...).

1
(8) < |l g < —
Ay

(lqa'l*l

In [1] and [3] it is proved that for any 0 < f < 1 with the dy’s de-

fined above, it is possible to determine uniquely a sequence b of non-

negative integers — which we call throughout this note digits of § according
to a —with the following properties:

(a) B=Dbd,;
pwal
(b) 1<bh, <ay+1L, 0<b<a (»=2,3...);
(e) if £ is defined by
min [lga— Bl = [|§a— Bl
o<zt

then with suitable I, r
(6) E=bigut...thag,+ry
As in [3], (2.13), it is easy to see that

(0\<\’V'<bz)

) lga— Bl = prdat-...+bua oy +rdy— D0,

ve=1

= (t—nat Y ba,

»2TH1

According to (b) and footnote (*) we have, using (6),

Db,
v=l
Therefore we get from (7)
(8) (h—r—1) | < ||fa— Bl < (by—7r+1)|dy

00
< Zat-my |d1+2v| = |dy_q].
»=0

icm
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and in the case » = b;—1, when a;,; > by,

léa— Bl = (dl'l‘ Z b,d, = id1+2"“l+1dl+1‘|‘bl+1dl+1+ vadv

?

v=I+1 r=I+2
and consequently, since dj,, and —d;,, have the same sign,
(9) (@111 —br ) G| < 18— Bl < (G4 — brpa+2) [y

As to the uniqueness of the representation (a) we remark that if

(10) 0<bp<ar, O<b<ay,
and o o0

y =D bd, = Y54,
then »=1 r=1
(11) b, =b" (v=1,2,..).

Namely, if there exists an index I — and we take without loss of
generality the first one for which b 7 bf — then we consider
b,d, = >'bid,.
v=[

t

y =

N

I

2

According to footnote (%)
(=1 D103, = b |l — D Wi sl + ) Blian s, |
ve=] v=0 =1
S bl — D+ Do

(=1 Dby, = bl — D) brsssialiparial + ) brias|dryai]

=] vs=0 v=1

Z bt~ D)+ D,
From (3) and (10)

Y
o< U< Ial,  0< DY <ldl,
and consequently
(12) O =)&) < (=1 < 0 |dh]+ |dr].-
Similarly, taking into acecount that 0 < b, < a, and using (3), we get
il < D) < |l —1dal,  0< >, < ldigls
and consequently

(13) (br—1) [d] + |y a| < (=19 < byldy.
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Since b; and bi are integers, (12) and (13) cannot be satisfied simﬁl-
taneously, which means that (11) holds.

2. According to our remark in 1, we show that if a ig the number
defined by

(14) @ = k*
and f# is the number for which
b, =1,
(15) P TS A
B —k i k=2v+1,

then the pair «, § is normal, but neither positively nor negatively normal.
From (4) and (a)

B =1—f=(0+1—b)dit D (=)
k=2

As we proved in 1, from (15) it follows that the digits of ' aceording
to « are uniquely determined by (16) and

b; = (ay-+1—1by),
bp = ap—by = k' —% if
b;c = a}c-—bk =k if

Let

(16)

k=2,
b= 2v4-1.

o0 Zbogetootboge, o = bygit... - by g
For any ¢; <t we determine the index &k by
Opy < T < Cp.

At first we prove that the pair (a, ) defined by (14) and (15) is nor-
mal. For the proof we distinguish three cases.

Oape a. If & = 2», then from (8) with » =0, I =F,
llex—ra— Bll < (k1) jdsl -
According to (2) and (14)
A7) <t b < it G G Fge < (B 2) g
Hence by (5) we get for & > 3

2 1
flex—1a— BIl < T <7

i.e. @ = 0., 18 a solution of inequality (1).
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Case b. If & = 2v+1 and
opoy <t < (h+2) gk,
)

then, just as before, we get by (9) with I = k-1
E+1 1 1
ep—1— 1) a— BIl < (@—bp-+1) |dg] = (B+1)|di| < o <7
i.e. @ = ¢y_y— qx_, 18 a solution of inequality (1).

Case ¢. It & = 2»+1 and

then, similarly to (17),

o < (k++2)qr < t < e < (B*—F+2) .
Using (8) with » = 0 and with I = k41, we get

’ ’ 1 1
lera— Bl < (b1 +1) 1drpal < G |Bpga] < |dif < o < 77

i.e. # = ¢ is a solution of
) 1
llwa—(1—B)|| = [l—wa— Bl < 5

i.e. in this case (1) has a solution with & = —¢.

Now we show that our pair «, # defined in (14) and (15) is neither
positively nor negatively normal. In order to show the first part, it is
sufficient to give to an arbitrary prescribed ¢ a sequence #,—+ oo, 80 that
(1) has no solution with 0 <o <et, for » =1,2,...

In order to prove it, let & = 2v+1, ¥, = ¢+ 2k°¢q; and

min [za— Bl = & a— Bl
o<zt

From (8) and (9) it follows that for all & = b, g, +...+biaqia+ 74
with I < k—1 or with I = k—1 and » < by_,—1 we have

Héa— Bl > |de—i!,
whence, by (5) and the definition of i, we conclude
ea— Bl > 1/t,.

On the other hand, we have for k large enough the inequality
&, < ct, < ¢;. Thus (6) shows that it remaing to examine as values of &,
only the numbers

s

=

E o=bigit D1 Gos T
with 0 <7 < 2k%c, and

&' = bygyte ot Dpar—st (b1 —1) Q1.
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Using () and (8) we get for & large enough
B =3ke—1 1 1
(B*+1) gn

and, similarly, using (8) for k large enough

I€'a—B > (br—r—1)lde| >

r k b ——
1= 81 > (@ be) ol > s > s >

i.e. for t, = ¢+ 2k qu, k = 2v-+1, » > v, the inequality
lwa— Bl < 1ft

hag no solution with 0 < » < ¢f.

In an analogous way it is possible to show that for ¢ = ¢;,_, -+ 2k gy,
k = 2v, v > %, inequality (1) has no solution with —¢f < # < 0, which
completes the proof.
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EMARKS ON 4 CONCJECTURE OF HANANI IN ADDITIVE
NUMBER THEORY
BY
W. NARKIEWICZ (WROCLAW)

In his paper [1] P. Erdds mentions the following conjecture due
to H. Hanani:
(Hy) If A{w) = X1 and B(w) = 3 1, where {ay} and {b,} are both
ap<z bp<x
infinite sequences of increasing integers, amd if every sufficiently great
integer can be represented in the form a;+b;, then
=— A (2)B(a)

im ———— > 1.
T—>00 @x

This conjecture can be stated in the following equivalent form:
(Hy) If by f(n) we dénote the number of representations of the imteger
n in the form a;+b;, f(n) =1 for n =n,, and

— A(®)B
i A@B@ _
00 &
then one of the sequences {ax}, {by) must be finite.
It seems very probable that the following stronger conjecture holds:
(Hy) If f(n) =k for n = n,, and
— A(2)B
mA@BE _
Zr00 Z

then one of the sequences {ax}, {by} must be finite.

The purpose of this paper is to prove the following theorem associa-
ted with the conjecture (H,):
THEOREM. If f(n) >k for almost all integers, and
) — A(z)B
i A@B@ _

2300 @
then:
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