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ou bien par la condition:
6H=4 ou H-3=0

ot H est la fonction de Heaviside.
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ON ABSOLUTE CONVERGENCE OF HAAR SERIES
BY

Z. CIESIELSKI axp J. MUSIELAK (POZNAN)
1. Let x®(#) denote the Haar functions defined as follows

Wy =1 for 0<Kigl

and
— 2k—2 2k—1
Y2"  for o <t < e
2P0y = _ 2k—1 2k

for —2,?14' <t < En—-)-—l’
0 elsewhere in <0, 1)
forn =0,1,...;6=1,2,...,2" Let 4{’(¢) = 1, (¢) and yP(1) = Zan 1 (1)

forn =0,1,...;k=1,2,...,2" and 0 <t < 1. Moreover, let @, denote
the Fourier coefficients of an integrable function f(#), i e.

an = [1(0) za(t)dt.

The problem of convergence of the series

) Dlanza(®)
=l

and

@) D) law)

will be considered. We obtain theorems analogous to those given by
Bernstein and Zygmund for trigonometrical series. Questions concer-
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ning the divergence of series (2) and, more generally, of series (5) with
B = 0, were considered by Orlicz (%).
2. First, let us remark that

o) = 327" f {f2~" M (2h—2)27 " =27 A (25 —1) 27 )}

[]

for n=0,1,...; k=1,2,...,2"% where a{’ = ayn,;. We shall write
o(h) = sap [f@E+0)—10)
Bl<ct<1 18]

18]<h

and
1
wp(h) = sup| [ 172+ 0)—F(t)" a]'",
181<h T

wherein ¢ > 1 and f({) = 0 for #¢{0,1).

3. TemorEM 1. If f =0, y, 1> 0 and if the funciion f(1) satisfies

the (A'Oﬂ«d’ét?:on
n

(3) Zm < o0,
then the series
D0 (" (9)
=1

is umiformly convergent in {0, 1).
To prove this theorem, we choose for a given # a positive integer
k, such that (k,—1)/2" <t < k,/2". Then,

Z’” IR PRUIE 5’(2“4 T lan 7 S0 ()1

n=2 n=0
o

€ 9F7 ) griPrGenm gy (gn
< Z} (2™
and (3) imply theorem 1.
Theorem 1 jmplies the following
COROLLARY. If f(t) satisfies the Holder condition with an éxponent
" a0 in 0,1, then the series (1) comverges uniformly in <0, 1.

(*) W. Orlicz, Zur Theorie der Orthogonalreihen, Bulletin de 1'Académie Polo-
naise des Sciences 1927, p. 81-115, especially p. 105.
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It we assume that f(¢) is only continuous in {0, 1>, then the statement
in corollary 1 is mot true (cf. (1), theorem 3, p. 99).

THEOREM 2. Given B >0 and v > 0, let us assume the function f(ax)
to satisfy the condition

(4)

where p = max(y,1). Then the series

o0

Zvnﬁ[a,ni” .

fA=1

(8)

8 convergent.
Proof. It is easily verified that
(2k-1)2n+1
—Vor [fle+2

(2k—2)j2n+1

a® =

T —f)1a

forn=0,1,...; k=1,2,...,2" Let y > 1. Since

2 a,(k) Y < 21~y on(l—y/2) w'y( ),

we have
0 oo 2
Dt = 3 3 (2 0P ey
n=2 n=0 k=1

o0
< Ql+B—y 2 on{1+6-7[2) (05(2.,7,) .

=0

Thig together with (4) imply the convergence of series (5). If 0 < y <1,

then
2m
k; - —
Z (a2t 7’”::0}'(2 ™,
k=1
hence
00 00 '
B B
D, lanl? < 9P 3 gn0ss= g (.
n=2 N=0

] (l?)r (4) and by the last inequality we obtain the convergence of ge-
ries (5). C
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Theorem 2 implies

COROLLARY 2. If f(t) satisfies the Holder condition with an emponent
a>1/2 in 0,1, then the series (2) is convergent.

Tt can be easily seen that the uniform convergence of the series (1)
does not imply the convergence of series (2) and conversely. We do not
kmow whether the convergence of (2) implies the uniform convergence
of (1), a, being the coefficients of a continuous function (P 279).

‘We shall now apply the notion of the p-th variation of a function
f(t) as defined by the formula

= [sup Z If () —

1=1

flti-n)l” /g
where I7 is an arbitrary partition 0 =4, <t < = 1 of the inter-
val <0,1).
TrrEoREM 3. If Vy(f)
<p <2, and if

L <ty

< oo for a function f(I) and for a Mumber

wl—p/z(_l_) < oo,
n

oo
2
n
n=1
then series (2) is comvergent.

Proof. Since
1

|t < 27 2at @) [If[27M M (20— 2)27 ] -
[}

—f2 " M (2K —1) 27 P,
we have

Z'“"”' 2, o) oo
on

e [[{Y e k-2

k=1

<o
~_f[Z_”’lt—}-(2k—1)2"""1]1p}(lt]1/2
SV (N H(ET;
hence the series (2) is majorized by
) o
SV D) @t e,

n=0

which proves our theorem.
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COROLLARY 3. If f(f) satisfies the Holder condition with an exponeni
a >0, and if V,(f) < co for a number 1L < p < 2, then series (2) 8 com-
vergent.

Theorem 3 may also be extended to the case of series (5).

4. Let 7,(f) denote the n-th Rademacher function, 1. e. (i) =
= sgnsin2®nt for n = 1, 2, ... and for 0 <t < 1. By the method similar
to that used above we establish the two following theorems:

TasorEM 4. If y > 0 and if

then

THEOREM 5. If the ]‘unction F(2) is of bounded p-th variation in {0,1>

for a p >
Here,

=1, then “the series Z[anly is convergent for every y > 0.

ap = ff )ra (1) dt.
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