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MULTIPLIER THEOREM
ON GENERALIZED HEISENBERG GROUPS II

BY

WALDEMAR H E B I S C H AND JACEK Z I E N K I E W I C Z (WROC LAW)

We prove that on a product of generalized Heisenberg groups, a Hörman-
der type multiplier theorem for Rockland operators is true with the critical
index n/2 + ε, ε > 0, where n is the euclidean (topological) dimension of
the group.

1. Introduction. Let L be a positive Rockland operator on a homo-
geneous group G (cf. [4]) and let d be the homogeneous degree of L (cf.
Section 2). Let

Lf =
∞∫

0

λ dE(λ)f

be its spectral resolution (on L2(G)), and for m ∈ L∞(R+) let

m(L)f =
∞∫

0

m(λ) dE(λ)f.

Conditions on the function m which guarantee boundedness of m(L) on
Lp(G), 1 < p < ∞, have a long history. In 1960 L. Hörmander proved that
if G is abelian and if for a nonzero φ ∈ C∞

c (R+),

sup
t>0

‖φm(t·)‖H(s) < ∞

for an s greater than half the (topological) dimension of G, then m(L) is of
weak type 1-1 and bounded on Lp, 1 < p < ∞.

For sublaplaceans on general stratified groups M. Christ [1] and G. Mau-
ceri and S. Meda [15] showed that the Hörmander theorem holds if the topo-
logical dimension is replaced by the homogeneous dimension. Recently D.
Müller and E. M. Stein [16] showed that if L is the canonical sublaplacean
and G is a cartesian product of copies of Heisenberg groups and abelian
groups then, in fact, in the Hörmander theorem s greater than half the
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topological dimension suffices. A bit earlier J. Randall [17] obtained esti-
mates for the heat kernel on generalized Heisenberg groups which imply a
multiplier theorem with s greater than half the euclidean dimension plus a
constant, so if the dimension of the center is large this is less than half the
homogeneous dimension.

The present paper should be considered a companion paper to [9]. We
extend the result of [9] to Rockland operators and the proof is somewhat
simpler.

2. Preliminaries. Let G be a graded nilpotent Lie algebra, that is,

G =
⊕
α≥1

Vα,

and [Vα, Vβ ] ⊂ Vα+β for all α, β ≥ 1. We assume that V1 6= {0}.
A dilation structure on a graded Lie algebra G is a one-parameter group

{δt}t>0 of automorphisms of G determined by

δtX = tαX for X ∈ Vα.

If we consider G as a nilpotent Lie group with multiplication given by the
Campbell–Hausdorff formula

xy = x + y +
1
2
[x, y] + . . . ,

then {δt}t>0 forms a group of automorphisms of the group G, and the
nilpotent Lie group G equipped with the dilations {δt}t>0 is said to be a
graded homogeneous group.

The homogeneous dimension of G is the number Q determined by∫
G

f(δtx) dx = t−Q
∫
G

f(x) dx,

where dx is a Haar measure on G. It is evident that

Q =
∑
α

α dim Vα.

We fix a basis ek in G consisting of homogeneous vectors, that is,

δtek = tαkek.

Then we define right-invariant vector fields Xk by

Xkf(x) =
d

dt

∣∣∣∣
t=0

f(exp(tek)x).

If I = (i1, . . . , idim(G)) is a multi-index, then we put

XI = Xi1
1 . . . X

idim(G)

dim(G) .
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The number |I| =
∑dim(G)

k=1 αkik is called the homogeneous length of I and
determines the homogeneous degree of the operator XI .

Given a unitary representation % of G and a right-invariant differential
operator L on G we define the image %(L) of L under % by the formula

(%(L)f, g) = L(φf,g)(e), where φf,g(x) = (%(x)f, g).

Then %(L) is well defined for f ∈ C∞(%).
A right-invariant differential operator L on G is called a Rockland oper-

ator if L is homogeneous of some degree d > 0, that is,

L(f ◦ δt) = td(Lf) ◦ δt for f ∈ C∞(G),

and for every nontrivial irreducible unitary representation π of G the oper-
ator π(L) is injective on C∞ vectors.

The operator L satisfies the following subelliptic estimates proved by
B. Helffer and J. Nourrigat [11]: for every multi-index I there is a constant
C such that

‖XIf‖L2(G) ≤ C‖L|I|/df‖L2(G), f ∈ C∞
c (G).

The estimate above remains true in any (unitary) representation of G.
For a positive-definite Rockland operator L, Theorem (4.25) of [4] as-

serts that the closure −L of the essentially selfadjoint operator −L is the
infinitesimal generator of a semigroup of linear operators on L2(G) which
has the form

Ttf = pt ∗ f, t > 0,

where the pt belong to the Schwartz space S(G).
We fix a homogeneous norm on G, that is, a continuous, nonnegative,

symmetric function x 7→ |x| smooth away from 0 which vanishes only for
x = 0, and satisfies |δtx| = t|x|. Henceforth we will assume that our homo-
geneous norm is subadditive, that is, |xy| ≤ |x|+ |y| (cf. e.g. [10]).

We have
Lf = D ∗ f

where D is a distribution on G. We write

Rf = f ∗D and A =
1
2
(R + L).

The one-parameter semigroups generated by −L and −R are given by

e−tLf = pt ∗ f and e−tRf = f ∗ pt.

In other words, e−tLδ0 = e−tRδ0 and, since L and R commute,

e−tAδ0 = e−tL/2e−tR/2δ0 = e−tLδ0.

Let χ(x) = x−1 and LTf = (L(f ◦ χ)) ◦ χ. We put

G̃ = G×G, Ãf(x1, x2) =
1
2
((Lf(·, x2))(x1) + (LTf(x1, ·))(x2)).
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It is easy to see that if L is a Rockland operator on G, then Ã is a Rockland
operator on G̃. We define the action of G̃ on G by

(x1, x2)g = x1gx−1
2 .

Then A is the image of Ã under this action. Let X̌j be the left invariant
vector field such that X̌j(e) = Xj(e). By the Helffer–Nourrigat theorem, we
get the following subelliptic inequalities for A:

‖XI1X̌I2f‖L2(G) ≤ CI1,I2‖A(|I1|+|I2|)/df‖L2(G) for f ∈ C∞
c (G).

We say that a step two nilpotent Lie algebra G is a generalized Heisen-
berg Lie algebra if there is a scalar product 〈·, ·〉 on G and an orthogonal
decomposition

G = W ⊕ [G, G]
such that for each x ∈ W of length 1 the mapping ad∗x is an isometry from
[G, G]∗ into W ∗. We call W the generating subspace of G. We identify
Lie algebras with Lie groups (using the exponential map), and we say that
G is a generalized Heisenberg group if, as a Lie algebra, it is a generalized
Heisenberg Lie algebra. With this identification 0 is the neutral element in
our groups.

As a matter of fact, we use only two properties of a generalized Heisen-
berg group, one that the dimension of its center is at most half the topolog-
ical dimension of G, second that∑

〈s, [x, ei]〉2 ≥ c|s|2|πW (x)|2,

where πW is the projection on W , and s ∈ [G, G]∗. In fact, the inequality
above becomes an equality if the norms are chosen properly.

In the sequel we assume that G =
∏

Gi, each Gi being a generalized
Heisenberg group with the generating subspace Wi. Let |x|i be the length
of x in Wi (we fix a scalar product). We write W =

⊕
Wi. We may consider

G as the direct sum of Wi and [Gi, Gi], so the projection πi : G → Wi is
well defined. Put

wi(x) = |πi(x)|i.
G also has a natural structure of a homogeneous group: elements in W are
of degree 1 and elements in [G, G] are of degree 2.

3. Results

(3.1) Theorem. If G is a product of generalized Heisenberg groups,
L a positive-definite Rockland operator on G, n = dim(G), s > n/2, φ ∈
C∞

c (R+), φ 6= 0, and
sup
t>0

‖φm(t)‖H(s) < ∞

then m(L) is of weak type 1-1 and bounded on Lp, 1 < p < ∞.
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(3.2) Theorem. For every 0 < αi < dim([Gi, Gi]) there exists C such
that if f ∈ C∞

c (R+) and supp f ⊂ [1/2, 2], then∫ ∏
wαi

i |f(L)|2(x) dx ≤ C‖f‖2
L2 .

R e m a r k. From [12] and [14] we know that f(L) is a well-defined rapidly
decaying (Schwartz class) function, so all we have to do is to get the estimate.

First note that since e−tAδ0 = e−tLδ0, also f(L) = f(L)δ0 = f(A)δ0, so
we may replace L by A.

Let π̃ be the representation of G̃ on L2(G) corresponding to the action
of G̃ on G. Of course, for any x ∈ G̃ central translations on G commute
with π̃(x). Hence spectral decomposition of translations from [G, G] (given
by the Fourier transform on [G, G]) also decomposes π̃. By the Plancherel
formula on [G, G], we have∫

G

w2|f(L)|2(x) dx = C
∫

[G,G]∗

‖wf(As)δ0‖2
L2(W ) ds,

where As is the Fourier transform of A in [G, G] directions (note that coef-
ficients of A are independent of the central coordinates).

(3.3) Lemma. There exists C such that for all s ∈ [G, G]∗ and all
f ∈ C∞

c (R+) with supp f ⊂ [1/2, 2] we have
2∫

1

‖f(Ats)δ0‖2
L2(W ) dt ≤ C‖f‖2

L2(W ).

We define Dt, for t > 0, by

(Dtφ)(x) = t− dim(W )φ(t−1x) for φ ∈ L1(W )

and extend it by continuity to measures. One easily checks that

Dt−1/2(f(Ats)δ0) = f(Dt−1/2AsDt1/2)Dt−1/2δ0 = f(tAs)δ0.

We have ‖Dtφ‖L2(W ) = t− dim(W )/2‖φ‖L2(W ), so

2∫
1

‖f(Ats)δ0‖2
L2(W ) dt ≤

2∫
1

‖Dt−1/2(f(Ats)δ0)‖2
L2(W ) dt

=
2∫

1

‖f(tAs)δ0‖2
L2(W ) dt.

For Es(λ) being the spectral measure of As we write dµ(λ)=d(Es(λ)e−Asδ0,
e−Asδ0). Note that

‖e−Asδ0‖L2(W ) ≤ ‖e−As‖L1(W ),L2(W ) = ‖e−As‖L2(W ),L∞(W ) ≤ C.
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The last inequality follows from a subelliptic estimate (uniform in s) and
the Sobolev embedding. We have

2∫
1

‖f(tAs)δ0‖2
L2(W ) dt ≤

2∫
1

∫
|f(tλ)|2e2λ dµ(λ) dt

≤ C‖f‖2
L2(W )

∫
dµ ≤ C‖f‖2

L2(W ),

which gives (3.3).

For step two nilpotent G, the Campbell–Hausdorff formula takes the
form

xy = x + y +
1
2
[x, y],

hence

Xi = ∂ei +
1
2
∂[x,ei], X̌i = ∂ei −

1
2
∂[x,ei]

and ∑
i

(Xi − X̌i)2 =
1
4

∑
i

∂2
[x,ei]

.

Since Ã is a Rockland operator and the Fourier transform on [G, G] decom-
poses the natural representation of G̃ on L2(G) we obtain∥∥∥(∑

〈s, [·, ei]〉2
)β/2

f
∥∥∥

L2
≤ ‖A1/d

s f‖L2 .

Put
‖s‖ = max |si|, s(α) =

∏
|si|αi .

Consequently,

s(α)‖wf(As)δ0‖2
L2 ≤ C‖A|α|/d

s f(As)δ0‖2
L2 ≤ C ′‖f(As)δ0‖2

L2 .

Also, if s is large enough, then As ≥ 2. Therefore if ‖s‖ ≥ C, then f(As) =
0. We need a version of polar coordinates: there exist measures ηk such that
for all positive Borel measurable φ we have∫

[G,G]∗

φ = C
∑

k

2k
∫

‖s‖=2k

2∫
1

tdim([G,G])−1φ(ts) dt dηk(s).

Using these observations and (3.3) we have

C
∫

[G,G]∗

‖wf(As)δ0‖2 ds ≤ C
∫

‖s‖≤C

s(−α)‖f(As)δ0‖2 ds

≤ C

∞∑
k=k0

2−k
∫

‖s‖=2−k

2∫
1

s(−α)‖f(Ats)δ0‖2 dt dηk(s)
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≤ C‖f‖2
L2

∞∑
k=k0

2−k
∫

‖s‖=2−k

2∫
1

s(−α) dt dηk(s)

≤ C‖f‖2
L2

∫
‖s‖≤C

s(−α) ds ≤ C‖f‖2
L2 ,

which ends the proof of (3.2).

From (3.2) we get (3.1) by a (by now) standard argument (see for exam-
ple [9]).

R e m a r k. The method presented here allows us to improve the mul-
tiplier theorems of [1] and [15]. Namely, for a large class of homogeneous
G (for example all G with one-dimensional center) the multiplier theorem
holds if s > (Q− 1)/2.

R e m a r k. Using the methods of [3] together with our argument we can
prove an analog of (3.2) for regular nondifferential Rockland operators (cf.
[6]).
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some non-differential convolution operators, Colloq. Math. 58 (1989), 77–83.

[4] G. B. Fol land and E. M. Ste in, Hardy Spaces on Homogeneous Groups, Princeton
Univ. Press, 1982.

[5] B. Gaveau, Principe de moindre action, propagation de la chaleur et estimées
sous-elliptiques sur certains groupes nilpotents, Acta Math. 139 (1977), 95–153.

[6] P. G lowack i, The Rockland condition for nondifferential convolution operators,
Duke Math. J. 58 (1989), 371–395.

[7] W. Hebisch, A multiplier theorem for Schrödinger operators, Colloq. Math. 60/61
(1990), 659–664.

[8] —, Almost everywhere summability of eigenfunction expansions associated to elliptic
operators, Studia Math. 96 (1990), 263–275.

[9] —, Multiplier theorem on generalized Heisenberg groups, Colloq. Math. 65 (1993),
231–239.

[10] W. Hebisch and A. Sikora, A smooth subadditive homogeneous norm on a homo-
geneous group, Studia Math. 96 (1990), 231–236.

[11] B. Hel f f e r et J. Nourr igat, Caractérisation des opérateurs hypoelliptiques ho-
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