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1. Introduction. Locally Killing-transversally symmetric spaces (brief-
ly, locally KTS-spaces) are Riemannian manifolds (M, g) equipped with an
isometric flow generated by a unit Killing vector field £ such that the local
reflections with respect to the flow lines are isometries. These spaces have
been introduced and studied in [5], [6] where several characterizations and
a lot of examples are provided.

On the one hand, these spaces form a subclass of the class of transversally
symmetric Riemannian foliations studied in [13], [14] but on the other hand,
they extend the class of @-symmetric Sasakian spaces introduced in [11].
These last spaces are the analogues of Hermitian symmetric spaces in con-
tact geometry. (See [2] for more details and further references.) Several
characterizations for these spaces have been given by using the geometry,
extrinsic and intrinsic, of small geodesic spheres [4], [13], in particular by
focussing on the shape operator and the Ricci operator of these spheres.

Although the class of locally KTS-spaces is much broader than that of
p-symmetric spaces, their geometries are reasonably similar and this leads
to a list of analogous characteristic properties. The main purpose of this
paper is to derive these properties.

In Section 2 we collect a series of definitions and results which will be
needed to derive our theorems. We refer to [5], [6] for more details. Sec-
tion 3 is devoted to the proof of a new characterization which will show to
be very useful in Sections 4 and 5 where we derive the characteristic prop-
erties which use the extrinsic and intrinsic geometry of geodesic spheres,
respectively.
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2. Preliminaries. Let (M, g) be a smooth, n-dimensional Riemannian
manifold with n > 2 which is supposed to be connected where necessary.
Further, let V denote the Levi Civita connection of (M, g) and R the cor-
responding Riemannian curvature tensor given by

Ruv = Vv — [Vu, Vv]

for U,V € X(M), the Lie algebra of smooth vector fields on M. p denotes
the Riccei tensor of type (0,2) and @ the corresponding Ricci endomorphism
field. The scalar curvature will be denoted by 7.

A tangentially oriented foliation of dimension one on (M, g) is called a
flow. The leaves of this foliation are the integral curves of a non-singular
vector field on M and hence, by normalizing length, a flow is also given by
a unit vector field with respect to ¢g. In particular, a non-singular Killing
vector field defines a Riemannian flow and such a flow is said to be an
isometric flow. We refer to [12] for more information.

In the rest of this paper we shall denote by §¢ an isometric flow generated
by a unit Killing vector field {. Then the flow lines of §¢ are geodesics and a
geodesic which is orthogonal to £ at one of its points is orthogonal to it at all
of its points. Such geodesics are called transversal geodesics. Moreover, the
Riemannian foliation determined by §¢ is locally a Riemannian submersion
U > U= U/¢. Here U is a small neighborhood of a point on which
¢ is regular [9]. The (n — 1)-dimensional horizontal distribution on U is
determined by n = 0 where 7 is the 1-form on M given by n(U) = ¢(U, &)
for all U € X(M). Further, the induced metric g on U is determined by

(2.1) J(X,Y) = g(X",Y™)
for )N(, Y € .'{(Zj) and where X*,Y* are the horizontal lifts of )Z', Y. Its Levi
Civita connection V is related to V by

VY = ﬁ*(v)?*y*)

for all X,Y € X(U).

Vector fields which are orthogonal to £ are called horizontal and the
transversal geodesics are also said to be horizontal geodesics.

Since we have locally Riemannian submersions, we may use the O’Neill
tensors A and T [8], [1, Chapter 9] which are in fact globally defined for
the Riemannian foliation [10], [12]. In our case, T' = 0 since the leaves are
geodesics. Further, for the integrability tensor A we have
(2 2) {AU§ZVU§> AEU:())

' AxY = (VxY)V = —Ay X, g(AxY,€) = —g(AxEY),
where U € X(M), X, Y are horizontal vector fields and V denotes the vertical
component. Note that A = 0 if and only if the horizontal distribution is
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integrable. In that case, since T' = 0, (M, g) is locally a Riemannian product
of an (n — 1)-dimensional space and a line.
Next, put

(2.3) HU = —Ay¢

for U € X(M), and define the (0, 2)-tensor h by
U, V) =g(HU,V)

for U,V € X(M). Since £ is a Killing field, we have

(2.4) hU,V)+h(V,U) =0,

that is, H is a skew-symmetric endomorphism. Further, for all horizontal
X,Y € X(M), we obtain easily

(2.5) AxY = h(X,Y)E = 3n([X,Y])E
and hence
(2.6) h = —dn.

All this leads to
LEMMA 2.1. Let XY, Z be horizontal vector fields on (M, g,¢). Then

(2.7) (Veh)(X,Y) = g((VeA)xY,§) =0,
(2.8) R(X,Y, Z,§) = (Vzh)(X,Y),
(2.9) R(X,£,Y,8) =g(HX,HY) = g(—H?*X,Y).

This lemma yields

THEOREM 2.1. Let (M,g) be a Riemannian manifold equipped with a

unit Killing vector field &. Then the following holds:
(i) the sectional curvature K(X,£) is non-negative for all (horizon-

tal) X;

(i) K(X,£) =0 for all X € X(M) if and only if h = 0 or equivalently,
A=0;

(iii) K(X,&) > 0 for all X € X(M) if and only if the endomorphism H is
of maximal rank n — 1. (In this case n is necessarily odd and n is a contact
form on M.)

This result leads to

DEFINITION 2.1. An isometric flow on (M, g) is said to be a contact
flow if 7 is a contact form or equivalently, if H is of maximal rank.

Further, on (U, §) we have
(2.10) Ve V' = (VY)" + (X", Y")¢
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for all XY € %(Zj ) and the corresponding Riemannian curvature tensor R
is given by
(211)  (RgZ)" = Rg.5. 2" +20(X* Y )HZ"
+{(Ve. (Y, Z%) = (V. h) (X7, Z%)}¢
+ h(X*, ZVHY* — h(Y*, Z*)HX*
for all X,Y,Z € X(U). Hence, this yields

(2.12) (B(X,Y)" = o(X*,Y*) +29(HX* HY™),
(2.13) T =140 9),

and for the corresponding sectional curvatures we get
(2.14) (K3, w))" = Kp(u*, @") + 3(hy (@, *))?

where {u,w} is an orthonormal pair of Tﬁljl, p = m(p). So,
(B(X, X)) > o(X", X"), 7 =7 (Kp(Wd)) > K@, "),

where the equalities hold if and only if the horizontal distribution is inte-
grable.

In the rest of this paper an important role will be played by a special
type of isometric flow introduced in [6].

DEFINITION 2. An isometric flow §¢ on (M, g) is said to be normal if
the curvature tensor R satisfies

(2.15) R(X,Y,X,£) =0

for all horizontal vectors X, Y. (This is equivalent to R(X,Y, Z,£) = 0 for
all horizontal X,Y, Z.)

From Lemma 2.1 we then get

PROPOSITION 2.1. Let (M, g) be a Riemannian manifold and §¢ an iso-
metric flow on it. Then §¢ is normal if and only if

(2.16) (VoH)V = g(HU,HV)¢ +n(V)H*U
for allU,V € X(M).
Moreover, for a normal flow we have
' RyeV = g(HU,HV)¢ + n(V)H?U.
Further, o(X, &) = 0 for each horizontal X, and from Lemma 2.1 and Propo-
sition 2.1 we see that o(&, &) is a non-negative constant.
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Next, for a normal flow ¢, (2.11) reduces to
(218)  (Rggl)* = Rg.5. 2" —g(HY", Z*)HX"
+g(HX*, Z*VHY* + 2g(HX*,Y*)HZ*
for all X,Y,Z € X(U). Hence, using

(2.19) (VeR) 52)"

(2.10), (2.16) and (2.17) we obtain
(Ve R)z.5. 20"
where ()" denotes the horizontal part, and from (2.12) we get

(2.20) (Vza)(Y,2)" = (Vz.0)(Y", Z").

Finally, let H be the (1,1)-tensor field on I defined by
(2.21) HX =7, HX".

Then H is skew-symmetric with respect to g, and moreover,
(2.22) (V. H)Y" = (VH)Y)" + g(HX", HY ).
So, making use of (2.8), we have

PROPOSITION 2.2. An isometric flow §¢ on (M,g) is normal if and
only if
(2.23) VH =0
for each (U, 7).

Finally, we introduce the spaces we want to study in more detail. So,
let §¢ be an isometric flow on (M,g). Let m € M and denote by o the
geodesic flow line through m. A local diffeomorphism s,, of M defined in
a neighborhood U of m is said to be a (local) reflection with respect to o if

for every transversal geodesic 7(s), where v(0) lies in the intersection of U
with o, we have

(sm - 7)(s) = 7(=s)
for all s with v(£s) € U, s being the arc length. Note that in this case
($ms)(m) = (=1 4 2n @ §)(m).

DEFINITION 2.3. A locally Killing-transversally symmetric space (briefly,
a locally KTS-space) is a Riemannian manifold equipped with an isometric
flow such that the reflection s, with respect to the flow line through m is
an isometry for all m € M.

These spaces may be characterized as follows:
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THEOREM 2.2 [6]. Let F¢ be an isometric flow on (M, g). Then (M, g,§e¢)
= (M, g,¢) is a locally KTS-space if and only if F¢ is normal and

(VxR)(X,Y,X,Y)=0
for all horizontal vector fields X,Y .
Using (2.19) we then get

THEOREM 2.3. Let §¢ be a normal flow on (M,g). Then (M,g,€) is a

locally KTS-space if and only if each base space u of a local Riemannian
submersion m: U — U =U/E is a locally symmetric space.

3. A new characterization of locally KTS-spaces. The main
purpose of this section is to give a useful characterization for a class of
locally K'T'S-spaces by using contact normal flows and a property for VR.
Specifically, we shall prove

THEOREM 3.1. Let §¢ be a contact flow on (M, g). Then (M,g,§) is a
locally KTS-space if and only if §¢ is normal and

(VxR)(X,HX, X, HX)=0
for all horizontal X.

The proof will be given by using a series of lemmas which we consider
first. We start with a well-known result from linear algebra.

LEMMA 3.1. Let V be an n-dimensional vector space with a positive def-
inite inner product and let A .V — V be a skew-symmetric endomorphism.
Then the rank of A is an even number 2k < n, and there is an orthonormal

basis {X1,...,Xn} and real non-vanishing numbers Ay, ..., A\, such that
AXy =M Xo, AXo=-MX4q,...,

(3.1) AXop_1 = M Xop, AXop = =N Xop—1,
AXopy1 =...= AX,, =0.

Further, we have from [6]:

LEMMA 3.2. Let §¢ be a normal flow on (M, g). Then, for every U, V, W €
X(M), we have
(3.2)  RpyuyW + RygyW = g(HV,W)H?U — g(HU,W)H?*V
— g(H*U,W)HV + g(H*V,W)HU
+n(V)RaueW —n(U)RuveW.
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This leads to

LEMMA 3.3. Let §¢ be a normal flow on (M, g). Then on each base space
(U,g) we have
(3.3) B e
for all XY € X(U).

Proof. (2.18) yields
@x) v T Bz @vy- 2
_G(AY, 22X + (A%, D AV
—g(H*Y,Z)HX + §(HX,Z)H?Y .

Rﬁg;Z + R)?ﬁ;,Z = W*(R

Now the result follows at once by using (3.2). =

Proof of Theorem 3.1. First, let (M,g) be a locally KTS-space.
Then the result follows from Theorem 2.2.

Next, we prove that the condition is sufficient. Therefore we shall prove
that on each (U, 9),

(3.4) (VR)(X,HX,X,HX) =0
and
(VzR)I(X,Y,X,Y)=0
are equivalent. Then the result follows from Theorem 2.2 and (2.19).
So, let p € U and z € TU. Put © = ay + B% for arbitrary o, 8 in (3.4).

From (3.3) and Proposition 2.2 we then conclude that the coefficient of a3
yields the following condition:

(3.5) (V4R)(Z, HZ, %, HZ) + 4(V:R) (7, HZ, 2, HZ) = 0.
Applying the second Bianchi identity for the second term yields

(3.6) 5(VyR)(Z HZ, 7, HZ) — (V7 R)(Z,7,%, HZ) = 0.
Replacing Z by HZ in (3.6) then gives

(3.7)  5(VyR)(HZ H?Z, HZ, HZ) — A(V 5, R)(HZ,75, HZ, H*Z) = 0.

Now, put z = au + (v in (3.7) for arbitrary «, 3. Then the coefficient of
o33, again by (3.3), yields the condition

5(VyR) (B, B*%, B, B*T) — 3(V .~ R) (Ha, §, B, B*7)
— (Vo B)(Ha, g, Hu, B*a) + (V o, R)(H?, 3,7, H*1) = 0.
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Since H is skew-symmetric and of maximal rank n—1 there exists on Tﬁlj an
orthonormal basis X;, i = 1,...,n — 1, such that (3.1) holds. Then setting
v = X, in the last expression yields, with v =) x; X,
(3.8) 5(VzR)(Hu, H*u, Hu, )

+3(V ., B)(@, Hii, Hi,w) — (V4 R)(Hu,, Hi, H*1) = 0.

Next, we put & = aa + 4b in (3.8) and use (3.3) to obtain, from the
coefficient of o343,
(3.9)  10{(VzR)(Ha, H*a, Ha,b) + (VzR)(Ha, H?b, Ha,a)}
+6(V .. R)(7, Ha, Hb, @) + 3(V 5, R)(7, Hb, Ha, @)
+3(V o,y R) (7, Ha, Ha, @) — 2(VaR)(Ha, §, Ha, H*D)
— (VaR)(Hb, 5, Ha, H*a) — (V;R)(Ha,y, Ha, H*a) = 0.
Now, using the first and second Bianchi identity and (3.3) in (3.9) implies
(3.10)  10(VyR)(Ha, H*, Ha,a) + 6(V 5, R)(Ha, HD, 7, q)
+4(VaR) (@, H?, Hy, Ha) + 4(V . R)(Ha,a,7, H*b)
+ (V. R) (@ H*, 7, Ha) + 3(V 5, R) (7, Ha, Ha, @)
+3(VaR)(H?, Ha, Ha, ) = 0.

Again we put, as before, b= Xi, i =1,...,n—1, in (3.10). Then with
zZ = > z;X; we obtain

(3.11) 5(V4R)(Z, HZ,%Z, HZ) — 4(V:R)(HZ,7, HZ, %) = 0.
This together with (3.5) yields
(3.12) (V4R)(Z, HZ, %, HZ) = 0.
Next, we use the same method for (3.12) to obtain
(3.13) (VyR)(u, HZ,%Z, HZ) = 0.
Linearizing this once again we obtain
(3.14) (V4R)(w, Hw,z, H?)
+ (VyR)(@, HZ, @, HZ) + (V4R) (U, HZ, 2, H®) = 0.
Now, put u = w in (3.14) to obtain
2(VyR)(w, HZ, @, HZ) + (V3 R)(u, Hu, 7, HZ) = 0.
Using the first Bianchi identity for the second term yields
(3.15) 3(VyR)(u, HZ,u, HZ) + (V4R) (4, %, Hu, HZ) = 0



GEODESIC SPHERES 231

and with (3.3) we get
(3.16) 3(VyR)(u, HZ, w, HZ) — (V4R) (4, 2, @, H?Z) = 0.
Further, put 2 = aa + BE in (3.16). From the coefficient a3 we get
(3.17)  6(VyR)(w, Ha, @, Hb)
— (V4R)(u,a,w, H*b) — (V4 R)(, b, u, H*a@) = 0.

Using (3.3) for the last term leads to
(3.18) 3(VyR)(u, Ha,u, Hb) — (V4 R) (4, a, @, H*b) = 0.

Now we put b= Xo;,j =1,...,(n—1)/2 in (3.18) to obtain
(3.19) 3(VyR) (@, Ha, w, HX2;) + (A\;)2 (V4 R) (@, @, T, Xo) = 0.
For b = Xoj_1 we get
(3.20)  3(VyR)(w, Ha,u, HX2;_1) + (A\)*(VyR) (@, a, @, Xo;_1) = 0.

Next, we replace Z by HZ in (3.16):

3(VyR)(w, H*%,w, H??) — (V4R)(w, HZ, i, H*Z) = 0.
Also here we put z = aa + ﬂg and consider the coefficient of a8 to obtain
(3.21)  6(VyR)(u, H*a,u, H*) — (V4R)(, Ha, Hb, Hu)
— (VyR)(Ha, H?b, Hti, ) — (V4 R)(H?b, w, H*a, ) = 0.
Putting b= X;,i=1,...,n—1,1in (3.21) and then considering a = >_ a; X;
gives
5(VyR)(u, H*a,w,a) — (V4R)(@, Ha, a, Hu) — (VR)(Ha, a, Hu, @) = 0.

Using the first Bianchi identity for the last term, we obtain
(3.22) 3(VyR) (@, H*a, u,a) — (V4R) (4, Ha, @, Ha) = 0.
Further, a new linearization in (3.22) leads to
(3.23) 3(VyR)(u, H?b,u,a) — (V4R) (U, Ha, i, Hb) = 0.

Now, put b = Xoj,j€{l,...,(n—1)/2}, in (3.23) to get
(3.24) 3(\)*(V4R) (@, Xaj, 0, a) + (VyR) (4, Ha, w, HXa;) = 0.

For b = Xoj_1 we get

(3.25)  3(\)*(VyR)(@, Xaj_1,0,a) + (VyR) (@, Ha, @, HX9; 1) = 0.
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So, comparing (3.19) with (3.24) and (3.20) with (3.25), taking into
account that H is non-singular, we obtain

(V4R) (W, X;,0,a) =0, i=1,...,n—1,

So, in particular, (%ﬂﬁ)(u, a,u,a) = 0, and this proves the result since the
converse is trivial. m

Now we will express Theorem 3.1 in a more geometrical way. Therefore
we note that when the flow §¢ is normal, (2.9) and Proposition 2.1 imply
that the sectional curvature K(v/,&), or equivalently, ||H~'| is constant
along any transversal geodesic v. Then we get

COROLLARY 3.1. Let §¢ be a contact normal flow on (M, g). Then (M,
9,€) is a locally KTS-space if and only if the sectional curvature K(v', HY')
is constant along the transversal geodesic vy for all ~y.

Proof. Let v be a unit speed transversal geodesic. Then Proposition 2.1
implies that (V. H)~y' is vertical and hence

Y'R(Y,H~',y,Hy') = (VyR)(Y,HY',v', HY').

Thus, v K(v/,Hy') = |HY||"2(VyR)(Y,HY',~', HY'). The required re-
sult now follows at once from Theorem 3.1. =

Note that for a normal contact flow §¢ the sectional curvature K(H~v', )
is constant along a transversal geodesic 7.

4. Extrinsic geometry of geodesic spheres. The shape opera-
tor. For our applications we start by considering the shape operator of small
geodesic spheres. Let m € M and denote by G,,(r) the geodesic sphere cen-
tered at m and with sufficiently small radius r such that G,,(r) is contained
in a normal neighborhood. The extrinsic geometry of this hypersurface is
described by the shape operator T,,. Let p € G,,(r) and let v denote the
unit speed geodesic through p with v(0) = m and +/(0) = . Since %(7(7“))
is a unit normal vector of G, (r) at p = v(r) = exp,, (ru), T}, is defined by

7,0X = (Vx5 )0

where X € T,Gy,(r). See [3], [7], [15] for more details and for further
references about the geometry of small geodesic spheres. Jacobi vector fields
may be used to derive the following power series expansion for the shape
operator:

Ly TR, TR T

=-I-3 1 m—90(9RZ1+2R,2n)+O(7‘4)

(4.1) T (p)



GEODESIC SPHERES 233

where R,, = R(m) = R, u, R, = R'(m) = (V4,R),.u, etc. Moreover, it
should be noted that for this expression the spaces {7/(0)}+ and {y/(r)}+
are identified via a parallel orthonormal basis along ~.

Now we prove our first characterization.

THEOREM 4.1. Let §¢ be an isometric flow on (M,g). Then (M,g,¢§)
1s a locally KTS-space if and only if for every point m € M and every
transversal geodesic v through m we have the following property: for every
p € v such that p and s,,(p) lie in a normal neighborhood of m the shape
operators T,(m) and Ty, (,)(m) at m of the geodesic spheres of radius d(m, p)
centered at p and at s,,(p) commute with (Sms)(m), that is,

(4.2) ($ms)(m) - Tp(m) =T, (5 (M) - () (M)
Proof. First, let (M, g,&) be a locally KTS-space. Then each s, is an
isometry and hence (4.2) follows.
Conversely, suppose (4.2) holds. Using (4.1) we have
1 3

2
Ty(m) = ~1 - "R, + %R’ -

2 4
3 . 90(9R;,’+2Rp)+0(r )

or
3

1 2
(43)  Tym)=—I- ng - %Rﬁn - 1%(33;; +4R2) +O(r™).

Similarly,

r r? r3

“Ryn+ =R, — —(3R/), +4R2) + O(r*).
Next, let z € {u,£}+ at Ty, M. Then (4.2)—(4.4) yield at once R(u, x,u, &)

=0 and (V,R)(u,x,u,x) = 0, for all horizontal u and all m € M. Hence,

the result follows from Theorem 2.2. m

1
(44) Tsm(p) (m) = ;I —

Further, we have

THEOREM 4.2. Let (M,g) be a Riemannian manifold and let §¢ be a
contact flow on it. Then (M,g,&) is a locally KTS-space if and only if for
all unit horizontal u, all m € M and all sufficiently small r the operator

(Tp + Ts,.0) (M), p = exp,,(ru),
preserves the horizontal subspace of Ty, (M).

Proof. For a locally KTS-space the result follows at once from Theo-
rem 4.1.

Conversely, the hypothesis implies together with the expansions (4.3)
and (4.4),

9(Tp + T, () (M), §)
= —2rR(u,z,u,&) — 57 (3(VZ,R)(u, m,u, ) + 4R(u, Ruzu, u,§)) + O(r*)
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for all 2 € {u,&}+. Consequently,
(4.5) R(u,z,u,&) =0,
which shows that §¢ is normal. Further, we also have
(4.6) 3(V2,R)(u,z,u,€) + 4R(u, Ryzu,u, &) = 0.
But from (4.5) we get
Rugu = || Hul %,
(4.7) (VuR)uet = Ruprut — || Hul|* Hu,
(ViuR)ugu = 2(VuR)umu,
which, together with (4.6), yields (V,R)(u, Hu,u,z) = 0. In particular,
(4.8) (VuR)(u, Hu,u, Hu) = 0

for all horizontal © and all meM . Now the result follows from Theorem 3.1.
[ ]

Similarly we get

THEOREM 4.3. Let §¢ be a contact normal flow on (M, g). Then (M, g,§)
1s a locally KTS-space if and only if for all m € M, all horizontal unit u
and all sufficiently small r we have, for p = exp,,(ru),

() (T + T, () (M) = i€, or
(ii) (Tp + Ts,, (p))(m)Hu is horizontal, or
(ii)) (75, ) — Tp)(m)Hu = @€,
Proof. For a locally KTS-space the result follows again from Theo-
rem 4.1. Conversely, using (4.7) we get, from (4.3) and (4.4),
(T, + Tsm(p))<m)§ =af — %Tg(vuR)uHuu + O(T4)7
9((Ty + Ty, () (M) Hu, &) = — £r3(VuR)(u, Hu, u, Hu) + O(r"),
(T, — Tp)(m) = gr* Ry, + O(r*).
Then each of the conditions implies (4.8) and the result follows again. m
Next, we will consider some functions of a geometrical nature instead of
operators and investigate their behavior under the geodesic reflections. Let
§¢ be a contact normal flow on (M, g) and let v be a transversal geodesic
tangent to the unit horizontal vector u. We also put v/ = u. Further, denote

by o the geodesic on G,,(r) tangent to Hu at p = exp,,, (ru) and by K., (p)
its curvature at that point, that is,

fm(p) = | Hul"2g(Ton(p) Hu, Hu).
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Note that since V,(Hu) = ||Hu||?¢, Hu is not parallel along v but the
2-plane {{, Hu} is parallel along . So, let (E7, E2) be an orthonormal basis
of that plane spanned by the parallel vectors E1, Fs and with initial values

E1(0) =¢&(m),  Ex(0) = | Hul| =" (Hu)(m).
Then at p = exp,, (ru) we have
(4.9) { §(p) = Ex(r) cos(r|[Hull) — Ea(r) sin(r|| Hul),
(Hu)(p) = [[Hu[{E1(r) sin(r||Hul]) + Ex(r) cos(r|| Hul|)}.
Now we prove

THEOREM 4.4. Let §¢ be a contact normal flow on (M, g). Then (M, g,§)
is a locally KTS-space if and only if
(410) ’{m(p) = K/m(sm(p)% b= expm(ru),

for all m € M, all horizontal unit u and all sufficiently small r.

Proof. First, suppose (M,g,&) is a locally KTS-space. Then each
reflection s,, is an isometry which preserves £ and so, it also preserves H.
Hence, (4.10) follows.

Conversely, suppose (4.10) holds. Using (4.9) and (4.1) we obtain
(4.11) km(p) = r~' = || Hu| 7?r(R(u, Hu, u, Hu)(m)

— i”HuH_QrQ(VuR)(u,Hu, u, Hu)(m) + O(T3)
and
(412)  Ep(sm(p)) =r~" = 2| Hul|*rR(u, Hu,u, Hu)(m)

+ %HHuH_ZTQ(VuR)(u,Hu, u, Hu)(m) + O(r3).
Then we obtain again (V,R)(u, Hu,u, Hu) = 0 for all horizontal v and all
m € M. The desired result follows then also from Theorem 3.1. =

Using (4.3) and (4.4) we obtain in a similar way

THEOREM 4.5. Let §¢ be a contact normal flow on (M, g). Then (M, g,§)
15 a locally K'T'S-space if and only if

(4.13) kp(m) = kg, (py(Mm), p=exp,,(ru),

for all m € M, all unit horizontal u and all sufficiently small r.

5. Intrinsic geometry of geodesic spheres. The Ricci operator.
In this final section we consider some aspects of the intrinsic geometry of
small geodesic spheres. We take the same notations and conventions as
in Section 4. Using the same identification as for (4.1), the power series
expansion for T,,(p) leads, via the Gauss equation for the hypersurfaces
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G (r) and via contraction, to the following expansion for the Ricci operator
Qm of Gy (1):
(5.1)  Qml(p)

771—2

=220 {0 ol u - gt = R bom)

T

n+1

7.0~ (Vo= {(Fuo) w0 - LR} )

o R W g
A{3VaQ - (TR u— (Vo)

2 2
"+ v? R+ 5o uR—— Z R2, I — ”+ R }(m)+0(7«3)
ab 1
where Ryqup = R(u,eq,u,ep) and {e, : a = 1,...,n} is an arbitrary or-

thonormal basis of T, M.
First, we have

THEOREM 5.1. Let §¢ be an isometric flow on a Riemannian manifold
(M, g) of dimensionn > 3. Then (M, g,&) is a locally KTS-space if and only
if for every m € M, every transversal geodesic v : r +— exp,,(ru), u hori-
zontal and ||u|| = 1, and every small r we have the following commutativity
property for the Ricci operator @:

(5.2) (sme)(m) - Qp(m) = Qs () () - (5104) (M),
where p = exp,,, (ru).
Proof. Let (M,g,&) be a locally KTS-space. Then the result follows

from Theorem 4.1 by using the Gauss equation and the fact that all s, are
isometries.

Conversely, from (5.1) we get

(53)  Qplm) ="

{@- stwu= Jotwwr - rfm)

{(Vyo)(u,u)I + (n — 3)V,R}(m)

r
12

1 n—3 1
2) 12 M =99 1
+r { 50 (Vi,0)(u,u)l &0 Vi R+ 9g(u, u)R

1 n —l— 2
- Z5 RuaubI -
a,b=1

R2}<m> Loud),

and
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(5.4)  Qs,.(p(m)
n—2

= 21+{Q—QWJU—;Mwwl—ngm)

r

+ %{(Vug)(u, u)l + (n = 3)V,R}(m)

I_L_?’

1
2 —
0 Vi.R+ gg(u, u)R

el - (TR

n

1 n-+ 2

- R2 T—
45 uaub 45
a,b=1

R2}(m) +0(r?).

Next, let « be a unit vector in T, M orthogonal to the plane {u,&}.
Then, using (5.2), (5.3) and (5.4) we obtain

(5.5) o(z, &) = %nR(u,x,u,{),
(5.6) (Vyo)(u,u) = (3 —n)(VuR)(u,z,u, x).

Now, let @ and b be arbitrary horizontal vectors. Then (5.5) and (5.6) imply,
for a orthogonal to b,

(5.7) o(a, &) = %nR(b,a,b, £),
(5.8) (Vao)(a,a) = (3 = n)(VaR)(a,b,a,b).
Next, let b = e; where e;,i = 1,...,n—2, is an orthonormal basis of {a, £}*+.

Then contraction in (5.7) yields easily, since n > 3, R(b,a,b,£) = 0, which
means that the flow is normal. Together with (5.8), this implies by ex-
plicit computation that (V,p)(a,a) = 0, and so (V,R)(a,b,a,b) = 0. The
required result now follows from Theorem 2.2. m

In a similar way, using also (4.7) and proceeding as in Section 4, we get

THEOREM 5.2. Let §¢ be a contact flow on (M, g) with dim M > 3. Then
(M, g,&) is a locally KTS-space if and only if for all unit horizontal u, all
m € M and all sufficiently small r the operator

(@p + @5m(p))(m)7 b= expm(ru),

preserves the horizontal subspace of T, M.

THEOREM 5.3. Let §¢ be a contact normal flow on (M, g) with dim M >3.
Then (M, g,&) is a locally KTS-space if and only if for all unit horizontal
u, allm € M and all sufficiently small r we have, for p = exp,,(ru),

() (@ + Qu () (m)E = €, o1
(ii) (Qp + Qs,,(p))(m)Hu is horizontal.

We finish this section by deriving two additional characterizations by
means of properties of special sectional curvatures of small geodesic spheres.
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Let §¢ be again a contact normal flow on (M, g), m € M, and v a transversal
unit speed geodesic with v(0) = m, 4'(0) = u. We recall that the two-plane
spanned by £ and H+' is parallel along v and tangent to the geodesic spheres
G (r) at p = exp,,(ru). Let K% (p) denote the corresponding sectional
curvature of G,,(r). Then we have

THEOREM 5.4. Let §¢ be a contact normal flow on (M, g). Then (M, g,§)
1s a locally KTS-space if and only if

(5.9) Ko (p) = Kq(sm(p),  p=expy,(ru),
for allm € M, all unit horizontal u and all sufficiently small r.

Proof. First, let (M, g,&) be a locally KTS-space. Then any reflection
Sm is an isometry which preserves ¢ and also H (Theorem 5.3 of [6]). Now

(5.9) follows at once from this remark and from the Gauss equation for the
hypersurface G, (r).

To prove the converse we proceed as follows. Let (E1,...,E,_1, By, =)
be a parallel orthonormal basis along v and denote by R“ the Riemannian
curvature tensor of G, (r). Then we have [3, (4.3)]

(5.10)  RG.q(p)
- 7'72(5(10517(1 - 5ad5bc)

+ {Rabea — 5 (Rubuddac + RuaucOva — Rubucdad — Ruauadye) }(m)
+ r{VuRabed — +(VuRupuadac + VuRuaucObd — VuRubucad
= VuRuauadse) } (m) + O(1?),
where Rypeq = R(E,, Ey, E., Eg), etc. and a,b,c,d=1,...,n— 1.
Next, put
Ei(0) = &(m),  Ba(0) = |[Hul| " (Hu)(m).

Since the two-plane spanned by ¢ and H~' is parallel, we have K& (p) =
R$,5(p) and so (5.10) yields, after a straightforward computation,

(5.11)  KG(p) =7r">+ |Hul >R(&, Hu, &, Hu)(m)
— +{|[Hul| "> R(u, Hu,u, Hu) + | Hul|*}(m)
— irHHuH*Q(VuR)(u,Hu, u, Hu)(m) + O(r?).

Hence (5.9) and (5.11) yield clearly (V,R)(u, Hu,u, Hu) = 0, and the re-
quired result follows from Theorem 3.1. m

With the same notations as above we also have
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THEOREM 5.5. Let §¢ be a contact normal flow on (M, g). Then (M, g,§)
s a locally KTS-space if and only if

Kf(m) = KsGm(p) (m)v p= expm(ru),
for allm € M, all unit horizontal u and all sufficiently small r.

Proof. For a locally KTS-space, (5.12) follows from Theorem 4.1 and
the Gauss equation of the geodesic spheres.

To prove the converse, we first derive a power series expansion for
K& (m). To do this, put

Ei(r) =£&(p),  Eo(r) = |[Hul| 7 (Hu)(p), En(r) =u,
where 7/(r) is also denoted by u. Then from (5.10) we have
(5.13) K. (m) = Ri5(m) = r~2 + Rizi2(p) — §(Ruzuz + [ Hull*)(p)
+ 37 (VuRuza2)(p) + O(?).
Since Raped(p) = Rabcd( )+ 7(VuRapea)(m) + O(r?), (5.13) takes the form
(5.14) K (m) =172+ Risia(m) — 3(Rusus + | Hul*)(m)
+ r(VyRi212 — EVuRugug)(m) + 0(7"2).
Further, we have
§(m) = E1(0) cos(r||Hull) + E3(0) sin(r|| Hul]),
(Hu)(m) = — [[Hul{E1(0) sin(r|| Hul) — E2(0) cos(r| Hul|)}
and hence
E1(0) = &(m) — r(Hu)(m) — 37°||Hul*¢(m) + O(r),
E5(0) = || Hu| ™! (Hu)(m) +THHUH€( )
— 3% ||Hul|(Hu)(m) + O(r?).
Substitution of (5.15) in (5.14) yields
(5.16) KS(m) =1+ ||Hu| ?R(&, Hu, &, Hu)(m)
— s {1 Hul "2 R(u, Hu,u, Hu) + | Hu|[*}(m)
- 1—127“HHUH*2(V1LR)(U, Hu,u, Hu)(m) 4+ O(r?).
The corresponding expression for Kfm(p) (m) follows by replacing r by —r

n (5.16). So, the hypothesis (5.12) leads again to (V4 R)(u, Hu,u, Hu) = 0,
and the required result follows. m

(5.15)
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