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Let G be a homogeneous Lie group with a left Haar measure dg and L the
action of G as left translations on L,(G;dg). Further, let H = dL(C') denote
a homogeneous operator associated with L. If H is positive and hypoelliptic
on Ly we prove that it is closed on each of the L,-spaces, p € (1,00), and
that it generates a semigroup S with a smooth kernel K which, with its
derivatives, satisfies Gaussian bounds. The semigroup is holomorphic in the
open right half-plane on all the L,-spaces, p € [1, 00].

Further extensions of these results to nonhomogeneous operators and
general representations are also given.

1. Introduction. A differential operator H on a homogeneous group
G is defined to be a Rockland operator if it is right-invariant, homogeneous
and injective in each nontrivial irreducible unitary representation. If H is
positive on Lo(G; dg) then it generates a holomorphic semigroup with a ker-
nel and recently Dziubanski [Dzi] proved that the kernel, together with its
derivatives, decreases exponentially on the right half-plane. Dziubanski also
raised the question whether one could establish stronger decrease proper-
ties than exponential. Stronger bounds have been derived by Hebisch [Heb]
for Rockland operators which are sums of even powers and in fact Hebisch
showed that the kernel, and its derivatives, satisfy “Gaussian” bounds on
the positive real line. The aim of this paper is to show that the kernel of the
semigroup generated by a general positive Rockland operator has “Gaus-
sian” bounds on the right half-plane. Similar bounds are also established
for the derivatives.

The theory of Rockland operators began with Rockland’s analysis of
differential operators on the Heisenberg group [Roc]. Helffer and Nourrigat
[HeN1] proved that a Rockland operator on a graded group is hypoelliptic
and in addition they derived several inequalities between the norm on the C™
spaces and the operator norm. Then Miller [Mil] showed that one can replace
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a graded group by a homogeneous group in the Helffer—Nourrigat theorem.
Subsequently, Folland and Stein [FoS] used the proof of an earlier theorem of
Nelson and Stinespring [NeS] to deduce that a positive Rockland operator is
essentially self-adjoint on the space C2°(G). Moreover, they established that
the closure generates a continuous semigroup with a kernel which is in the
Schwartz space over the group. Dziubanski [Dzi] then extended their result
and showed that on the right half-plane one has an exponential decay for
the kernel and all its derivatives. Our results give more precise “Gaussian”
bounds, more detailed analyticity properties of the semigroup and stronger
regularity properties of the Rockland operators. Consequently, we are able
to extend many of the previous results to nonhomogeneous operators and
to general representations of the group.

Throughout the sequel we adopt the general notation of [Rob]. Let G
be a (connected, simply connected) homogeneous group with Lie algebra
g and let (X, G,U) denote a strongly, or weak*, continuous representation
of G on the Banach space X by bounded operators g — U(g). If a; € g
then A; (= dU(a;)) will denote the generator of the one-parameter subgroup
t +— U(exp(—ta;)) of the representation. Let (7;)¢~o be a family of dilations
on g, i.e., a one-parameter group of automorphisms of the form

i(ai) = % a;
for some basis a1, ...,aq of g and some positive numbers wy, . .., wq, which
we call weights. We always assume that the smallest weight is at least one.

Let D = Zle w; be the homogeneous dimension of G. For the multi-indices
we introduce the following notation. If n € Ny let

Jn(d) = é{l, s
k=0
and set
J(d) = | J Ju(d).
n=0

Then if « = (i1,...,i,) € J(d) we denote the Fuclidean length n of « by
|a| and the weighted length by

n
lafl = wi,.
k=1

If n € N we define X, = X,,(U) = (e, ) P(A%) and

[z]ln = max [|A%z],
aeJ(d)
le]<n

where A% = A;, ... A;, if o = (i1,...,4,). Similarly we define the weighted

TR
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spaces
X, =X,(U)= () DA%
acJ(d)
lall<n
for all n € R with n > 0. Now, however, it can happen for a given n that
there are no multi-indices « such that ||«|| = n. Therefore the corresponding
norms and seminorms are given by

Izl _{maXOéEJ(d),IIaHSn |A%z|| if there exist o € J(d) with ||a|| = n,
"0

otherwise,

N (z) = { Ma¥ae (@ al=n ||A“z|| if there exist a € J(d) with ||| = n,
" 0 otherwise,

Moreover, let Xoo = Xo(U) = (), Xn. It follows by a line by line ex-
tension of Lemma 2.4 of [EIR2] that the Garding space, and in particular
the space X, is dense in X for all n > 0. The density is with respect
to the weak, or weak®, topology. If U is the left regular representation on
L,(G;dg) then we denote the corresponding spaces by Ly, Ly,.,,, Lp.co and
the norms and seminorms by || - ||, etc. Further, we let L denote the left
regular representation on Ls. If U is the left regular representation in the
space C,(G) of bounded continuous functions on G we similarly use the
notation Chp,x (G).

Let m € (0,00) and let C' : J(d) — C be such that C(«a) =0 if [|a| > m
and there exists at least one o € J(d) with ||a|| = m and C(«) # 0. We call
C' a form of order m. We write ¢, = C'(a). The principal part P of C is the
form

_[{Cla) ifflaf = m,
Pla) = {0 if ||laf] < m.
The formal adjoint CT of C is the function CT : J(d) — C defined by

CH(a) = (~=1lIC(an),

where o, = (ip,...,01) if @ = (i1,...,7,). We consider the operators
dU(C)= Y caA”
aeJ(d)

with domain D(dU(C)) = &],. If (F,G,U,) is the dual representation of
(X,G,U) then dU,(CT) is called the dual operator and denoted by H.

If P is the principal part of a form C we call P a Rockland form if
the operator dU(P) is injective on the space X (U) for every nontrivial
irreducible unitary representation U of G. It then follows from the Helffer—
Nourrigat theorem [HeN1] that dL(P)|cs is a hypoelliptic operator. In
fact, the Helffer—Nourrigat theorem is formulated for graded groups. But
it follows from Propositions 1.3 and 1.4 of [Mil] that the existence of a
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Rockland form ensures that the order m of P is an integer multiple of the
smallest weight and all weights are rational multiples of this smallest weight.
Therefore G is a graded group if one rescales the original weights by a large
enough constant.

A Rockland form P is called a positive Rockland form if dL(P) is sym-
metric and (¢, dL(P)p) > 0 for all ¢ in the Schwartz space on G (see [FoS],
p. 129). Throughout this paper we assume that C' is a form of order m and
that the principal part P of C is a positive Rockland form. We call dL(P)
a positive Rockland operator.

An important feature of the class of Rockland operators that we will
use repeatedly is that it is closed under the operation of taking powers. If
H is a Rockland operator then H" is a Rockland operator for all n € N.
Moreover, if H is a positive Rockland operator then all the powers, H", are
also positive Rockland operators.

The group G can be equipped with two distances. The first is the Eu-
clidean modulus | - |, as defined in [Rob], p. 256. In addition it has a ho-
mogeneous modulus | - |, which also induces a right-invariant metric on G
by d'(g; h) = |gh™|’ (see [HeS]). The balls with radius s are denoted by B
and B..

The main theorem of this paper is the following.

THEOREM 1.1. Let P be a positive Rockland form, (X, G,U) a continuous
representation of G and H = dU(P) the associated operator. Then

I. The closure H of H generates a continuous semigroup S.
II. The semigroup S is holomorphic in the open right half-plane.
III. The semigroup S has a representation independent kernel K in
Li1.0o(G5dg) N Co.00(G) such that

A°Syx = [ dh (A°K,)(h)U(h)x
G

forallaoe J(d), x € X and g € G.
IV. For each ¢ € (0,7/2) and all o € J(d) there exist a,b > 0 such that

|(A“K,)(g)] < a|z|—(D+||a\\)/me—b((lgl')mIZI’l)l/(m’l)
forall g€ G and z € A(w/2 —¢) = {z € C\{0} : Jargz| < 7/2 —€}.

The outline of this paper is as follows. First we prove the theorem on
Lo and then we lift the result to a general representation by a transfer-
ence argument. The Ly proof is based on the examination of high powers
(M + H)™™ of the resolvent of H. Using Davies’ method we obtain bounds
on the kernels of these operators and then convert these to Gaussian bounds
on the kernel of the semigroup by Cauchy integral techniques. The key point
is that powers of the resolvent have improved regularity and boundedness
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properties. The technique of using powers of the resolvent to improve reg-
ularity was implicit in the iterative argument of Nirenberg [Nir] and was
used explicitly by Nelson and Stinespring [NeS]. It also occurs in a slightly
different context in Agmon’s work, [Agm], pp. 250-260.

2. Positive Rockland operators on Ls. Let P be a positive Rockland
form of order m and H = dL(P) the associated positive Rockland operator
on Ls. In this section we prepare for the proof of Theorem 1.1 by establishing
analogous results for the left regular representation L on Lo(G;dg).

PRroOPOSITION 2.1. Let H be a positive Rockland operator which is homo-
geneous of degree m. Then

1. The operator H is self-adjoint.
I. For all n € N one has D(H") = Lj,,,
There exists a ¢ > 0 such that

N (@) < [ H" |2

with equivalent norms.

for all p € D(H™).
III. The spaces La.oo and C°(G) are cores for H", for all n € N.
IV. If n € N and k € (0,nm) then there exists a ¢ > 0 such that
Nyi(p) < €™ Ny (0) + e il
for alle >0 and p € L.,
V. If n € N and k € (0,nm) then there exists a ¢ > 0 such that
lellzg < €™ Fllelzmm + e llell
for alle >0 and ¢ € L.,
Proof. The operator H"|c(q) is essentially self-adjoint by the argu-
ments of [NeS]. So
H" C (H")* C H'[cee" = H"[coe € H™
and H"|cee = H". Therefore H" is self-adjoint and C°(G) is a core for
H".
Next for all « € J(d) and n € N with nm > ||«| there exists, by
Helffer—Nourrigat [HeN1], Proposition 6.4, a ¢ > 0 such that

[A%pll2 < e([[H"¢ll2 + llell2)
for all € C°(G). Since C*(G) is dense in D(H™) and L}, is complete
it follows that D(H"™) C Ly, if k <nm. But L C D(H™) C D(H™), so
D(H™) = D(H") = L with equivalent norms. This proves Statements

2;mm>

I, IIT and the first part of II.
It follows by scaling that there exists a ¢ > 0 such that

1A%¢llz < eIl B gy + ce~ 1ol o]l

/
2;nm
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for all ¢ € C°(G) and € > 0, if ||a|| < nm. In particular, for all k£ < nm,
Ny () < "™ FIH ||z + e[l

and in addition

for all p € C°(G). This proves Statements IV, V and the last part of II by

closure and density. =

Our aim is to bound the semigroup kernel associated with H. To this
end we adopt the tactic of [AMT]. First, we obtain appropriate bounds on
the kernel of a large power of the resolvent kernel where the power is large
relative to the largest weight r. Secondly, we derive the semigroup estimates
from the resolvent estimates by a Cauchy contour integration technique.

Note that with the choice of  one has the continuous embedding L}, C
L., for each k € N. ’

PROPOSITION 2.2. If n € N, k,e > 0 and n > (dr + k)/m then (A +
H)™2" has an integral kernel Rg\%) € L., for all A € A(m —€). Moreover,

(A2 R (g)] < alA|72HPHllal)/me=bIAM ™ gl
for all g € G and o € J(d) with |[e|| < k, where a,b > 0 are independent
of \.

Proof. It follows from the Helffer-Nourrigat estimates (Proposition
2.1.IT) and the spectral theorem that there exists ¢; > 0 such that

(KA + H) " llepmry,, )7 2 cr

uniformly for all A € A(m —¢) with [A\| = 1.
Next, fix a real 1 € Cp.0(G). Let
n(¢) = sup{[(Ap)(9)| : g € G,i € {1,...,d}}

and for j € N define recursively

nj+1(Y) = _e{Slup " n;(Ai) V n;(¢).

If j <t<j+1, with j € N, define n(¢) = n;(¢)). Next for p € R define
Uy, : Ly — Ly by

(Uep)(9) = e~ W(g).
Then U, maps Ly, continuously into Lo, for all [ € Ny. Let

H' =U,HU, .
The starting point is the observation that
UQAZ'Ug_l = Az + QMwi
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foralli € {1,...,d}, where ¢; = A;39) and My, is the multiplication operator
with ;. Therefore U,A;U, 1is a perturbation of A4;.

The operator (A + H(@)™ can be expressed in the form

M +HO) =M +H)"+ Y Mo\ ¢)A°

peJ(d)
IBlI<nm—1

where Mpg(0, A, ¢) are bounded multiplication operators satisfying

1M (0 A )| < calol (1 + 1™ ™) (1 + nm ()"
uniformly for all p € R, A € A(w —¢) with |\ =1, g € J(d) with ||3]] <
nm — 1 and real ¢ € Cp,0(G). Therefore
| + HOY — L+ H)1y o,
< nmd™™ " ealol (1 + [of "™ T (L + npm ()"

So if |o| < 1, 2" Flepd™™ Inm|o| < (2¢1)71, A € A(m —¢) with |A] = 1 and
real Y € Chioo(G) With 1y, (1) < 1 then (A + H(@)™ is invertible as an
operator from Lj .. into Ly and

AL+ HO) "0l < 21 [lip]]2
for all ¢ € Ly. Hence there exist c3,cq4 > 0 such that
U AU, M AT+ H ) 0|l 0, < csllipll

for all p € [—caycq], N € A(m — ) with [N = 1, a € J(d) with [|o| <
k, real ¢ € Cp.oo(G) with 1y (1) < 1 and ¢ € Lo. Thus the operator
UpA*(M + H)™"U, " maps Ly continuously into Lj, ;. But Ly, is
continuously embedded in Lo.4 by the condition on n. Moreover, by the

Sobolev embedding theorem for Lie groups ([Rob], B2.2), the space La.q4 is
continuously embedded in Cy. Therefore there exists Rg?;\g) € Ly such that

(UpA“U A+ HO) " g)(e) = [ dh RIS (h)p(h)
G

for all p € Lo, where ¢(g) = ¢(g~'). Moreover, HR&”S\Q)HQ < ¢5 for some
constant ¢5 > 0 uniformly for all |o| < ¢4, A € A(m — €) with |\ = 1,
a € J(d) with ||a|| < k and real ¢ € Ch.o0(G) with ny,m,(¢) < 1. Then, by
right invariance,

(AN + H)"9)(g) = [ dh R{ (R)p(h~tg)
G

for all ¢ € Ly and g € G. Let R = R} and define R = RJY" if
18] = 0.
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Since (A 4+ H(=9))~™ is bounded from L, into Lo it follows by duality
that (A + H(®)~" is bounded from L; into L. Therefore, by composition,
ROV = RO« REKY € Co(@),

where [ is again the multi-index with length zero. Using the fact that
H@ =U,HU,", it then follows that

RSZ’Q) (g) = R((jz)(g)eg(w(g* )—(e))

forall g € G, |o| < ¢4, A € A(m—¢) with |\ = 1, a € J(d) with ||a| < k and
real 1 € Cp.o0(G) with ny,m,(¢) < 1. By [Rob], Chapter III, Equation (4.31),
there exists a cg > 0 such that [1)(g~1)—(e)| > cg|g| uniformly for all g € G
and real ¢ € Ch.0(G) with ny,m(¢) < 1. So

B (9)] < IR lowe™e1c012! < cgemcrcels

uniformly for all g € G. By [VSC], Proposition I11.4.2, there exists a ¢z > 0
such that |g| > ¢7|g|’ for all g € G with |g|" > 1. So there exist a,b > 0 such
that

IRCY (9)] < aetlol

uniformly for all g € G and A € A(w —¢) with || = 1.
Next we use a scaling argument to remove the restriction on A. Let A €

A(m—¢). Since H(pov,) = u™(Hy) oy, and (A%p)y; ' = ul*lA®(pory 1)
for all u > 0, one readily deduces that

(A% + H) ) 055" = w2104 (w4 H) " (p 077,
Choose u = [A|'/™. Then

(AN + H) 2" p(g) = |72 HPHIDm [ dh RED (u (k) e (h™"g).

G

So A%(AM + H)™?" has a kernel Rsz) and Rsz)(h) = || 72 FDHllel)/m
R (74 (h)) for all h € G. Then

[RED(R)] < a A[72HPH el /m o —bN Al

for all h € G.
Finally, we prove that Rg\%) is k times differentiable and that AO‘R&%) =

Rgﬁ) for all a € J(d) with ||a]| < k. It suffices to consider the case |A| = 1.
Then

REY) = RUS RS = A*(\[+H) "RV = A*(\[+H)"R{") = A*RJ".

«

This completes the proof of the proposition. m
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COROLLARY 2.3. The holomorphic self-adjoint semigroup S generated by
H has a kernel K € L1.06(G;dg) N Co.00(G) such that

(A*S.0)(g) = [ dh(A°K.)(h)p(h™"g)
G

for all o € J(d), z € A(7/2), ¢ € Ly and g € G. Moreover, the function
z +— K.(g) is analytic on A(w/2), uniformly for g € G, and for each o €
J(d) and € € (0,7/2) there exist a,b > 0 such that

(A2 K.)(g)] < afz|~(D+lal)/me=b(llal)™ |z~ "=
forall z€ A(m/2 —¢) and all g € G.

Proof. The semigroup S can be constructed from the resolvent (Al +
H)~! using the standard Cauchy integral representation of the exponential.
Alternatively, one can use the Cauchy representation for the derivatives of
the exponential. Let n € N and k£ > 0 and suppose that n > (dr + k)/m.
Assume that z € A(7w/2 —¢). Then

S. = (2mi) 7 (2n — 10" [ axe (A + H) 7"
I'r

where I'p is the contour in the complex plane formed by connecting the
two line segments Lr + = {\ € C : arg\ = (7 — £/2),|\| > R|z|7'} and
the arc Ag = {\ € C : arg) € [-m +¢/2,7m —¢/2],|\| = R|z|7}. We
will deduce below, from the bounds of Proposition 2.2, that the semigroup
kernel K exists,

K. = (2ri)7 (2n — 1)1z~ [ axer RV

I'r

and z — K,(g) is analytic for all g € G.
First, assume R > 1. If A € L4 then Re(\z) < —|\||z|d, where
0 = sin(e/2). Therefore the foregoing integral exists pointwise and

K.(9)] < a(2m) (20— DYfz| @0 [ dx - leby|-@n-p/m
I'r

< CL/|Z|—D/'m

for some a’ > 0 and for all g € G. Moreover, a similar estimate bounds the
derivative of z — K,(g), uniformly for g € G, and this establishes uniform
analyticity of the function.

Secondly, |K,(g)| can be estimated more accurately as follows. Assume
|z| = 1. The integral over the arc Ar gives a contribution to K,(g) which
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is bounded by
T—e/2
B (g) = a(2m)"1(2n —1)! f df R~(n=1=D/m) Ro—bR""|g|'
—7m+e/2
< alebeRl/qu\”

where we have used 2n — 1 > D/m and R > 1. But the exponential is
minimized by choosing R = (b|g|'m~")™/(m=1) and hence if b|g|’ > m then

BgA) (g) S a//e_b/(|g|l)M/(M7l) .

Thirdly, the line segments Lg 4 in I'r both give contributions which can
be bounded by

oo
BE) (g) = a(2m) ™ (20 = 1)} [ dpupm 2= Plm o=t Ml
R

Since R = (b|g|'m~1)™/(m=1) > 1 one again has bounds of the form
B (g) < o et gl m
Therefore one concludes that
K.(g)] < ae sl

for some a,b > 0, uniformly for all z € A(n/2 —¢) with |z| = 1 and all

g € G with |g|" sufficiently large. But we have already established that K,

is uniformly bounded if |z| = 1. Therefore the foregoing bounds extend to

all g € G, and z € A(n/2 — ¢) with |z| = 1, by increasing the value of a.
Finally, since H is homogeneous one obtains the bounds

|K.(9)] < a|z|*D/mefb((lg\’)’”|z\—1)1/<m—1>

for all z € A(w/2 —¢) and all g € G by scaling.

It now follows straightforwardly that K is indeed the kernel of S.

If € J(d) with [|o]] < k then one can define similarly the function
K..:G— Cby

Ka:(g) = (2mi) (20— 1)~ [ dxeX*(4°RE")(g)
I'r
It follows as above that
K (g)] < afz|~D+lal)/m=b((lgl')™ 1= =0
for all z € A(w/2 —¢) and all g € G. It then follows that K, is pointwise

differentiable and that A“K, = K, . for all o with ||| < k. Hence K, is
infinitely often differentiable in both the L; and the L., sense. m
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Remark. The kernel K is usually not positive. It follows from [Rob],
Chapter III, Section 5, that K is positive if and only if H is a second-
order operator, in the unweighted sense, with real coefficients and with the
principal coefficients satisfying an ellipticity condition.

3. Miscellany. In this section we extend the foregoing results to general
positive Rockland operators as defined in the introduction and to general
continuous representations. In particular, we complete the proof of Theo-
rem 1.1. Subsequently, we examine properties of Rockland operators which
are special to unitary representations or to translations on the L,-spaces.

3.1. Lower order terms. In the previous section we derived Gaussian
bounds for the kernel of the semigroup generated by H on Lo under the
assumption that H is homogeneous. Next we use perturbation theory to
remove this homogeneity hypothesis.

PROPOSITION 3.1. Let H = dL(C') where C is a form of order m whose
principal part is a positive Rockland form. Then

L. For alln € N one has D(H") = Ly.,,,,,, with equivalent norms. More-
over, there exists a ¢ > 0 such that

Noum () < e([IH™ |2 + [l]l2)

for all o € D(H™).
II. The spaces La.oo and C°(G) are cores for H™, for all n € N.

Proof. Let Hy = dL(P) denote the principal part of H.
Suppose n = 1. Then D(Hy) = L5, by Proposition 2.1. Moreover,
since Hy = H — Hy is of degree at most m — 1 one has

|Higll2 < el Howpllz + ce™™ gl

for some ¢ > 0 and all € € (0, 1] by Statements I and II of Proposition 2.1
applied to Hy. Thus H; is a relatively bounded perturbation of Hy with
relative bound zero. Hence D(H) = D(Hy) = Lj,,, with equivalent norms.
The rest of the proof then follows the proof of Proposition 2.1.

Next suppose n > 1. Then the principal part Hj of the operator H"
is a positive Rockland operator. Therefore we can repeat the foregoing
argument with Hy replaced by H', H; replaced by H™ — H{ and the degree
m replaced by nm. =

The semigroup results now follow by use of perturbation theory.

THEOREM 3.2. Let H = dL(C) where C is a form of order m whose
principal part is a positive Rockland form. Then H generates a continuous
semigroup S with a kernel K € L1.oo(G;dg) N Co.00(G). Moreover, for each
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a € J(d) and € € (0,7/2) there exist a,b > 0 and an w > 0 such that
(AK.)(g)] < afz|~@+lall/m gelsl g=b((lal )™ =1~/

forall z € A(m/2 —¢) and all g € G.

If Kt is the kernel of the semigroup generated by the dual operator HT
then K| (g) = K;(g~1) for all g € G.

Proof. Again we use Hy to denote the principal part of H, and H; for
the lower order terms. Since Hj is positive self-adjoint and H; is relatively
bounded by Hy with relative bound zero it follows from standard perturba-
tion theory that H generates a continuous semigroup S on Ls. Moreover,
it follows from the perturbation theory of holomorphic semigroups that S is
holomorphic in the open right half-plane.

Next, we exploit the perturbation arguments developed in the appendix
of [BrR2] and subsequently used in [EIR1], [EIR2] and [EIR4] to construct
the kernel K of S from the kernel K9 of the semigroup S generated by
the principal part Hy of H. Since the proof is very similar to the previous
applications we only sketch the outline of the argument.

Define Kt(n) by the recursion relation Kt(") = (K% H K©), where
the convolution product * is defined on R x G by

(PF)e fdsfd/ws Jie—s(hg) fdsfdhsots h)s(h™g).

Then one proves that the perturbation series
K- YK
n>0

is L,-convergent, for all p € [1,00] and all ¢ > 0, and identifies K; as
the kernel of S. In fact the series is convergent on exponentially weighted
L,-spaces and this allows one to extend the Gaussian bounds from K (0)
to K.

Let 0 > 0 and define L to be the Li-space with respect to the measure
dg e2l9!” and denote the norm by

lell§ = [ dge®*l(g)l.
G

Similarly, let L2 be the space of measurable functions ¢ for which g +—

e2l9l'|o(g)] is essentially bounded with norm

[o]|2 = esssup el |o(g)].
geG

Since |-|” satisfies the triangle inequality it follows from the recursion relation
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for K (") that one has the coupled integral inequalities
t
(1) &g < [ ds (B VNG H KO A (RS 19 ED12)
0

and

t
(2) 18 < [ ds "V IS0 HK Q8.
0

But it follows from the Gaussian bounds of Corollary 2.3 applied to K(©
that with a suitable choice of ¢ > 0 and w > 0,

IEPIE < aeeCe, I EE ¢ < aOm=D/meetisem
HKt(O)HgO < qt~P/mew+e™)t HHth(O)HgO < gt~ (DFm=1)/mw(1+e™)t

for all p > 0. Now these estimates allow one to solve the integral inequalities
(1) and (2). One obtains bounds

K8 < a(bnen fnl)l/mes(+e™,
K12 < at=PIm(pren mt)t/m e (e,

Then estimating the sum K of the series K™ with the Holder inequality
yields
HKt”go < a/th/mew(lJrQM)t'

But the latter bound gives
9| Ky (g)] < a/t=P/mer(ite™)t

and minimizing over g one finds
1Ki(g)| < at=P/mewte=b(lgl)me )Y
for some a,b > 0 and w > 0.

The function K defined by the perturbation expansion is now a function
of the Gaussian type and it follows from the standard arguments of “time-
dependent” perturbation theory that it is indeed equal to the semigroup
kernel of the perturbed semigroup S. But applying similar arguments to the
semigroup S? = S,i0, with € A(m/2) one establishes that K, is defined
in the open right half-plane and satisfies the desired Gaussian bounds in
A(m/2 —€). It remains to bound the left derivatives of K.

The estimation of the derivatives A% K, is almost identical to the estima-
tion of K; if o € J(d) and ||a|| < m. The starting point is now the recursion
relation

(A°K{™)(h) = - f ds [ dk (A K" V) (k) (HL K ) (k™ h),
0 G
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which gives a set of coupled integral inequalities on the weighted spaces
which can then be solved with the aid of the above bounds together with
the estimates

HAOAK;O)H? < atfHaH/mew(lJrgm)t, HAoth(O)Hgo < at*(DJr||o¢||)/Tneo.)(1+gm)t7

which again follow from the bounds of Corollary 2.3 applied to K(©. Now
the derivatives only introduce an extra factor (t — s)~I2l/™ in the bound

on Kt(fgl) in the integral inequalities and since this factor is integrable at
s = t this presents no problem. It merely introduces an additional factor
t=llell/m in the overall estimate. If, however, ||a| > m a new problem
arises because the additional factor (t — s)~l2l/™ is not integrable and the
recursion relation is ill-defined. But this can be dealt with by the methods
of [EIR1].

The n = 0 estimates are valid for all @ and by splitting the convolution
integral into two parts one obtains an alternative recursion relation which is
well defined and can be used to estimate the higher derivatives. This second
relation has the form

t/2
(A KM )= — [ ds [ dk(AKD) (k) EES) (K h)
0 G

[ ds [ ARSI @A LK) ),
t/2 G

In the first integral the extra singularity (¢ — s)‘”o‘”/ ™ introduced by the
derivatives plays no role because s < t/2. In the second integral the term
A“L(k)Ks(O) will have a nonintegrable singularity at s = 0 but this will
not cause any difficulty because it is excluded from the region of integra-
tion. Nevertheless, it is important for the form of the final bounds that
the singularity of this second term is of the correct order. But this follows
because L(k~1)A*L(k) is close to A% in a suitable sense. The appropriate
comparison is given by Lemma 4.3 of [EIR4] which is a weighted version of
Lemma 4.3 of [EIR1]. If w € (0, 0c0) is such that w/w; € N for all ¢ one has
to use the equivalent modulus |- |” defined by

d " d 1/(2w)
’ exp <Zfz‘ai> = (Z \fi‘zw/wi)
i=1 1

in the proof of Lemma 4.3 in [EIR4]. The detailed estimation of the deriva-
tives is then given by repetition of the arguments of [EIR1]. We omit further
details.

The proof of the last statement of the theorem, concerning the dual
kernel, is straightforward. m
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3.2. General representations. In the previous subsection we proved that
if the principal part P of the form C is a positive Rockland form then the
operator dL(C') associated with the left regular representation L of G in Ly
generates a holomorphic semigroup with a kernel which, together with all
its derivatives, satisfies Gaussian bounds. Now let (X, G,U) be a strongly,
or weak®, continuous representation of G. Let H = dU(C) and let K be
the kernel of the semigroup generated by dL(C). We shall show that H
generates a continuous semigroup S which is holomorphic in the open right
half-plane and which has K as kernel. The idea of the proof is to use the
kernel K to define a semigroup on X and then show that the generator is H.

First we show that (K;);>o is a bounded approximation of the identity.

LEMMA 3.3.
lim f dg K¢(g) =1

t—0

Proof. Let p € C(G), ¢ >0, [dge(g) = 1. Let s > 0 be such that
supp ¢ C B,. Further, let ¥ € C°(G), ¥ > 0, be such that ¢(g) = 1 for all
g € Bsy1 and set 7 = @ x1. Then 7 € C°(G) and 7(g) =1 for all g € By.
Consider the decomposition

fdgKt fdgKt 7(9) + [ dg Ki(9)(1 - 7(g))-
G

It follows from the Gaussian bounds of Theorem 3.2 that lim;_¢ [ dg K;(g) x
(1-7(g)) = 0, and hence it remains to prove that lim,_.¢ [ dg K;(g9)7(g) = 1.
Now

[ a9 Erio) = [ d [ i Ka)olnyn
—fdg fdth (h)d(g~"h)
= [ dh(Tp)(h)g(h),

G

where 1)(g ) =1(g™ 1Y and T is the semigroup generated by dL(C). Because
lim; g th/J 1/1 in Lo we obtain

1m [@K; fmw (h) =1(e) =1

and the lemma is proved. m

We now prove a result which, together with Corollary 2.3, completes
the proof of Theorem 1.1. Moreover, in combination with Theorem 3.2, it
extends Theorem 1.1 to nonhomogeneous operators.
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THEOREM 3.4. Let (X,G,U) be a continuous representation of G and
C a form of order m whose principal part is a positive Rockland form. Let
H =dU(C) and HT = dU,(C) be the dual operator in the dual representa-
tion (F,G,U.). Then H generates a semigroup S which is holomorphic in
the right half-plane. Moreover, H = H'™ and the kernel of the semigroup
generated by dL(C) on Lo is the kernel of S.

Proof. Let K be the kernel of the semigroup generated by Hy = dL(C')
on Lo. For t > 0 define the operator S; by S;x = fG dg K+(g)U(g)x. Then it
follows from Lemma 3.3 that S is a continuous semigroup. But the same ar-
gument can be applied to the kernels ¢ — K, io; with 6 € (—7/2,7/2). Since
all constants involved are locally uniform in 6 it follows from Kato [Kat],
Theorem XI.1.23, that S is a holomorphic semigroup with holomorphy sec-
tor the open right half-plane. Let H be its generator and for A € R large
enough let Ry = (M + H)~! be the resolvent. Then Rj is a continuous
operator, so if one replaces X by A&, it follows that Ry maps &, into &, if
(X,G,U) is a strongly continuous representation. Hence Ry maps Xo into
X for any representation.

In order to identify the generator of S, we first assume that U is the left
regular representation in LY = L, (G;e?l9!dg), where ¢ > 0 is fixed.

Note that Ryp = r) * ¢, where 7, is the resolvent kernel associated
with the kernel K. Since Ryp = (M + Hp) 'y for all ¢ € C>*(G) and
O (G) C LY., one deduces that

(¥, (AL + H)Rap) = (A + H"), Rag) = (¢, )

for all 1, € C2(G). So (A + H)Ryp = ¢ for all ¢ € C(G). Since Ry,
is a continuous operator and C°(G) is dense in L{ it follows that HC H.
Next, using the dual kernel K T one can define similarly a semigroup S  on
F with generator Ht. Then it follows from the above that HT C HT. But

ST = 5% so ffIvT* = H. Hence
HCHY—H CcH =HCH
So H = H'™* = H is the generator of 5.

Finally, we deduce that the generator H of the semigroup S is the clo-
sure H of dU(C) for a general representation U. Let ¢ > 0 be so large
that |U(g)|| < Me29! uniformly for all g € G, for some M > 0. Let H-
and S” be the operator and semigroup corresponding to the left regular
representation in L. Let ¢ € C°(G) and z € X. Then for all ¢ > 0 one
has

S,U(p)x = U(Ky * o)z = U(SEp)z.

Hence by the Duhamel formula
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SiU(p)x = Ulp)z =U(Sfe — ¢)x
= —U( fdsHLSSLgJ)x: = fds(U(SSLHan)a:).
0 0

Therefore

[t (S (@)a = Ulp)e) — Ut p)a]| = ¢ [ dsU(SEH o — HEp)a
0

IN

LrL L
sup || H "o — H |7z
0<s<t
Since ST is a continuous semigroup, it follows that U(p)z is in the domain
of the generator H of S and

HU(p)x = U(H @)z = HU(p)x.
Let D = span{U(p)z : ¢ € CP(G),z € X} be the Garding space. Then
H D H|p. But D is dense in X),. So H O H and hence H D H. Since

Ryx € X for all x € X it follows that (A + H)Ryxz = z for all x € X.
One can then deduce as above for the left regular representation in L§ by

using duality that H = H = H'. This proves the theorem. m

COROLLARY 3.5. The kernel z — K.(g) is analytic in the open right
half-plane uniformly for all g € G.

Proof. If S is the holomorphic semigroup generated by dU(C) on L,
where U is the left regular representation, then S, K,, = K, 1., for all
21, z2 in the right half-plane. Hence the map z — K, from A(w/2) into Lo,
is holomorphic. Fix 29 € A(7/2). Then there exists K € L such that

}(z'_l(zo
zZ— 20

lim = 0.
zZ—2Z20

/
- K,

oo

But g — (K, — K,,)(9)/(z — 20) is a continuous function, so
K.(g) — K,
lim B209) 0(9)

z—20 Z— 20

= K2, (9)
uniformly for all ¢ € G. Therefore z — K,(g) is analytic. m

3.3. Regularity. Finally, we consider unitary representations and prove
optimal regularity results.

THEOREM 3.6. Let C' be a form of order m whose principal part P is a

positive Rockland form. Suppose (X,G,U) is a unitary representation and
let H=dU(C). Then

I. The operator H is closed.
II. For alln € N one has D(H™) = X/, with equivalent norms.



214 P. AUSCHER ET AL.

Proof. We only have to prove Statement I since the principal part of
C" is a positive Rockland form. The equivalence of the norms follows from
the closed graph theorem.

Consider the form C7 defined so that

(e = ¥ (—1llglea

acJ(d)

ol <m
in any representation (), G, V), where (a., ) denotes the multi-index for-
med by composition of a and the index a, obtained by reversing the order
of a. Then Cy is a form of order 2m whose principal part P; is a positive
Rockland form. Indeed, if V is a nontrivial irreducible unitary representa-
tion, € Voo (V) and dV (P1)z = 0, then (z,dV (P;)x) =0, so A% = 0 in
the representation V for all o € J(d) with ||a|| = m. Hence dV(P)z = 0
and z = 0 since P is a Rockland form.

By Proposition 2.1 there exists 1 >0 such that ||dL(P)p|l2 > 11 N3, (©)
for all ¢ € Ly,,. Moreover, by Theorem 2.1 in Chapter I of [HeN2], and
the remark immediately after it, there exists us > 0 such that ||[dV(P)x|| >
p2 N, (z) uniformly for all unitary irreducible representations (Y, G, V') and
z €Y (V). Let p=2"'min(u1, p2). Then

(z,dV(P? — uPy)x) > p(x,dV(Py)x)

if V is an irreducible unitary representation or if V is the left regular rep-
resentation on Lo and x is a C*°-vector. Therefore P2 — uP; is a positive
Rockland form. So CTC — uC; is a form of order 2m whose principal part
is a positive Rockland form.

Then the closure of dU(CTC — pC1) is a generator of a semigroup, so
it is self-adjoint and by spectral theory it is bounded below. Let —g be a
lower bound. Then

1dU(C)z||* = u(dU(Cr)z,z) + (dU(CTC — pCh)z, ) = plllz]7,)* — oll]®

for all x € X, (U). Since X5 (U) is a core for dU(C), by [BrR1], Corol-
lary 3.1.7, and X/ is complete, it follows that D(dU(C)) C X/ and hence
dU(C) is closed. =

It is also possible to obtain regularity results for the left regular repre-
sentation on the L,-spaces with respect to left Haar measure if p € (1, c0).
These are basically a result of the good kernel bounds and the regularity
on Lo.

THEOREM 3.7. Let U be the left reqular representation on L, where
p € (1,00), and let H = dU(C). Then

I. The operator H is closed.

II. For alln € N one has D(H") = L! with equivalent norms.

pinm
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Proof. The proof is precisely the same as that for subcoercive operators
in [BER]. It is based on a Lie group version of the usual weak L;-estimates of
singular integration theory combined with the regularity properties already
obtained for Lo together with duality and interpolation arguments. =

THEOREM 3.8. Let U be the left reqular representation on L,, where
p € (1,00), and let H = dU(C). If 0 € (0,7/2) then there is a vy > 0,
independent of p, such that the operators vl + H, v > vy, have a bounded
functional analysis over the functions which are bounded and holomorphic
in the sector A(p) with p € (/2 —0,7].

Proof. The proof is precisely the same as in [EIR3]. It is again based
on a Lie group version of arguments of singular integration theory. m
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