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ON AN EXTENDED CONTACT BOCHNER CURVATURE TENSOR
ON CONTACT METRIC MANIFOLDS

BY

HIROSHI ENDO (ICHIKAWA)

1. Introduction. On Sasakian manifolds, Matsumoto and Chuman [3]
defined a contact Bochner curvature tensor (see also Yano [7]) which is in-
variant under D-homothetic deformations (for D-homothetic deformations,
see Tanno [5]). On the other hand, Tricerri and Vanhecke [6] defined a
general Bochner curvature tensor with conformal invariance on almost Her-
mitian manifolds.

In this paper we define an extended contact Bochner curvature tensor
which is invariant under D-homothetic deformations of contact metric man-
ifolds; we call it the EK-contact Bochner curvature tensor. We show that
a contact metric manifold with vanishing EK-contact Bochner curvature
tensor is a Sasakian manifold.

2. Preliminaries. Let M be a (2n + 1)-dimensional contact metric
manifold with structure tensors (¢, &, 7, g). They satisfy

p¢=0, n¢ =1, ¢@*=-IT+n0¢, nX)=g(X),
g(@X,0Y) = g(X,Y) —n(X)n(Y), g(¢X,Y)=dn(X,Y)

for any vector fields X and Y on M. Define an operator h by h = —%quﬁ,
where £ denotes Lie differentiation. Then the vector field ¢ is Killing if and
only if h vanishes. It is well known that h and ¢h are symmetric operators,
h anti-commutes with ¢ (i.e., ph + h¢ =0), h& =0, noh =0, Trh = 0 and
Tr ¢h = 0. Moreover, for every contact metric manifold M the following
general formulas were obtained:

(2.1) V€= 6X + ¢hX ,
(22) 3(R(E, X)E — ¢R(E,9X)E) = P X + ¢° X,
(2.3) 9(Q&, &) =2n — Trh?,

2n+1

(2.4) Z (Ve ¢)E; = —2n¢  ({E;} is an orthonormal frame),

i=1
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(25) (Vex9)oY + (Vx¢)Y = —29(X,Y){ +n(Y)(X + X +n(X)E),
(2.6) $(Veh)X = X —n(X)E — h*X — R(X,§)¢,
where V is the covariant differentiation with respect to g, @ is the Ricci

operator of M, R is the curvature tensor field of M and Trh denotes the
trace of h (cf. [1], [2] and [4]). Moreover, using ¢ph& = 0, we get

(2.7) O(Vyh)e = —hY — h?Y .

If ¢ is Killing on a contact metric manifold M, then M is said to be a
K-contact Riemannian manifold. If a contact metric manifold M is nor-
mal (i.e., N + 2dn ® £ = 0, where N denotes the Nijenhuis tensor formed
with ¢), then M is called a Sasakian manifold. Every Sasakian manifold is a
K-contact Riemannian manifold. On a Sasakian manifold with structure
tensors (¢, &,n,g), we have

Vx§=0X, (Vx@)Y = R(X,§Y = —g(X,Y){+n(Y)X,
PQ =Q¢, Q&=2ng
(see, e.g., [8]).
3. D-homothetic deformations. Let M be an (m + 1)-dimensional
(m = 2n) contact metric manifold. Define the tensor field B® on M by
(3.1) B®(X,Y)

= R(X,Y) + h¢ X AhoY + QY AX — (6QdY) A X

1
2(m +4)
MY)QEAX +n(QY)ENX) — QX ANY + (¢QdX) N Y
MX)QEANY +n(QX)ENY) + (Q9Y) A pX + (¢QY) A X

+29(¢X,Y)oQ +29(0X,Y)Qd — n(X)QY N E+n(X)(¢QeY) A&
+n(Y)QX N E—n(Y)(9QpX) N¢)

k+m k—4
k
+ m(n(Y)ﬁ/\X+n(X)YA§)
1 2
Tt Dty TRV AeX

+29(¢X,Y)o+Y ANX +n(X)EANY —n(Y)ENX),

where k = % (S is the scalar curvature tensor of M) and (X AY)Z =
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gV, Z2)X — g(X,2)Y (cf. [3]). (3.1) implies the following identities:
B®(X,Y)Z =-B*(Y,X)Z,

B®(X,Y)Z + B*®(Y,Z2)X + B®(Z,X)Y =0,
G(B(X,Y)Z, W) = —g(Z, B*(X,Y)W),

g(BE(X,Y)Z, W) =g(B®(Z,W)X,Y).

If M is a Sasakian manifold, then B coincides with the contact Bochner
curvature tensor of Matsumoto and Chuman [3] and

(3.3) B®(,Y)Z=B®(X,Y){=0, B%®(¢X,¢0Y)Z=B*X,Y)Z,

where we have used R(¢X,Y)Z — R(¢Y,X)Z = g(¢Z,X)Y — g(¢Z, V)X —
9(Z, X)oY + g(Z,Y)pX on a Sasakian manifold.

Consider a D-homothetic deformation g* = ag + ala — 1)np @ n, ¢* =
¢, & = a7l n* = an on a contact metric manifold M, where « is
a positive constant. We then say that M(¢,&,n,g) is D-homothetic to
M((o*,&*,n*,g*). Tt is well known that if a contact metric manifold
M(¢,&,n,g) is D-homothetic to M (¢*,&*,n*,g*), then M(p*, &, n*, g*) is
a contact metric manifold. Moreover, if M(¢,&,n,g) is a K-contact Rie-
mannian manifold (resp. Sasakian manifold), then so is M (¢*,&*,n*, g*)
(see [5]). Denoting by W) the difference r ik — I'ji, of Christoffel sym-
bols, by (2.1) on a contact metric manifold M we have

W(X,Y) = (0 — )((Y)oX +n(X)oY)
L (T (V) + (Tym(X)E  (see [5)

20
— (0~ DHYV)PX +n(X)eY) + “Lg(enx, Ve,

(3.2)

+

Putting this into
R (X,Y)Z = R(X,Y)Z + (VxW)(Z,Y) — (VyW)(Z, X)
+W(W(Z,Y),X) - W(W(Z X),Y)
and using (2.1) we have
(3.4) RY(X,Y)Z=R(X,Y)Z+ (a —1)(29(6X,Y)0Z + g(6Z,Y )X
—9(02, X)oY +n(Y)(Vx9)(Z) +n(Z)(Vx o) (Y)
—n(X)(Vy¢)(Z) —n(Z)(Vy o) (X))
—(a=1*(2)n(X)Y —n(Z)n(Y)X)
L g(X, (Vyd)h2)E — (Y, (Vx)h2)¢

+9(X, o(Vyh)Z)§ = g(Y, 9(Vxh) Z)¢
+ g(X, 6hZ)phY — g(Y, $hZ)phX)
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(n(X)g(hZ,Y )& —n(Y)g(hZ, X)E) .
Choosing a ¢*-basis with respect to ¢* and using (2.4) and (2.6), we get
(3.5)  Ric*(X,Y)

= Ric(X,Y) + (o —1)(—29(X,Y) +2(2n + 1)n(X)n(Y))

a—1

+ 2n(a —1)*n(X)n(Y) — (—9(X,Y) +n(X)n(Y)

«
—29(hX,Y) + g(hX,hY) + g(R(X,§)§,Y)),
where Ric is the Ricci curvature of M.
From (3.5), we find

=1 ox 4+ om + 1)n(X)8)

Lo 1
(36) QX=—

Lo(x,Q0)¢ - 2n(“ — )277(X)§

[0
_ O‘T_l( X 4 n(X)é — 20X + h°X + R(X,€)¢)

where we have used the fact that

Q" 5—
By virtue of (2.3) we have

a?

e

(Q§ £)¢ +2n"

1Trh2.

(3.7) st =Ly o
(8]

Q Q@
Moreover, using the definition of h, we have

1
3.8 h* = —h
(33) “h,

from which we get
. 1
(3.9) Trh*? = ?Tth.

By means of (2.2), (3.1) and (3.4)-(3.9), after some lengthy computation,
we obtain

(3.10) B*(X,Y)Z
= B¥(X,Y)Z + (a = 1)(n(Y)g(X, Z)§ — n(X)g(Y, Z)¢
+2n(X)n(2)Y = 2n(Y)n(Z2)X +n(Y)(Vx®)Z +n(Z)(Vxd)Y
—n(X)(Vy¢)Z —n(Z)(Vy¢)X)

L G(X, (Vy )hZ)E — (Y, (Vxd)hZ)E

)
(
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+9(X,0(Vyh)2)€ — g(Y,¢(Vxh)Z)E)
(o —1)?

(n(X)g(hz,Y )¢ —n(Y)g(hZ, X)E)

1 3(a—1)
+ 2(2n+4){ 2

% a ; Ly, Z)n(X) - (X, ZIn(V))9(Q€, )¢

a—1

((X)n(Z)g(Y,QE)E —n(Y)n(Z)g(X, QE)E

(—9(0X, 2)g(8Y, Q€)E + g(@Y, Z)g(d X, Q&)

«@
—29(6X,Y)g(0Z, QE)E + dng(X, Z)n(Y)E — dng(Y, Z)??(X)ﬁ)} -
Now we introduce the EK-contact Bochner curvature tensor BeX on M
by
(3.11) B%*(X,Y)Z
= B®(X,Y)Z —n(X)B®(,Y)Z —n(Y)B*(X,§)Z
—n(Z)B*(X,Y)§ —n(B*(X,Y)Z) + n(X)n(B=(§,Y)2)E
+n(Y)n(B*(X,8)2)§ +n(Y)n(Z)pB* (X, §)§
+n(X)n(Z2)pB=(E, Y )€

In particular, if M is a Sasakian manifold, then B = B° from (3.2)
and (3.3). That is, B®* coincides with the contact Bochner curvature tensor
defined by Matsumoto and Chuman [3].

THEOREM 3.1. The EK-contact Bochner curvature tensor is invariant
under D-homothetic deformations M(¢,&,m,9) — M(¢*, &5, n*,g*) on a
contact metric manifold M.

Proof. Using (2.5)-(2.7) and (3.10), we find
(3.12)  —n"(X)B®(€",Y)Z = —n(X)B*(£,Y)Z
= —n(X)B*(,Y)Z
+ (o= D) (=n(X)(2)Y + n(X)n(2)hY +n(X)(Vy¢)Z)

a—1

((X)n(Y)n(2)§ +n(X)g(Y, R(Z, £))E)
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B BSPIAYAT

1 {3(a—1)

@ ) 20
+n(X)n(Y)n(Z)g(Q¢, £)E)

s n(x)gv, 2)9(@e €0
+0(X)n(Y)n(2)g(Q¢, £)§)
a—1

(0}

(—9(Y, Z)n(X)g(Q¢, €)¢

+

(4ng(Y, Z)n(X)é - 4nn(X)77(Y)77(Z)€)} ,
(3.13)  —n*(Y)B®(X, &7
= g(V)BS(X,)Z + (0 — DY )(Z)X
AV (2K — n(Y)(Vx)2)
X ()€ + 0¥ )g(X, RIZ,))E)

(@ —1)

9(X, Z)n(Y)¢

_ wg(;ﬁ(, Z)n(Y)e

«

1 3(a—1)
+ 2(2n+4){ 2

= n(X)n(Y)n(2)g(Q¢, €)8)
(9(X, Z)n(Y)g(QE, )& — n(X)n(Y)n(Z)g(QE, €)E)

(9(X, Z)n(Y)g(QE, )¢

la-1
2 «
o

L (Cang (6. 2006 + (X (2)6) |

¢

(3.14) —n*(2)

Sy

es X, Y)E*

N(Z)B*(X,Y)E+ (a — D) (=n(X)n(2)Y +n(Y)n(Z)X
n(Y)IN(Z)hX +n(X)n(Z)hY —n(Z)(Vx @)Y
n(2)

(315)  — " (BU(X.Y)2)E = —n(BO(X,Y)2)¢ - = (a(X)g(hY, 2)¢
(Y )g(hX, 2)€ ~ g(X. (Vv d)hZ)E + oY, (Vx)hZ)E
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— (X, 6Ty W) Z)E + (Y, 6(Vxh) 2)€)
s g (oY 2)a(X,Q0)¢
+9(X, 2)g(Y, Q)€ — n(X

+n(Y)n(2)g(X, QE)E) +

(2)g(Y, Q)¢
L (n(X)g (Y, 2)9(Q6 )¢

FV)g(X, 2)9(Q6,€)8) + “— (9(6X. Z)g(8Y, Q)¢

—9(0Y, Z)g(¢X, QE)§ + 29(¢ X, Y )g(9Z, QE)S

)1
1
2

ng(X. 20 )e -+ Ang(V, ()0}
Using (2.3), (2.5), (2.6) and (3.15), we get
(3.16) n*( Jn < 3, Y)2)E + 0" (V)" (BS(X, 69 2)¢
(29(Y, hZ)n(X)§ —29(X, hZ)n(Y)E + g(Y, Z)n(X)§
- <X, Z)n(Y)E — g(Y, R(Z,£)€)n(X)¢ + g(X, R(Z,£)€)n(Y )¢)
o T gX, 2~ oY, (X)) Trh
From (2.5) and (3.14) we have

(V)" (2)¢* BS(6" X, )€ = n(Y)n(2)$B=(6X, )€
+2(a = n(Y)n(2)hX,
(
—2(

(3.17)
N (X" (Z)§" BS(€5, 6" Y )" = — n(X)n(Z)pB= (€, ¢Y )€
a— Dn(X)n(Z)hY .

Therefore, using (2.3) and (3.10)—(3.17), we get our result.

4. Contact metric manifolds with vanishing EK-contact Bochner
curvature tensor. We define
2n—+1

(4.1) s* =Y g(R(Ei, E;)0E;, 6Ey),

ij=1
where {E;} is an orthonormal frame.

LEMMA 4.1 ([4]). For any (2n + 1)-dimensional contact metric mani-
fold M we have

s* — S +4n® = Trb® + 3{||Ve|? — 4n} > 0.
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Moreover, M is Sasakian if and only if |[V¢||> — 4n = 0 or equivalently
s% — S +4n* = 0.

THEOREM 4.1. Let M be a contact metric manifold with vanishing FK -
contact Bochner curvature tensor. Then M is a Sasakian manifold.

Proof. Since the EK-contact Bochner curvature tensor of M vanishes
we have

(4.2)  g(B™(X, Y)Z W)
=n(X)g(B*(&Y)Z, W) +n(Y)g(B*(X,{)Z, W)
+n(Z)g(B*(X,Y)§, W) + n(W)n(B®(X,Y)Z)
= n(X)n(W)n(B*(& Y)Z) — n(Y)n(W)n(B*(X,£)Z)
—n(Y)n(Z)g(¢B=(¢X, )& W)
—n(X)n(Z2)g(¢B*(& ¢Y)E, W).

Setting X = E;, Y = E;, Z = ¢E;, W = ¢E; ({E;} is a ¢-basis) in each
member of (4.2) and summing over i and j, we have

9(B*(E;, Ej)¢E;,¢E;) = s? — S +4n? — 2Trh? + (Tr h?)? =
Using Lemma 4.1, we obtain
(Trh*)* — Trh* 4+ 4{||V¢|> — 4n} = 0.
On the other hand, from (4.2) we find

2n—+1 2n—+1
> 9(BP(E, O Ei) = = > g(B(0E:,£)E, ¢F;) .
=1 =1

Hence ¢g(Q¢, &) = 2n. Thus we get our result.
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