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ON A LEMMA OF 8. KACZMARZ
BY

J. MEDER (SZCZECIN)

In the present note we shall deal with transferring a Kaczmarz
Lemma (1), concerning some relations between the n-th arithmetic means
of numerical sequences, to the case of logarithmic means. When studying
this case, it appeared necessary to replace the second assumption of Kacz-
marz lemma by a more restrictive condition.

It seems interesting to find out whether the lemma presented here
holds (as far as it is possible in the general case) also without any additio-
nal restriction (P 471). It would be also of interest to generalize this
lemma by proving it e. g. in the case of weighted means or in the case of
the Norlund method of summability (P 472).

The lemma which follows may find an application in the investi-
gation of the summapbility of orthogonal series by the method of loga-
rithmic means, with regard to the order of magnitude of Lebesgue func-
tions.

LeEMMA. Let there be given an increasing sequence of positive numbers

{4} and a series ) a,.

N=1

Denote by t,, T, and TV the first logarithmic means of the series

oo oo o0 1
A a,,
So % wa Swrl,
’:'N An
Mo=1 n=1 n=1

respectively. Here 8V = s,+8,+...+8,, where s, = a,+a,+...+a,.
We assume the following two conditions to be satisfied:
1. 7, = 0(4,) for n — oo.
2. A1/4, = 0(1/nd,logn).
Then we have
T, =TP+01) for n— oco.

(') See 5. Kaczmarz, Sur la convergence et sommabilité des développements
orthogonaux, Studia Mathematica 1 (1929), p. 87-121; Lemma 5, p. 111.
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Proof. The definition of 7', implies

logn & 7 < v )

Hence
1 1\wi1
T } logn 2 2 logn Zak (Z _-Z:)g?

and introducing the symbol 7, We obtain

Tk 1 1 1 g
1 7, . et N
(1) " An+logng{‘ak(ik A)vkw

511 1
_— f kE=1,2,...
(2) T ; (ak ml rfyeney Ty

1 =L S T |
(3) A= —+ M A ——

and

1 1

AZ = A ‘—A = —_——— i
Nk Nk N1 Hk {k+1)2;~+1

1 311 1
"(" Ak.,.l) 2t (k+1m, +(A ak) 25

v=k+2 r=k+1

Hence
n

1,1 1 1 1 : 9
4 A i, AR e o A* —
W Am— - AT AT Mﬁ( zk),g,v

Applying equalities (2), (3) and #, = 4y, = 4%, = 0 we can write
the second term on the right-hand side of formula (1) in the form

"
1 N 1
—— s A
logn ;a"m‘ logn ga"—l_ logn ;28" L.
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Thus

1 - 1) 42
8P 4%,
logn gakm‘ Iogﬂ 2

If we put here the value given in formula, (4) in place of 4%y, we obtain
n

n n
1 1 1 1 8P 1
= — 84— o, SR ek
(5) logn ;akm: Anlogn; Tk + logn P k41 A *

1 X L) N 1}( zi) N1
+ logn ZSL (A kA + logn ZSL A A 2 = 81+8:+8,+8,.

Here 8,, 8,, 8; and 8, stand for the first, second, third and fourth
terms in the last sum, respectively. Now we proceed to the estimation
of 8,, 8,, 8; and 8,:

n n
1 1 1 1 1 1
= hlnlogngsk;(?_v+1)__lﬂlogn;8k(¥_n—{—l)
n

1 8y 1
Inlogn &4 & + L int1)logn ;‘9"

Il

"

. ™ 1 8;,.
b N e

T nT,
=% Tero (n+1)z,.logn 2 Z

Tn NTy Tn
= + ('n+1)1n (n41)4, (ﬂ+1)2,,10gn 22
Hence the formula

n

1

— = _— logk

(n+1)anlogn 2 2 T D) alogn ; ey

and assumption 1 imply

(6) 8, =0(1) for n— oo,
. - SS:’ 8y

8y = B

? logn & k+1 X logn Z Z i+1 zi

’n‘l.'ﬂA-— n—1

I

n k
N 1 11 ,
T ;[A (kg; i1 4 Z)]Zz*
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Evidently we have
1

51 1 2 51 1
A("; ATAE) T e

=k41

Then from assumption 2 it follows
n oo
1 1 1 1
Alk d—)=0|—— e T
( g’; i+1 " A O(klklog?c) +i‘§1 0 (i’hlogi)

1 1
=0|——| 40| ———) =0 —-——)
(M,,logk) + (kﬂ.klogk) (kﬂ.klogk
This estimation together with assumptions 1 and 2 implies

1
184 = 00 (=) + 1ogn21°g’° 0600 (7o) +OW
1 v, (1
logn go(?)

Hence we conclude that

(7) 8, =0(1) for = —> oo,
8 = lo;m ; 84 (7;_:4) - 10;1, ; * ;;; 4 (p_lﬂ.,_)
- 10; g%kjd(:_z,)
I DYES

G- Bl -l

=k+1 r=k+1

- i (_1_) _ [L _ _1__]
kﬂ.k e 1’1, ("+1)ls+l

L k L Ry Lrges T
e (b+Dhys  B+Dhy  +DAga A& (DA
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and
« A( 1 ) Ta nr, T n T
W |l—) = — — — _
NAn An (n+1)}~n+1 (n+1)1n+1 (n+1)An sy
y 1 " (7
Sl e B e
dn (1),
we have
n—-1
1 Tn 1 1
8; = 7, 4-- logkA —
3 =T 7 +(n+1)ln+1+logn§ﬂ‘ og 7 +
n—1
1
logk+0(1).
<t (n—l—l)ﬂmﬂlogﬂgrk 0gk+0(1)

Thus assumptions 1 and 2 imply that

n—1

rﬂ tﬁ 1 1
=0 (Z) i (_ﬂ:) + logn grklogko(kiklogk) &8

n—1
1
+agT 2 OWHom =0q),

i e,
(8) 83 =0(1) for n— oco.
We have
1 « 1\ \=v 1 1 17/1 1
w3 ool 31 g Sl
¢ logngL Akgv log‘n;k A k+k+1

= TLIJ_'Uﬂ)

where 7{) and U, denote the first and the second expression on the
right-hand side of the last equality. Thus we have

(9) 8, =TL-7,.
Since

51 1 1
A =i et
P‘Z(a ) )

g i A | ~ (1 1 ) , 1

—A— " g =t it

Aﬂk+k+1 Ax Zi_’-?;_g_ldli

i=k+1
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and assumption 2 implies

(1 1\ 1) 1 % 1
A{?‘g,g 5+ )t - O(mklogk) ﬂ; Oi’%loge‘)

+1

1 1 1
(kﬂklogk) +0 (kitklogk) (kﬂklogk)’

we have for

the following estimation:

T
U, =0|—
)+

From assumption 1, formulas (6), (7), (8), (9), (1) and the relation
U, = 0(1) it follows that

Iogk)O( )—t—O(l) = 0(1).

kA log

T, =TP+0(1) for n—> oo
and this is the required result.

)

Regu par la Rédaction le 10.9. 1963





