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ON A KIND OF DISPERSION OF SETS
BY

J.8. LIPINSKI (LODZ)

All sets considered are contained in the interval [0, 1] and are Le-
besgue measurable. Given a set B we put E" = f,'(E), where f,(z) =
= ne— [nx] and [a] denotes the integral part of a. Thus E" may be called
the dispersion of order n of the set E.

A lemma of Ulianov (1) states: if

(1) D, 1Ba| = oo,

n=1

|E| denoting the Lebesgue measure of E, then there ewists a sequence of in-
legers i, < i3< ... such that

2) imEfp| = 1.

G. C. Shindalovski has asked whether (2) holds for every increasing
sequence {i,} (2). We shall show that the answer is negative. According
to a message submitted to the author by D.Menshov this result has been
obtained also by E.P. Dolchenko.

THEOREM 1. Given an increasing sequence of integers {i,} and an ¢ > 0,
there is a sequence of sets E, fulfilling (1) and such that

(3) r@ Bl <,
(4) T | — 0.

Proof. First note that |E| = |EY|, i = 1,2,..., for every set E.
If E is periodic in [0, 1] and its period is 1/m (i. e. 1/m is the period of

(*) . JI. YaeanroB, Pacrodawyuecs padu DPypve, YVemexu MareMaTHuecKUX
Hayx 14 (1961), p. 61-142, especially p. 125.

(3) Problem put forward in 1961 in Moscow on a seminar on real functions
directed by Menshov and Ulianov.
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its characteristic function), then for every divisor n of m we have

(5) 1Bl = Ifa(B)],
(6) (fa(B)" = B.
If 0<eg <1 (k :1,2,...) and
(7) Da<e,

k=1

then we choose positive integers m,; so that

(8) kask = 00.
k=1
k tk
Put o =0, up = ) mj,w, = [] i,. Let A; be a periodic set
j=1 N=ppe i1

in [0, 1) with period 1/w; and
(9) Al = &
For every n there is precisely one k, such that w, ,<n < Ui, -
We put
E, = f;, (Ayg,).

Since 14, is a divisor of wy,, on account of (5) and (9) we have
| Bl = Ifi, (Ar,)| = |4x,] = &,.
Hence, from (8),

oo 00 sk £9.
DB =D) 3 1B =) me = .
k=1

n=1 k=1 R=pp_1+1

Thus (1) is fulfilled. .
By (6) we have E,*» = A, . Hence |J B < (J A;. From (9) and (7)
k=1

n=1

it follows that

o0

i Ein < &< €
U B xé :
and so we get (3). Now for any n > 0 we choose first an r so as to have
(10) D<o,
k=r

the choice being possible owing to (7), and the an m such that u, > r.
Then

G Ep < U 4.
k=r

=y
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This yields hrnE’n c U A;. Hence, by (9) and (10) we obtain (4)
k=r

for an arbitrary 5. Theorem 1 is thus proved.

We will now distinguish a class of sequences of sets for which the
question of Shindalovski admits a positive answer:

THEOREM 2. If |E,| > 6 > 0 for infinitely many n, then (2) holds for
every increasing sequence {i,}.

Proof. Without loss of generality we may assume that |E,| > § for
every n. Given an interval (a, f) = [0, 1) we choose N so as to have 1/i, <
< f—a for n > N, Then

k .
(@) = Ula+ 172

j=1 n

eod)ofetd

where 0 < f—a —k [in<1[i, and k >1. For every interval I < [0,1)
of length 1/n and every set E we have |I ~ E"| = |E|/n. Hence

k F i
i i J__]‘ J in k
B o (0,0 = Y Bl o [t L5 ar L) B [ )|
k k
=|Eni‘._‘+ Ira‘i“_sﬁ)‘
n Ty
This implies
k
B e, p) _ MG,
> (>N

>

JB —a (k 'Jl“ 1 ) / by

The interval [a, f) being arbitrary, we infer that the density of

the set lim Hi» is at least 0/2 at every point in [0, 1). So (2) follows from

the Lebesgue density theorem.

P 470. Do there exist sequences of sets E, such that hmlE,,l =0
and (2) holds for every increasing sequence {i,}?

Let us notice that the order of divergence of the series Z|Eﬂ] is of

no importance as far as condition (2) is concerned. In fact, for any series
D)a, = oo we can choose the numbers appearing in the proof of theo-

rem 1 in such a way that the series Z]E =2 Z‘ |4, be a majorant of
n :J' =gy — +1
D'a,. Nevertheless (4) does hold.
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