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AND OF HADAMARD'S THREE CIRCLES THEOREM

BY

J. SICIAK (CRACOW)

1. Introduction. In section 2 of this note a generalization of the
classical lemma of Schwarz as well as its extension to the case of several
complex variables are given. From these results the inequalities of Schwarz’s
lemma type given in [2] and [1] follow as particular cases. As an appli-
cation of the extension a new proof of the Poincaré theorem on the im-
possibility of biholomorphic transformation of a polycylinder onto a ball
in C" (n = 2) are given.

Section 3 is devoted to a generalization of Hadamard’s three circles
theorem. The three spheres theorem proved in [2], Chapter III, follows
as a particular case from this generalization.

2. Generalization of the lemma  of Schwarz. Let §(z) = S(z,...2n)

be a real uppersemicontinuous absolutely homogeneous function of
degree 1, i.e.

e)) limsup 8(z) < 8(*) and §(42) = |1|S(z),

where 2, 2° are arbitrary points of €™ and 1 is any complex number. Let,
moreover, S(2) >0, if 270 =(0,...,0). Under these assumptions

(2) D = {z:8(z) <1}

ig a domain such that if &° D, then {z: %, = X}, k =1, ..., n, |A| <1} < D,
i.e. Dis a cireular domain containing its origin 0. Therefore any function
f(2) holomorphic in D may be developped in a series of homogeneous
polynomials :

f@) = D' Py, zeD,
1=0

uniformly convergent on every compact subset of D (see [3]). We shall
say that f(2) has a zero of order v at 0, if Pi(2) =... =P, ;(») = 0.
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Let T(w) =T(wy, ..., wn) be a non-negative plurisubharmonic
funetion in ¢™ such that

(3) TG— w)>[711 T(w) for weC™ and |4 <1,
(4) T(lw)=T(w) for we0™ and |4 =1.

LeMMA. Suppose functions wy = f,(2) (k =1,...,m) are holomorphie
in D and have zero of order v at 0. Let

(5) T(fl(z)7 -'~;fm(.z)) <M,
Then

(6) T(fi(e), ..., fm(2)) < MI8(2)T,

Proof. Observe that because of (3) we have [2T(0) = T'(0) for
]);I <1, whence T(0) = 0. Thus (6) is true for 2 = 0. Suppose @*eD,
#" 7 0. Then there exists g, > 0 such that if 0 < ¢ < &y, then §(2*) < 1 —e.
Put

zeD.

zeD.

1l—e
S (%)

©

2.

We have 2°¢D, because 8(2) =1—e < 1. The function Si(2) having
zero of order » at 0, the function

1

Tfk(lz")
is holomorphic for |4 < 1. Thus the function

1 1,
T(Ffl (), ...,Ffm(zz“))
is subharmonic for |A] < 1. Because of (4) and (5) we have
1 1 '
T(“i?fl (lzo)’ a?fm(lzo)) = T(fl(}“zo)y vee 7.fm(}“zo)) <M

for |4 = 1. Owing to this and applying the maximum principle for sub-
harmonic functions we get

1 1
T(T,-fl(zz"), .-.,Ffm(w)) <M, )<L
Hence, in view of (3),

T(R(2), oo, fm(A)) < MIAP for |2 <1,
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whence by putting 1 = S(2*)/(1—e) we get in virtue of the equation

0 1—e¢

T 8= ?

*

the inequality

S (z*) »
l—s] '

In view of the arbitrariness of 2*eD and e > 0 the proof is completed.

COROLLARY 2.1. If m=mn =1, 8(2) = |2}, T(w) = |w|, then the
Lemma reduces to the well known classical lemma of Schwarz for fumctions
of one complex varigble.

COROLLARY 2.2. One may easily check that the function

T(w) = (ij oo 72},

where v, >0 and p = minp, i plurisubharmonic in C™ and satisfies (3)
and (4). Thus by putting

T(fl(z*>7 7fm("3*>) < M[

8() =lell = { kZ lzkt’);,

(8) yields a generalization of the inequalities proved in [1] and [2].

COROLLARY 2.3. Let D and G be bounded circular domains of holo-
morphy in C" with their centers at 0. It is known [4] that there exist abso-
Tutely homogeneous functions S(2) and T(z) plurisubharmonic in O™ such
that

D={8(@<1} and G={: T()<1}.

As an immediate consequence of the Lemma we get the following

THEEOREM. If
(7) ' we = fu(2),
is a bikolomorphic transformation of D onto & such that f(0) = 0 (k =1,
vevy ), then
(8) T(fl(z)y--':fn(z)) = 8(2), =#eD.

The geometrical meaning of (8) is that the level hypersurface 8(z) = 7,
where 0 < r < 1, is mapped by transformation (7) onto the level hyper-
surface T'(z) =r.

COROLLARY 2.4 (Theorem of Poincaré). There is no biholomorphic
transformation of a polycylinder

P = {z:ma.x(l—zl—l—, ,]—z—"l) < 1}
[ On
onto a ball B = {z:||2]|[e <1} in C", n > 2.

k=1,...,n,
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Proof. Suppose
(9) wy, = fr (),
is a biholomorphic transformation of P onto B. Without loss of genera-

lity we may assume that f.(0) =0, ¥ =1, ..., n. Then a simple applica-
tion of (8) gives

E=1,..,mn,

LI LR
4 On 4 4

This means that the boundary of the ball B, = {e: ||2]|/0 < 7},
0 < r <o, is mapped onto the boundary of the polycylinder P, = {z:
max ({2, /o1, -+v5 2l /on) < 7). Let & = (21,...,2,) be an arbitrary fixed
point of B such that ||&']/e =7 and |fi(")/e; <7 (but max(|f,(")|/e,,
vees fn(@ifen) =) The function F(2) = 1/[2— (2} +...+2.20) (r0) "]
is holomorphic in the closure B, of B, and

|F(z)| <1 =F(") for =zeB,, =z #2.

Thus the function F*(W) = F(g,(w), ..., gu{w)), where 2, = gy(w)
(k=1,...,n) is the transformation converse to (9), is holomorphic
in P, and

max (

| F*(w)| <1 = Fw°),

where w® = (f,(2), ..., f+(2")). This is impossible, since max (|F™* (w)|, w eF,)
= max (|F* (w)|, we{w: |wg|/ox =7, k¥ =1,...,,n}). The proof is thus
completed. :

Observe that we have reduced the proof of Poincaré’s theorem to
the statement which says that a necessary condition that domains D
and @ could be biholomorphically mapped one onto each other by a trans-
formation topological in the closures of the domains is that the Bergman-
Silov boundary of D is mapped onto the Bergman-Silov boundary of ¢
under this transformation. , ‘ .

This statement along with equation (8) enables us to show in many
other cases that two given Reinhardt’s circular domainsg are not biholo-
morphically transformable one onto. each other.

So it seems worthwhile to investigate the following problem. Let D
4nd G be bounded domains in O™, n > 2. Suppose the closures D and @
are homeomorphic but the Bergman-Silov boundaries §(D) and S8(@)
of D and @, respectively, are not. Is it then true that there is no biholo-
morphic transformation of D onto G? (P 449)

3. Generalization of Hadamard’s three circles theorem. Let
8(z) = 8(21, ..., %,) be a continuous real function defined in C* (n =1)
guch that §(z) > 0 for'z £ 0 and

8(12) = |4|8(») for

weP,, w # ',

'zs(}“, |A| < oo.
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Let H(w) = H(wy, ..., w,) be a non-negative real function defined

in a domain D « (™ such that logH (w) is plurisubharmonic in D.
THEOREM. Suppose functions fi(2),...,fm(2) are holomorphic in

G = {z:1, < 8(2) <1} and, moreover, f(2) = (f1(2), ..., fu(2)) e D, if 2@
Let 0 <7y <71y <71y and put

M, = max H{f(2)),
S(g)=rp

k=1,2,3.
Then
(10) Mp < MPMS,

where oy = log(ryfry), ap = log(rsir), as = log(ry/ry), 4.e. the function
log M (o), where M(p) = max H(f(2)), is convex with respect to loge for
S(z)=e
<0< Ts.
Proof. We shall reduce the proof of (10) to the proof of classical
Hadamard’s three circles theorem. Namely let us observe that

{o: 8(2) = o} = {e:2 = Ja, 8(a) =1, |4 = ¢}
and that the function g(4, a) = |A|"H (f ()}, @ being arbitrary real num-
ber, is subharmonic in the annulus 7, < A < 7; for each fixed a such
that §(a) = 1. Hence, by the maximum principle for subharmonic func-
tions, we have
9(2, @) < max (riM,, r;M;)

for 7, < |A <7, and S(a) = 1. Thus M, < max (r{M,, r;M;), whence
M, < max (rery* My, v5ry° M;). For a = — (log M3/ M,)[(logr,/r;) this im-
plies (10).

COROLLARY 3.1. If m = n =1, H(w) = lw|, D = G, and 8{e) = 2],
then (10) provides the classical Hadamard’s three circles theorem.

m
COROLLARY 3.2. One may check that if H(w) = ( ) |wxl"%)"", where
s}

Pe >0, p >0, then the function logH(w) is plurisubharmonic in o™.
Thus by putting S(2) = |[#]| we see that (10) yields as a particular case the
“three spheres theorem” proved in [2].
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