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ON SOME QUESTIONS CONCERNING LACUNARY
POWER SERIES OF TWO VARIABLES

BY

¢. RENYI (BUDAPEST)

Some years ago I proved (1) the following

TurorEM 1. Let f(2) be a transcendental entire fumction. Let Z,(nm)
and Zy(n) denote the number of vanishing coefficients among the first n+1
coefficients of the power series empansion of f(z) around the points a and b
(& 5 b), respectively (n = 0,1,...). Then we have

tim

N—00

Zam)+Z(m) _ 4
n =

This theorem containg as a special case the

TEEOREM 2. The power series empansions of a transcendental entire
function around two different points can not have both Fabry gaps.

The purpose of the present paper* is to consider some consequences
of these results for power series of two variables.

The first question is now: how to define the lacunarity for power
geries of two variables in analogy with the lacunarity in Fabry’s sense
for power series of one variable. Below we give different reasonable de-

finitions:
Let
(1) floyw) = > > agge—a) w—wp),
Te=01=0
0 if Ap,1 = 0
@) 611 = (,1=10,1,...)

1  otherwise.

* Pregented to the Third Conference on Analytic functions held in Cracow,
30. VIII-4. IX. 1962.

() C. Rényi, On a conjecture of G. Pélya, Acta Mathematica Academiae Scien-
tiarum Hungaricae 7 (1956), p. 148-150.
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‘We say, that the series (1) is lacunary in the sense A, if

lczl; ZZOI Gt
1i = = —_
Nl_rﬂo N.M 0
—>00

‘We say, that the series (1) is lacunary in the sense A*, if

N-1N-1

2 Z alc,l
lim =00 =0
Nooo -Nz

The lacunarity A implies trivially .A*, but not conversely: for instance if

0 it IE ble0.1
e = =
ot 1 otherwige, ) ieee)
then
N-1N-1
lcgol;o‘ sk’lz O( 1 )
N2 ]/"l'v“ b
but
N-1N%_1
K=0 10 Ehl
fm B
We say, that the series
3) Ty w) = D) by () (z—20)"
Ie=0
Tesp. )
(4) Floyw) = > op(2) (w—w,)™,
k=0
is lacunary in the sense B resp. C if
k
lim — == 0.
koo N

It is obvious, that the lacunarity B resp. C implies A, but not conversely.
We say, that the series (1) is lacunary in the sense D if
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where
0 lf 2 Ek,n_.k = 0,
k=0

1 otherwise,

8y = (n=20,1,..))

and s; are defined by (2). It is evident, that the lacunarity D implies A,
but not conversely and also, that neither D implies B resp. C, nor con-
versely.

Now let us see what we can say about consequences of the theorems.1
and 2 for power series of two variables, which are lacunary in one of the
above defined senses.

Lacunarity D. The following question presents itself: does there
exigt an entire funetion f(z, w), which is not a polynomial in any of its
variables, such that its power series expansions around two different
points (2, w,) and (2;, w;) should be both lacunary in the sense D? The
answer is: yes. For example

(5) flz, w) =

=0 Et(_—);_@:_&

k2! k2!
k=0

Y

is such a function (its power series around any point (@, ) is lacunary in
the sense D).

Consequently we have to introduce some complementary condition,
namely the ’

ConDITION 1. For any constants « and B there exists at least one =
such that [0"f/0u™ly_usps 18 a transcendental entire function of 2.

Remark 1. Condition 1 can be replaced by the following: for any
constants a and B there exists at least one » such that [0"f/02"T;—moip 18
a transcendental entire function of w.

Remark 2. If f(z, w) does not satisfy condition 1 for some constants
a, B, then it is of the form

fleyw) = D) (w—az—p)"Pu(2),
=0

where P, (2) is a polynomial of z (n=0,1,...).

And now we have

TerorEM L. Let f(z,w) be a function satisfying condition 1, (2, W)
and (2, w,) two points for which 2z, =2, and w, # w,. Then the power
series expansions of f(z, w) around the points (2, w,) and (2, w;) cannot
be both lacunmary in the sense D.

Proof. 1. We may suppose 2z, = wy = 0, 2, = w; = 1. As a matbter
of fact if the assertion of Theorem I would not be valid for the function
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f(z,w) in the points (2, w,) and (21, wy) (% 7 21, Wy F w,), then it would
not be valid for the function g(z,w) = fleo+ (-1—20)%; We+ (W1 —wy)w]
at the points (0, 0) and (1, 1); further if f(z, w) satisfies condition 1, then
g(z, w) does also.

9. We introduce the notations 8"f(z, w)/dw™ = h,(2, w) and h,(z, 2)
=ga(2) (n=0,1,...).

Let us suppose, that the assertion of Theorem I is not true; this
means that the power series expansions of f(#,w) around the points
(0, 0) and (1, 1) are both lacunary in the senge D. In this case the power
series expansions around the points (0, 0) and (1, 1) of any of the functions
Ty (2, w) wonld be lacunary in the sense D and the Taylor series around
the points ¢ and 1 of the corresponding functions g¢,(z) would possess
Fabry gaps. But by the condition 1 there exists at least one n = n, such,
that @y (2) is & transcendental entire function, which contradicts Theo-
rem 2.

Remark 3. The condition 2z, # 2, and w,  w; is essential: the
function

2y Bk
®) fle ) = Yo

k=0

satisfies eondition 1 and its power series expangions around any point
(0, @) is lacunary in the sense D.

Remark 4. Employing Theorem 1 instead of Theorem 2, we may geb
sharper results.

Lacunarity B and C. Since the cases B and C are symmetric, we
shall consider only the lacunarity B.

‘We shall consider only entire functions f(z, w) satisfying the

CoNDITION 2. 0™*"f(2, w)[0"0w™ == 0 for n,m = 0,1, ...

Remark 5. If f(z, w) does not satisfy condition 2, then it is of the
form

oo 1y 0 ko
3 ! 1 ;
Floyw) = 3 Do) + 3w Y wadt).
k=0 1=0 I=1p+1 Ti=<0

Let

5 b (w) (2— 2™,
M fleyw) =1

nZ_]; by (w) (2 —2)"
and let us put

8 if bp(w)is a polynomial of degree s
8) 4= R BT 5 =0,1,...)
co if  bp(w) is transcendental.
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If f(2, w) is an entire function satistying condition 2, then obviously

there exists some set H of natural numbers such, that Iigl A, = oco. But
ne;
—00

much more is true. We have the following

TaporeM II. Let f(z, w) be an entire function satisfying condition 2,
the power Series expansions (7) of which around the point z, is lacunary in
the sense B and let 2, 5= 2,. Then — wsing the notations (7) and (8) — there
exists o set H of notural numbers the upper density of which is 1, such thai
lim 4,, = oo.

nel
T—>00

Proof. Let w, be a fixed value, for which
@by (w0)
ek #0,
(9) [ dw ] iy
except for those values of j and & for which
MEO (F=0,1,...; §=0,1,...),
dw’
and o
@'y (w)
#0
(10) [ dw1 ]w:wo ’
except for those values of j and n for which
*
W) o —0,1,..55 = 0,1, ).
dw?

Let us denote by Z¥(n) the number of zeros in the series b2 (w,)
DD (wg), ooy B () (= 031,005 n=1,2, ...). In other words,

Z0(m) = > 1.

k<n_
Ap<?

Lt ug denote by N the set of those natural numbers n, for which
. n .
Zm(n)<‘—2m (j=0,1,...).

It follows from (9) and Theorem 1, that each of the sets N ? iy in-
finite. Further (10) ensures that N N1,

We choose from the set of natural numbers a subset {»;} in the fol-
lowing way: let » be the least element of N and 1.3he least element
of N9 satistying v >, (j =1,2,...). Now we define the set H of
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natural numbers in the following manner: neH if »;_; < < and 4, >j
(j =1,2,...). Then obviously

lim 4, = co.

neH

N—>00

On the other hand, the upper density of H is 1. As a matter of fact,
if we introduce the notation

HEN) = D'1;
neH
ngN
we have
H(v) = Vi—‘Zm(”?‘)’
H{»; Z(j) 'y, 1 . .
,E‘i) S1- vF 1) >1-—, (G=1,2,..)
§ i “
and thus
fim 2 _ 4.
N0

Remark 6. Theorem II implies that the power series expansions
(7) with 2, # 2, cannot both possess B gaps.

Remark 7. The assertion of Theorem IT is also valid if not the power
series expansion of the function itself, but of one of its derivatives with
respect to w has B gaps in the point z,.

Remark 8. The coefficients bj(w) and b,(w) can be all polynomials,
For example let us consider the function

fla,w) = Yo (z—1)Py(w)
I=0

where P;(w) are polynomials, the degrees of which are not bounded.
In the point # = 0 we have B gaps, namely

g -7 /1 . ..
coeft, ¢ — | TV T OB i s =144, j=0,1,..,1,
. 0  otherwise.
At the same time at the point z =1 we have
) of, Bt 5 =01,

IgascB oyl §— l)

Lacunqm’ty A. Asregards lacunarity A we have at present only negative
results. It is easy to see that the power series expangions of the function

coeff. (2 —1)° =

_ o\ (ew)#
flz,w) = 2 e
k=0
around any points (a,0) and (0, b) are lacunary in the sense A.

(1)
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Perhaps it is true that if there exist five points (2, w;), (j =1, ..., 5)
guch that the power series expansions of a non-polynomial entire func-
tion around each of these points possess A gaps, then three of them sa-
tisfy some equation

a2+ po+y =0
with |a|+ 18]+ ¥| > 0.

But this hypothesis is certainly not valid for the

Lacunarity A*. Let r points a; vesp. b; (4,§ =1,2,...,7) be given
arbitrarily in the z resp. w plane. The power series expansions of the

function
(=]

* r
fle,w) = Y on [ @—ayrsam [ e—py)een™
1 F=1

M=0 i=

(12)

around any point (a;, b;) are lacunary in the sense A*. As a matbter of
fact, in the expansion of f(z,w) around some point (a;, b;) there are
present only such terms (¢— ay)(¢—b,), for which

(r+2)" <s <r(r+2)",

(m=0,1,..)
r+1)" <t < r(r+1)",
and therefore if r(r+2)" < N <r(r+2)"*'(n =1,2,...), then
N S 2 Mo 1 m
kg; lg; Ere,l qéor (r+2)"(r+1) _ O[(?~+1)11]'
N o (r 42" r+2

Let now be given arbitrarily denumerable sets of points a; and b
(4,7 =1,2,...). In a similar way as before it is easy to see that the
power series expansions of the function

o mw mn
— g™ __pmED™
ferw) = en] [ e=a)™" [] =0

Mm=0 =1

{13)

around any point (a;, b;) are lacunary in the sense A%, .

Remark 9. In the case of examples (5), (6), (11), (12) and (13) it
is not essential that they are entire functions: big coefficients have no
influence on the fact that the power series expangions of the corresp{md—
ing functions will be lacunary in thig or that sense around many pomt?.
While this does not exclude completely that some gap theorem .of Eabry 8
kind is valid for functions of two variables, it shows, that this will cer-
tainly not be a trivial generalization of the original theorem for functions
of one variable. :

Regu par lo Rédaction le 10. 2. 1963
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