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ON A PROBLEM OF INTERPOLATION BY PERIODIC ]
AND ALMOST PERIODIC FUNCTIONS

BY

L. STRZELECKI (WROCLAW)

E. Marczewski and C. Ryll-Nardzewski have asked sowne questions
on interpolation by periodic (almost periodic) functions. The general
formulation can be made as follows:

A sequence {3,} of positive mumbers is said to have the property (P)
or (B') respectively in a class K of sequences of real mumbers, if for every
{enye K there exists a conlinuous periodic, or almost periodic (in the semse
of Bohr) respectively, fumction f(t) (—oo < t < oo) such that

f(ta) = & for n=1,2,..

The problem is to find conditions on {f,} implying (P) or (P’).
The following results are known: Lipifski [2] has proved that every
sequence {t,} for which

tn+1 > S‘I‘ Uni2 ,
1y, U1
where %, >0 (n =1,2,...) and

©

Eu,, =8 < o

n=1 |
has the property (P) in the class K of all bounded sequences. Myciel-
ski [3] has proved that every sequemce {i,} satisfying the condition

thyy = (8+p)t, for n=1,2,...,

where # is any positive constant, has the property (P) in the class K,
of all sequences taking values 0 or 1. The property (P’) in the clags of
all bounded sequences can be deduced therefrom in view of the main
approximation theorem. Ryll-Nardzewski [4] has shown that the sequence
{3"} but no sequence with

0<t,<(C-2% (C any constant, n =1,2,..)
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has the property (P) in the class K,. Later Ryll-Nardzewski proved that
the sequence {2"} has the property (P') in the eclass K of all bounded
sequences. Hartman [1] has shown that for every integer & >0 the se-
quence {#*} (n =1,2,...) has not the property (P’) in the class K,.

In this note the last result of Ryll-Nardzewski will be extended
(Theorem 2) to all sequences {t,} with

a2 (L+ Bl (n=1,2,.;8>0).

We put

In the proofs we will use closed intervals [a,, b,] satisfying some
of the following conditions:

(A1) @ >0,

(An+l) QWLa'n < a’n-)-l < bn+1 Q q'.n.bn;
[0, §] (mod 1), if &, =0,
[$,1] (mod 1), if &, =1,

(C,) there exists an integer m > 0 (depending on n) and a positive
constant ¢ (independent of n) such that

{(Ba) [, ba] =

1,
bn+m < o (bn_ 7’) .
23

LEMMA 1. Bvery sequence {1} for which there exists any sequence of
intervals [ay, b,] salisfying conditions (A,), (B,) and (C,) forn =1,2,...
has the property (P) in the class K,.

Proof. Let us consider the closed intervals

Anz[i lﬂ] o =1,2,..).

?
by ay

From (A,,,) it follows that 4,,, = 4,. Hence there exists & number

de () 4y

n=1
Obviously the inequalities
tn
(1) (7% g ‘(‘s‘ S bn

hold for every x.
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Let us fix now an index # and choose the number m so that (C,)
is fulfilled. By (1) and (C,), we have the inequality

[ 29 [
- naim < bn+m = ram (bn—9),
from which it follows that
b
< bu_ ¥

E

Finally for » =1,2,... we obtain the inequality
[
é

by, < ébn'Yq

where y is a positive constant which does not depend on ». From (B,)
we get then

tn [[3,1—y](modl), if e, =1.
— €
d [0, %—‘V] (mOdl)r if en =0,

Let ¢(t) be a continuous function with period 1, such that ¢(t) = 0
in [0,3—9], ¢(t) =1 in [},1—y] and |g(f)] <1. Evidently the fune-
tion f(t) = p(¢/d) satisfies the equations f(¢,) =e, for o =1,2...,,
i.e., the sequence {i,} has the property (P) in K,, g¢.e.d.

THEOREM 1. Ewvery sequence {i,} satisfying the conditions

(2) o214+ (n=1,2,...; a >0),
. 2
(3) ‘I’f i << 39 then Gnt1 = (3+ﬁ)r"1 (»8 >0)v
o —
(4) if 8 < qu <348, then gu. =348,

has the property (P) in K,.
In the proof we assume that

(5) a

A

2,

this restriction being inessential.
The proof of Theorem 1 is based on two lemmas.
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LemMMA 2. Under the assumptions of Theorem 1 there emists a sequence
of closed imiervals {[an, b1} satisfying for m =1,2,..., not only (A,)
and (B,) but also the following conditions: if q,_, = 3, then
1

(Dy) 2_’

by 6y =

if qu_y <3, then

(B,) by— @p = Hgn1—1),

where we put ¢ = 3.

Proof. The existence of an interval [a,,b,] satisfying (4,), (B,)
and (D)), is obvious. Let us suppose that for any »n = k the condition
(D) holds. In this case

(6) dy = qi(bp— o) = %qx-

Since ¢ >1+a, « >0, there exists a closed interval [ay.;, byy.]
satisfying (Azy;) and (Bg,,). Moreover, in cage when g; < 3, by (6), the
interval [@y,;, by,1] can be chosen so that the inequality

big1— Oy = $(dp—3) = 2(qx—1)

holds, which coincides with (By,;). It is easy to see that in case g, > 3
the condition (Dy,,) can be fulfilled.
Let us suppose now that for # = &k we have

o1 <38 and  bp—ag = @ —1).

In this case, by (3), we obtain

2 qk_].*‘-l
= gu(bp—az) > .
i = qp(bp—az) = (3+B) PR 1

3
51

which implies the existence of an interval [ay.,, by,,] satisfying (Ag..),
(Biyi) and (Dg.,). Thus Lemma 2 is proved.

LeMmA 3. The sequence {b,} of Lemma 2 can be chosen so that for every
n the condition (Cp) with v = af[12(3+p) holds.

Proof. Let us fix an index n. We ghall distinguish three cases:
(@) 1+e< g <3, (b) 3<¢<3+p8, (¢) ¢o >3+5.

In case (a), by (3), we have

2

Ong1 = (8+y)——

() P

with
(8) y=p.
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Since g, < 3, we obtain from (B,,,)

bn+1_an+1 = &(qﬂ_l)
Hence, by (7),

3 1
Qyy1 = Qni1(bnp1— Onys) > 5 + 5:‘”

Consequently there exists such b,,, as satisfies not onmly (A
(Bp.s), and (Dy,,), but also the inequality

n-H) ?

boys < !ln+1bn+1"% =1 (bm.l— —“2;/ )
In41
y(¢.—1)
= qn+1[bn+1— T(;—i—-—{l/)— .

Hence, in virtue of (8) and (2),

of
®) - 4(3+ﬁ)]'

buye < Guna [bn+l

By (9) and (A,,,), we obtain

‘Qﬁ%ﬂ<%?h—ﬁ£ﬁﬂ'

which eoincides with (C,) with m = 2.
In ease (b) one has, by (4),

bn+2 < QfH-l Qn [bn

Ynpr =3+,
Let us put
(10) ta=3+z (2>0),
(11) oy =3+ (4> f).

In quite a similar way as in case (a) we can show that b,,; and b,
can be chosen so that besides the conditions (A, 1), (Bny1)s (Pas1)s (Anya),
(Bpy2), (Dy,s) the following inequalities would be true:

4
o) b <auf o 55
uw
(13) b < qﬂ+1[bn+1”‘ M]
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(In the proof of (12) it must be taken into consideration that ¢, ; > 3+4-p
and so we have (D,).) By (13), (12), and (10), we obtain

[ I3 U
bpe < Qo I%le *2(3;;)* -3 3 _‘_‘z)(3+u)‘:|

ey L L 3 ]
i, [b“ 5 TR 28+ (3+u)l
Henee, by (8), (10) and (11),

1 1
by < 'VT'H [b Ty -+ Y + J

2(3+9)

—_ M[b — ﬁ ] < E.,:)_‘)‘._I:b ,..*_.___‘L,*:I
A R TR B A TYENT N |

i. e., in this case the condition (C,) for m = 2 is also satisfied.

In case (¢) we apply the inequality (9) or (13), respectively, accord-
ing to whether ¢, ; <3 or g, = 3. Replacing in both of them » by
n—1 we get (C,) with m = 1. Thus Lemma 3 is proved.

Theorem 1 is now a direct consequence of Lemmas 1 and 3.

THEEOREM 2. Hvery sequence {t,} for which

(14) tngy 2= (14 a)l, (m=1,2,..5 u>0)

has the property (P’) in the class K of all bowmded{ sequences.

Proof. Obviously we may suppose (8) without loss of generality.
Let us denote by s a positive integer such that

8.3 7 2
(15) A+a™ <— < (14

We shall choose a subsequence {i,} satisfying the conditions
(16) tn‘l =1, nL.H-I < {1+ o) 'y tn,;+l~
The sets

U{t (A4 a) M, St < (A+a)}  (=1,...,5)

are disjoint. Hence every ¢, belongs to one and only one of them.
Let us fix now an index k. We shall prove that if t', "' ¢ Uy, t < ¢,
then

(17) =T

1
—i—at,
a
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We note that t" and ¢ cannot satisty the inequality
1+ af* ', <t <t < (14 a)t,,.
Tu fact, from this inequality it follows that
<t < @+a)t,

which contradicts (14). Consequently there exists an index 4 such tha

(18) U< (14 a)t,,
(19) 2 A+ M, .

By (19), (16), (18) and (15), we have (17), since

1+a,

> (1+a) M, > A Faf (14 o) Yoy > A+ a)f M =7 ——4.
o

As a consequence of (17) and (5) the inequality

14 1+4ea
(20) 7 =27 2 > Y
holds for every #',t < Uy, i >1.

Now let us fix the indices % and I (k's£1) and congider the subse-
quence of {f,} consisting of all the elements #, (n =1, 9, ...) belonging
to the set Upw U;. We shall show that the subsequence {z,} fulfills the
assumptions of Theorem 1. For this purpose it is enough to prove that
conditions (3) and (4) are satisfied for g = 0, 1.

1° If both elements #, and @,,, belong to one of the sets Uy or Uy,
then we have, by (20),

&,
g = —F 31

By,
and there is nothing more to prove.

2° Let us assume that @,¢ Uk, %,y;, %,,2¢ U;. In this case, by (20),
we have

(21.) Ini1 = _‘—4 =T =—.

Hence, assuming that g, > 3, we see that (4) is satisfied. So is (3)
in virtue of (14) and (21) since putting ¢, < 3 we have

3,1-

2 7
<3}1'-‘ <; < Qny1-
a

n

Colloquium Mathematicum XI T
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There is still one case to be considered:
3° @y Hpis€ Up, Bnyae Uz By (21) and (14),

1 _ Bpye 1 i_
On1 (g~ 1) = gniagn (1~ ? - L, n

3

Hence

Therefore (3) is fulfilled. Supposing that 3 < ¢, < 3,1, by (20),
we obtain

and so (4) is also fulfilled. .

Since the sequence {x,} satisfies the a:ssumptmng of Theor.em 1,
it has the property (P) in the class K,. Hence there exists a continuous
periodic function gy,(f) such that

1, if  teUp,
=10 it tew
lgra ()] < 1.

Therefore the function

ge(t) = n!]k,x(t)
&

is 4n almost periodic function in the sense of Bohr satisfying for n =
=1,2,... the conditions
1, if

gu(tn) = 0, if

1, Uy

(22) tne Up,

lg () < 1.

Taking into acecount (20), by the Theorem of Mycielski [3], each

of the sets Uy (k =1,2,...,8) has the property (P) in 17!10 class 19.

Thus, given a gequence {e,} with s, = 0 or 1, choose a continuous perio-
dic function f(?) satisfying

fk(tn) = &n, if

Fu(®)] < 1.

tpeUp,

icm
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Hence, according to (22) the funection

=Yg flt
k=1

takes the values e, in 1,. This shows that the sequence {#,} has the pro-
perty (P') in the class K,. Consequently, by the main approximation
theorem for almost periodic functions, the sequence {t.} has the pro-
perty (P’) in the class K of all bounded sequences, g. e. d.
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