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ON A CERTAIN PROPERTY OF DETERMINANT SYSTEMS
BY
A. BURACZEWSKI (WARSAW)

1. Introduction. R. Sikorski [2] has given some formulas for solu-
tions of a linear equation

1) I+TYx = m,
in a linear space X, and the adjoint equation

EI+T) = &

in a conjugate space Z.

However, these formulas do not coincide with the formulas for solu-
tions of classical Fredholm integral equation in the case where X is the
space of all continuous functions, and 7' is an integral operator.

Such formulas have been investigated by Grothendieck [1] in the
case where X is the Banach space and T is nuclear. More general formulas
of this type have been given by R. Sikorski [3] in the case where X is
the Banach space and 7' is a quasi-nuclear operator.

The purpose of this paper is to give a certain property of determi-
nant systems for Fredholm operators of the type I4-T in a linear space.
This property enables us to obtain formulas for solutions of the equations
(1) and (1') which are abstract analogues of the original Fredholm formu-
lasi

The possibility of proving this property by an algebraic argument
was suggested at the seminar by Prof. R. Sikorski, to whom the author
is very much indebted.

2. Terminology and notation. Let = and X be two linear spaces over
the real or complex field &. The letters &, %, { will always denote ele-
ments of & and the letters , ¥, 2 — elements of X. Every mapping into
F will be called functional.

Following R. Sikorgki [2] we suppose that & and X are conjugate,
i. e. there exists a bilinear functional on 2 x X whose value at a point
(&, ) is denoted by éx and which satisfies two conditions:
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(a) if &x = 0 for every &e¢ 5, then © = 0;

(a") if &z = 0 for every weX, then & = 0.

Let A be a bilinear functional on 5 X. The value of 4 at a point
(¢, z) will be denoted by &4z.

In the sequel 2 will denote the class of all bilinear functionals

n XX such that the following two conditions are satisfied:

(b) for every fixed #«X, there exists yeX such that £4x = &y for
every fe 5;

(b) for every fixed w<X there exists an ¢ & such that £dz = ge
for every zeX.

It follows from (a) that for 2 given & there exists exactly one y
satistying (b) and denoted by Az. Thus every A2 determines an
endomorphism y = Ax.

Similarly, it follows from (a’) that for a given ¢ there exists exactly
one 7 satisfying (b’) and denoted by £A. Thus every 4e2 determines
an endomorphism 9 = £4. By definition

E(Aw) = EAw
((A)s = Edz

for every £e &,
for every zeX.

Thus, every bilinear functional 4?2l can be simulta.neously inter-
preted as endomorphism in X or as endomorphism in 5 and conversely.
Let &Iz = &o for every (&, x)e X X. Then I and Iz = o for every
zeX, and &I = & for every &e 5.

I A;, Ad,e ¥, then

E4,(4y0) = EA,(A,)m

i a bilinear functional in 2 which will be denoted by A, A4.,. Obviously,
bilinear functional A,4, obtained in such a way can be interpreted as
& superposition of endomorphisms 4,, 4, in X or in .

Clearly, the class 20 with the product 4,4, defined above
{41, 4;¢ ) is a linear ring.

Let & and #, be fixed. The bilinear functional K, defined by the
formula

EK @ = Emg Eom (F)

will be called one-dimensional and will be denoted by w,: £,. By defini-
tion

Kop =wmy-for and  EE, = Ez,-&,.

Any finite sum K = Zml &; of one-dimengional bilinear functionals
will be called finitely dzmmswnal

(1) &w,- &2 means the product of numbers £z, and .
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Let us consider T'e 2 such that I4+T is a Fredholm bilinear functio-
nal () (endomorphism) of order ». Let &,,..., . and 2,...,2 be line-
arly independent solutions of the equations £(I+T) = 0, (I+T)z = 0,
respectively, and let Be U be a quasi-inverse (?) of 14T, i. e.

@) (I+T)B(I+T) =I+T, B(I+T)B=B.

It follows from (2) that for a fixed B and fixed {4, ...,
there exist uniquely determined points ¥y, ...,%,, and #,...,
fying the condition

Lryand 2y, .uvy 2y,
7, Sabis-

3) Ly = biy, (5 =1,...y7),
and such that the following identities hold:

=I- Z% Ly BUIAD) =I— D am

i=1 i=1

77,;Z]- = 51-’1

() (I+1)B

Having (4) we eagily obtain the formula

(5) TB— Zzl 7 = BT — 2% L
1=1
The bilinear funectional I+7, as a Fredholm one, has a debermi-
nant system (*) Dy, D;,... Since the determinant system for I--7T is
determined by T up to a scalar factor £ 0, it is sufficient to suppose it
to be of the form (see R. Sikorski [2])

(6) D, = for n=0,...,r—1,
&2y oo £l (L [y
El . §,. 11 1
(7) D, =i ) L
Ly eee Ty, |
&2 &2y Crly e erﬂ
and for k¥ =1,2,...
Ey ool Epr
(8) D,+k( : )
By e Dpyr
!
EplB.nql EplBJqu c :
= ngu P I PD,( PEt1 p"‘“’),
.0 Pagry +++ By

(%) For this notion see R. Sikorski [2].
(®) Every Fredholm bilinear functional has a guasi-inverse, see R. Sikorski [2],
(1) For this notion see R. Sikorski [2].


GUEST


328 A.BURACZEWSKI

where > is extended over all the permutations p= (pi,...,p,,;) and

»a
§ = (gyy ...y gryx) Of the integers 1,...,7--%k such that

P1<DPa<.re <Py  DPrg1<Drra<.or < Dpiry
< <..<@, i1 < Grpz < ooo < Qgr-

9

3. The fundamental property of determinant systems. We have
THEOREM. If Dy, Dy, ... ts a determinant system for I+T of order », then

T ... T E ... &
(10) Dn(l " )Z-Dn( ' n) for n=0,1,...
By . By Tz, ... T,
Moreover,
&ET ... &T -
11 D,( ¥ ):(—1)'1),( ! ’).
Ly ... Dy Dy ooee By
Since {; = — T and 2, = —T%; (i =1,...,7), the formulae (11)

and (10) for n = r follow from (7). The proof of (10) for n > » is based
on the well-known formula

l 11 Ay ke
(12) e
1
1
Eak+r 1 Qppriar
Opyt e Opyge| | Copggdel oo aﬂk+1,k+r|
= YMegnpl .o
gn p
b
Oppt =oc Oppk| | Opppphtl oo Oppy kgr
Urgy vor Cug| | hatgey, cor Gengpy,
Vg e B |
q
Trgy o Geay| |Ghirgpy e Geprggy,

where the permutations p, q are the same as in (9).

Therefore, by (7), (12), (11), (5) and well-known properties of clas-
sical determinants, we obtain

&I .. &L T
.Dhrk(&.l E+7C )

Dy s By
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| - Eppy
= (=1) Z SgUPSEn ... |. D, ( P+ "‘*f)
i x . Ty
p,a é.kaqul Skaquki Te+1 U+
= (— 1)' X
r r
E:(TB— Dz 1), fl(TB‘_Zl 2y i) Ty £1%1 &1%,
1=1 i=
D N | E PPN
s F e A SR %
L} T r_‘
§k+r(TB_Zzi' ﬂi)“’/‘ql s Ek-)-r(-TB__ lzi' ni)qu§k+rz1 e ‘Ek—;-rzr
i=1 s fe=
glmﬂlﬁ-l e iy,
b
Crmqk_}_l Crxa] ENY
i r
EpI(BT_E?/i' 51,) mql e Epl(BT—Z;y'L Ci)ﬁqk
i=1 i=
= (—1) DBENPEEN Al e X
(=17 Dsgnvsgnq ...

.4

= (——1)'ng11 p

[gpk(BT-glyi.gi)wa oo (BT =Sy

Ci) mqk

. -Dr (517k+1 Epk-l—r)

Zgpy1 =+ Lty

Ep (BT — D)9 L)y - o fpk(BT—‘Z:’!/i' L) B e
i1 is

Epy (BT — 2y L)y - . £ (BT —_Z;?li' L)
i=1 1=

L1y oo CaBppr

X



GUEST


—_ iom®

330 A

B[‘RA('ZE\VS%{I
}’ Bl . splBqukf ; ;
= sgn p sgn g . Pht1 """ SPpy
< gn P sgn q) D,<qu‘ o r)
&y BTy, ... £, BTx, k1 Gt
(& e b
- -DH-k 1 r .
Tml ‘ee Tm,.+k

This completes the proof.

Having proved the above theorem we can easily obtain the formulae
for solutions of the Fredholm type (see R. Sikorski [3).
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SUR LES EQ UATIONS HYPERBOLIQUES
AVEC PETIT PARAMETRE
PAR
J. KISYNSKI (VARSOVIE)

Considérons le probléme de Cauchy abstrait
e’ () + o' (1) +42(t) = 0,

avec petit ¢ > 0 et opération 4 autoadjointe non négative dans un espace
de Hilbert H,. Dans le cas olt H, = (—oo, +o0), A est Iopération de
multiplication par un nombre (non négatif) ef, pour 0 <{< +oo, la
solution du probléme (0.1) prend alors la forme

(0.1) 2(0) =z, a'(0)=wm

(0.2) 2(t) = my(t) -+ 6™ (Amg+ 2,) + . (1),

ot lim y,(¢) = Lim y.(t) = 0 uniformément sur Pintervalle 0 << J-oco

&>+0 et 0

et @, (t) = 6"z, est la solution du probléme
(]

(0.3) o' (B +Ax(t) =0, 2(0) = x,.

Zldmal [8]-[10] a montré par la méthode de Fourier que le com-
portement asymptotique du type (0.2) a aussi lieu pour les équations
hyperboliques du second ordre du type (0.1) dans lesquelles —A est une
opération symétrique fortement elliptique (*). Iei, je me propose de
montrer que le comportement asymptotique du type (0.2) a lien pour
tout probléme du type (0.1) avee une opération 4 autoadjointe non
négative dans un espace de Hilbert quelconque.

1. Semi-groupes i un paraméire d’opérations. Rappelons d’abord
guelques notions de la théorie des semi-groupes.

Soit X un espace de Banach. On appelle semi-groupe (ou groupe
respectivement) & un paramétre d’opérations dans l’espace X toute
famille 8(#) ot 0 < ¢ < +co (ou —oo <t < +oo respectivement) d’opé-

(*) Les équations hyperboliques dans lesquelles la seconde dérivée au temps
contient un petit paramstre ont &té étudiées dans [8] et dans la these de Nikolski
citée dans [2]. Dans [8] et [10], il s’agit des équations aux coefficients dépéndant de t.
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