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A REMARK ON A PROBLEM OF M. KRZYZANSKI CONCERNING
SECOND ORDER PARABOLIC BEQUATIONS

BY

P. BESALA (GDANSK)

Congider the linear second order equation of parabolic type

m
= V. o —— _ v _
(1) Fu ——iﬁ a;;(w, 1) St }‘g;b](m,t) o, +e(x, t)u 5 0,

where # = (@, ..., x,) varies in the whole m-dimensional Euelidean
space B™ and 0 <t < 7. Denote by D7 the topological product of E™
with the interval (0, 7).

By a solution of (1) is meant a function u(x,t), which is continuouns
in the closure DT of DT and which has continuous partial derivatives
Ouf0x;, 0% [dx;0m;, Ou/dt in DT satistying (1).

Let u(x,1) be a solution of (1) satisfying the initial condition

(2) w(a, 0) = @(x) for weE™,

@(x) being a given continuous function. Assume that there exist positive
constants M, K such that the solution fulfils the inequality

(3) w(x,t) = —Mexp (K |x?) for

where || = (Z’m‘i)I *. Krzyzanski’s problem is whether the condition (3)
=1

is sufficient for equation (1) to have at most one solution satisfying (2).
It is known that, for instance, the condition

(4) [ (2, 2)] < Mexp (K |z|?),

(x,t)eD”,

(z,t)eD” ,
is sufficient if certain growth conditions conecerning the coefficients are
fulfilled (see [2]).

In the case when @(#) =0 a positive answer can be obtained from
the below mentioned theorems. Using the fundamental solution constructed
by Dressel, Friedman [1] has proved the following
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TagoreM 1. If the following conditions hold:
1° there is a positive constani L such that for all (x,1t) e D" and for
every real vector (&1, ..., &n)

m mn

N ai,-(m,t)sias@fjgf%s

ihi=1
2° the functions
L Oay; 0%y 0ty ‘ - 0b;
LD 5;’ W'7 7 Y oy

¢

are locally Holder-continuous and bounded in D7,

3° the solution w(x,t) of (1) is non-negative in the strip D,
then the condition
(8) wia,0) =0 for weR™

yields u(w, ) =0 in D".

The next theorem constitntes a certain generalization of a theorem
established by Krzyzanski [2].

TaroreM II. If the following conditions hold:

1° the guadratic form

m

D@, 1) €ty
i,j=1

is positive definite for (x,1) e D",
2° therq ewist positive comstants A, ..., Ay, such that

lag (2, 1) < Aoy 1y, 0)] < Ay |w|+4,, ez, t) < AyfwBAy,

3% the condition (3) s satisfied,
The proof of this theorem is a slight modification of the proof of
the theorem of M. Krzyzangki. Namely, we make use of some properties
of the function '
I || . L
H(w,t; k) =(‘Xp{it_—7[(-]:;ﬁ ““’V(It/)[rr, k > K.

In the papers [2], [3] it has been shown that, for a given &, the
constants u(k), »(k) appearing in this function can Dbe chosen go that
the relation FH < —NH holds for every point (x,?) contained in a suf-
ficiently marrow strip D" (b < 1/u(k)), N being an arbitrary positive

(}) In the paper of M. Krayzafski instead of (3) the sivonger condition (4)
is assumed. ’
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number. It is sufficient to prove the theorem for the domain D", because
it T >h, then a well known change of the variable ¢ permits to prove
it for the whole strip DZ.

The substitution
(6) w(@, ) =v(e, t)H(z,1; k), (z,t)eD,
transforms (1) into

n m
0% = dv ov
D Ym0 N, 0-2% s, 0- 2 = o
(7) ) (2, )5.13L6£0] + £ (2, )01:, +e(x, HHv 9 ’
with é(z,t) = FH/H < —N < 0.

Now, let (z, ) be an arbitrary fixed point contained in Dh. We shall
show that u(z,f) > 0. For this purpose let us choose an arbitrary in-
creasing sequence {R,}, R, > |z}, R, — co a8 n — co. By D! we denote
the part of D" lying inside the cylindrieal surface I, with the equation
[¢] = R,, whereas by o we denote the part of the surface I, contained

in D By virtue of assumption 3° and transformation (6) we obtain,
for (v, 1) eo’,’:,

M K |x|? M KR
(2, 1) = — — [ 6731;1(2 l=[*) ‘ - eXPi( R.) '
exp vll— (k)t+v(k)i] exp {m—(kﬂ—‘—v(k”}

Hence it follows that for every £ >0 there exists an integer 1,(e)
such that for n > n, the inequality

(8) (@, 1) > —e

holds for (x,t)es”. This inequality, by our assumption, is also satisfied
on the part of the boundary of D lying on the hyperplane ¢ = 0. There-
fore, by the principle of minimum, the inequality (8) is satisfied for
(x, 1) DI, Inparticular we have v(%, §) > —¢, for every & > 0. This means
that o(z, %) > 0, and thereby w(z,I) >0, q.e.d.

From theorem II it follows that the theorem I will be true if instead
of the assumption that wu(z,t) > 0, the condition (3) is adopted. This
gives a positive solution of Krzyzaiski’s problem in the particular case
when @(2) = 0 and under the assumptions of theorem I concerning the
coefficients.

Note that if a funetion u(x, 1) fulfils equation (1), then so does the
funetion % (z, t) £ _« («, t). If, now, the assumptions 1° and 2° of theorem I
arc satisfied, then condition (3) and

w(r, ) < Mexp(K|z|?), (x,1)eDT,

imply w(z,t) =0 in the strip D?.
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Friedman [1] has proved that if there exists a constant K, >0
such that

f {exp — K, |o|2) |u(z, t)|dtde < |00

0 pm
and if the initial condition (5) is satisfied, then w(wz, 1) = . (under the
assumptions 1° and 2° of theorem I concerning the coefficients). Write
w(w,t), if w(®,t) >0,

ut =
wHe, ) 0, it w(x,t)<0.

There exists a supposition that the condition
»
[ [exp(—E,lz|hu (a,
o gm
ig sufficient in order to make the solution u(x,t) of equation (1), satis-
fying (5), vanish identically in D”.

t)dtdw << 400
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EVALUATIONS OF SOLUTIONS OF A SECOND ORDER
PARABOLIC EQUATION

BY

P. BESALA (GDAXNSK)

Let us consider the equation
au N m 2
(1) A-u«—ﬁ +e(x,t)u =0, where A= 25—;, T = (Dyy.eryLon)-
1 i

The following theorem has been established by Krzyzanski [4]:

TumorEM K. Assume the coefficient ¢(z,t) to be defined and contin-
wous when x varies in the m-dimensional Buclidean space E™, t >0, and
to satisfy the Lipschitz’s condition with respect to x. Suppose there exist
constants a, f, A, B; a >0, 4 >0, B >0, suoh that o?|z|2+8 < c(z, 1)

< A[#2+B for z<E™, 1 >0, where |z = (21‘)1’". If a solution w(w,t)

of equation (1) satisfies the condition w(z, 0 =N >0 for zeE" and be-

longs to the so-called class E,, then
w(w,t) > Mexp (K |z|*tan2at) for weB™, te(O, -I—),
a

M, K, being positive constants.

In the proof the author mentioned above has applied a fundamental
solution, constructed in [7], which requires certain assumptions concerning
a regularity of coefficients.

In this note we prove similar theorems for a more general equation
of the form

“ 0% - ou
2 = (2 , — —
@) Pu zan(w,t) aml.awﬁgbi‘“”’” 5, o@D

by means of a method which does not use the fundamental golution.
A quasi-linear equation will also be discussed.

The author is indebted to Professor M. Krzyzaniski for valuable
remarks concerning this paper.

w
*dz‘zf(myt)


GUEST




