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Abstract: We study the problem of small-time local attainabil-
ity (STLA) of a closed set. For doing this, we introduce a new
concept of variations of the reachable set, well adapted to a given
closed set and prove a new attainability result.
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1. Introduction and preliminaries

Small time local controllability is a central property for obtaining optimality
conditions, for stabilizing control systems, for studying the regularity of time
minimal problems for control systems (in general, it is well known that the min-
imal time function is only lower semicontinuous, see for example, Cardaliaguet,
Quincampoix and Saint Pierre, 1997), etc. There are many possible approaches
to study the small-time local controllability, leading to different results and re-
quiring different assumptions. Here we follow the geometrical approach. The
underlying philosophy is that the local properties of the reachable set of smooth
control systems are determined by the Lie algebra generated by the “admissi-
ble” vector fields. So, it is very natural to look for conditions for small-time
local controllability which can be expressed in terms of elements of this Lie al-
gebra. Unfortunately, there is a gap between the necessary and the sufficient
controllability conditions. Nevertheless, some very general sufficient conditions
for small-time local controllability at a point are known (see Agrachev and
Gambkrelidze, 1993; Bianchini and Stefani, 1990; Frankowska, 1989; Hermes,
1982; Liverovskij and Petrov, 1988; Sussmann, 1987), as well as some necessary
conditions (see Kawski, 1987; Krastanov, 1998; Stefani, 1986; Sussmann, 1983).
To our knowledge, necessary and sufficient conditions for small-time local con-
trollability at a point are proved only in some special cases (see for example,
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Aubin, Frankowska, and Olech, 1986; Brunovsky, 1974; Jurdjevic and Kupka,
1985; Krastanov, 2008; Krastanov and Veliov, 2005; Veliov, 1988; Veliov and
Krastanov, 1986).

The problem of local attainability of a closed set with respect to the trajec-
tories of a differential inclusion can not be reduced to the problem of small-time
local attainability at every point of the set. The reason is that the small-time
local attainability depends not only on the dynamics of the control system, but
also on the geometry of the considered closed set. So, it needs a specific study.
To state this problem, let us consider the following differential inclusion:

i(t) € F(z(t)), (1)
where F': R” = R" is a multivalued map.

REMARK 1.1 We do not impose any continuity assumptions on the multivalued
map F because the important tool of our approach is a concept for high-order
control variations. Different examples of control systems whose dynamics is
governed by differential inclusions or ODE systems are considered in Krastanov
and Quincampoizx (2001).

An absolutely continuous function z(-), satisfying (1) for almost every ¢ from
[0, T, is called a trajectory of (1) defined on [0,7T]. For a fixed point = and for
T > 0, the attainable set A(z,T') of (1) at the moment T > 0 starting from the
point z for t = 0 is defined as the set of all points that can be reached in time
T from x by means of trajectories of (1).

DEFINITION 1.1 Let S be a closed subset of R™. It is said that S is small-time
locally attainable (STLA) with respect to the differential inclusion (1) if for any
T > 0 there exists a neighborhood Q) of S such that for every point x € § there
exists an admissible trajectory of (1) starting from the point x and reaching the
set S in time not greater than T, i.e. A(z,t) NS # D for somet € [0,T].

One of the most common conditions to ensure local attainability of a closed
set is the so called Petrov condition (see, for example, Petrov, 1976). Roughly
speaking, this condition states that at every point of a neighborhood of the
target there exists an admissible velocity that “points” toward the target. To
formulate this condition in a rigorous way, we follow the notations from Clarke
and Wolenski (1996): Let S be a compact subset of R™. We set

Sy:={ye R": ds(y,S) <r}, where dg(y):= inf {|ly—s||: s€ S}
If x is an arbitrary point from S, \ S, we denote by
(z) :={yeS: |ly—z| =ds(z)}

the set of all metric projections of the point x on the set S.
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Let y belong to the boundary 95 of the set S. A vector £ € R" is called
a proximal normal to S at y, provided that there exists » > 0 so that the
point y + 7§ has y as the closest point. The set of all proximal normals at a
point y is a cone. This cone is denoted by N§(y) (for a detailed treatment of
proximal analysis and some of its applications, consult, for example, the books
of Clarke, 1983, and Clarke, Ledyaev, Stern and Wolenski, 1998). Using these
notations, the results of Clarke and Wolenski (1996), Veliov (1994 and 1997)
can be formulated as follows:

THEOREM 1.1 Suppose that S is a nonempty and compact subset of R™, and
F : R = R" is a continuous multivalued map' of modulus w near S with
compact and convex values. Suppose that there exists § > 0 so that, whenever
ye S and £ € NE(y), there exists v € F(y) for which

(€ v) < o]l (2)

Then S is small-time locally attainable with respect to the differential inclusion
(1).

REMARK 1.2 We would like to point out that the condition (2) implies that

(xv) < =6 (3)

for each x € NE(y) with || x|| = 1, i.e. this scalar product is uniformly bounded
away from zero. Recently, a sufficient condition for attainability of a closed set
with respect to the trajectories of a smooth nonlinear system has been proved in
Marigonda (2006) (see also Colombo, Marigonda and Wolenski, 2006). Under
a suitable assumption for reqularity of the closed set S, the positive number § in
the Petrov condition (2) is replaced by a continuous nondecreasing function p(-)
such that u(p) > 0 for p >0 and ,lii% w(p) = 0. The idea of the corresponding

proof is new and uses control variations of zero and first order.

The condition (2) is very strong. As it is proved in Veliov (1997), this
condition is equivalent to Lipschitz continuity of the minimal time function up
to the boundary of the set S. Unfortunately, if the inequality (2) is violated
at some boundary point y of S (for example, when all admissible velocities are
“tangent” to the closed set S at y), we can not apply Theorem 1.1 (see the
illustrative examples in Krastanov, 2002).

The traditional approach towards proving sufficient local controllability con-
ditions has been to construct “high-order control variation”. Heuristically, if one
can construct variations in all possible directions, then the reachable set contains
a neighborhood of the starting point. The so called “high-order conditions” for
attainability of a closed set are also known. Usually the “high-order” term is
used for conditions involving Lie brackets of the original vector fields (see, for

1See Clarke and Wolenski (1996) for the definition for continuity of modulus w.
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example, Bianchini and Stefani, 1990, and Coron, 1994, for the case of attain-
ability of a point, and Bacciotti and Stefani, 1980; Bardi and Capuzzo-Dolcetta,
1997; Krastanov and Quincampoix, 2001; Krastanov, 2002; and Soravia, 1978,
in the general case). To present the main idea, let us consider the following
nonlinear control system:

i(t) =Y uy (D) f((1)),
j=1

where f;, j = 1,...,m, are smooth vector fields defined on " and each control
function u;(-), j = 1,...,m, takes its values from the interval [—1,1]. If at a
point § € S the Petrov condition does not hold for some element £ € NE(7),
then the existence of a Lie bracket A of the vector fields f;, j = 1,...,m, is
required such that

(& A@) < ol

This condition can be viewed as a Petrov type condition of higher order. Usually,
high-order conditions ensure local attainability of a closed set and imply Holder
continuity of the minimal-time function, where the modulus of continuity is
determined by the “length” of the Lie brackets, which are involved.

In the present paper, we remind some concepts of high-order control varia-
tions defined in Krastanov and Quincampoix (2001), and present some of their
properties. Next we propose a larger class of high-order variations well adapted
to the considered problem of local attainability of a closed set. This allows us
to obtain a unified treatment of the STLA problem. Moreover, we extend the
main result of Marigonda (2006) in two directions. First, we do not impose
any regularity assumptions for the set S, and second, we prove a Petrov type
condition of higher order. The paper is organized as follows. The main result
is formulated in Section 3. The corresponding proof is given in Section 4. An
illustrative example is also presented.

2. High-order control variations

Following the approach proposed in Krastanov and Quincampoix (2001), we
present some concepts of high-order control variations: Let us fix a positive real
number 7" > 0, an open subset 2 of R"™ and assume that the right-hand side
F of the differential inclusion (1) is defined on Q. We also assume that the
attainable set A(x,t) of (1) is non empty for each 0 < ¢ < T and for each point
x €.

By V we denote the linear space of all smooth vector fields on R™, considered
as a Lie algebra with the Lie product

oy . 0X
[X.Y]:= X — =Y. (4)
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Given a family of smooth vector fields Z, parameterized by p > 0 and
a positive real s, we denote by exp (Zs) (z) the value of the solution of the
following ODE system

i(t) = Zs(‘r(t))v CL‘(O) =x, te [071]7 (5)

at time ¢ = 1.

Let r be a positive number, S be a closed subset of the set {2 and & be an
arbitrary point of the set S, \ S. Next we define a smooth high-order variation
A to the attainable set A(Z,-) of the differential inclusion (1).

DEFINITION 2.1 Let Q5 be a neighborhood of the point T, A : Qz \ S — R"
be a smooth function, and o > 0, 0 > 0 and § > « be positive numbers. It is
said that A belongs to the set 52@9 of high-order variations to the attainable set
A(z,-) of the differential inclusion (1) if for each t € [0,T] and for each point
x € Qz the following inclusion holds true

exp(t*A+a(t) + b(¢)) (z) € A(z,p(t)), (6)

where p: [0,T] — R is an increasing continuous function with p(0) = 0 and the
smooth maps a(-,-) : [0,T] X Qz — R™ and b(-,-) : [0,T] X Qz — R™ satisfy the

inequalities
la(t.a)| < Mt ds(z) and [b(t,a)| < N7, t€[0,T], z €D,
for some positive constants M and N.

We also introduce a set 7% of the “tangent” vector fields to the attainable set
A(z,-) of the differential inclusion (1) which can be used for constructing new
elements of the set 827 3,0» provided that some elements of this set are already
known:

DEFINITION 2.2 [t is said that the smooth vector field Z belongs to the set T
if there exist a neighborhood Qz of T and positive real numbers C and T, such
that for every point x € Q5 and for each t € [0,T] the following inclusion holds
true

exp(tZ)(z) € A(z,Ct). (7)

This definition implies the inclusion 7% C £ ; , for each real @ >0, 0 > 0
and 8 > a.

The origin of the above definitions can be found in the papers by Hermes
(1978), Sussmann (1978), Hirshorn (1989) and Kunita (1979), where some of
the following propositions were proved. Next, these concepts were used in Kras-
tanov (2008), Krastanov and Veliov (2005), Veliov (1988), and Veliov and Kras-
tanov (1986) for studying controllability of systems with linear dynamics, and in
Krastanov (2002) and Krastanov and Quincampoix (2001) — for studying local
attainability of a closed set.
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PROPOSITION 2.1 Let Ay, As, ..., A, belong to T*° and A1 (o) + Aa(xo) + ... +
Ag(z0) = 0. Then [A;, Ajl,i,5 = 1,...,k, belong to £5% ;.

PROPOSITION 2.2 Let Ay and As belong to T* and Ay (xo)+A2(xo) =0. Then
[Al, [Al, AQ]] + [AQ, [AQ, Al]] belongs to 8;2111.

PROPOSITION 2.3 The set 52069 is a convex cone for each B > o > 0 and
0> 0.

PROPOSITION 2.4 Let Ay and Az belong to €% 5, A1(z0) + A2(x0) =0 and B

belong to T*0 with B(xzo) = 0. Then there exist positive real numbers &, 6 and

B with 3 > & such that [B, A1] and [B, As] belong to 52?6 5

The proofs of these propositions, as well as some other useful assertions, can
be found in Krastanov and Quincampoix (2001).

The main result of this paper is a sufficient condition for local attainability
of a closed set with respect to the trajectories of the differential inclusion (1).
It is based on a suitable class of high-order variations:

DEFINITION 2.3 Let ro > 0, o > 0, 8 > 0 and 8 > «, and let £, be the
family of continuous functions A, : 1y — R"™, v € I, where each €1, is an open
subset of Syy \'S. It is said that . 50 is a regular set of high-order variations
to the attainable set of the differential inclusion (1) provided that there exist
positive constants Ty, M, N, C and P such that ||Ay(z)|| < C and the following
inclusion holds true

T 1A (1) + 4y (1,2) + 04 (1%, 2) € Alw.py (1)) (®)

for eacht € [0,To], for each point z € Q. and for eachy € T', where p,, : [0,T] —
R is an increasing continuous function with p(0) = 0 and the continuous maps
ay(-,-) 1 [0,T] x Qy — R"™ and O (-,-) : [0,T] x Q, — R" satisfy the inequalities
lay(t,z)|| < Mt°ds(z) and O,(t°,x) < Nt’, t €[0,T], v €Q,, y€T.
REMARK 2.1 We would like to point out that the sets of variations £, 5,6 are
closely related to the high-order variations introduced in Krastanov and Quin-
campoiz (2001). Let us fix an index v € T'. Then the term O, (7, x) is of higher
order with respect to t* uniformly for x € Q.,. From here and since ||a(t, z)||
tends to zero as r > 0 tends to zero, we can conclude that the “leading term” in

(8) is t* A, (z) for small values of t > 0 and for all points x sufficiently close to
the set S. So, it is natural to check the Petrov condition for the variation A, .

3. The main result
First, we introduce the following notations
B, ifa=0; B, i B> 2w

0'1(0179,6) = o £ o- ) 0'3(0176) = o lfﬁ < 20 )
ma 1 a>0; 20 _67 3
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B, iff+62>2a
OBO=y e if 340 < 20
2%a—G-0 &

then the main result of this paper can be formulated as follows:

THEOREM 3.1 Suppose that S is a nonempty closed subset of R™, 19 > 0, a > 1,
a>0>0and B> o, and let £, 8,0 be a regular set of high-order variations to
the attainable set of the differential inclusion (1). Assume that for each point
x € Sy, \ S there exist a point w(x) € II(x) and an element A € E, 5,0 defined
on an open neighborhood of x such that

(@ —m(x), A(z)) < —dds(a), (9)

where § and A are positive real numbers satisfying

. 2 2
1< )X < min (Ul(a,ﬁ), oa(a, 5,0), o3(a, B), Syt 2@_1>. (10)

Then S is locally attainable with respect to the differential inclusion (1).

REMARK 3.1 The condition (9) can be written as follows:

(0 Aw) < —dds(a), (1)
where x := o) and X := X\ —1>0. Clearly, ||x|| =1 and for X > 0 the
|z — ()|

scalar product in (11) tends to zero as the point x tends to the set S in contrast
to the usual condition (3). The illustrative example, presented below, shows that
the case A > 0 is possible. Also, we would like to point out that the condition
(10) is technical and gives a relation between the geometry of the set S and the
properties of the high-order variations we need in the proof of Theorem 3.1.

Let ©(z) be the minimal time of steering to the set S from the point x
by means of a trajectory of the differential inclusion (1), i.e. ©(z) := inf{t >
0, such that z(0) = z, z(t) € S for some trajectory z(-) of the differential
inclusion (1)}. The map O(-) is called time optimal map of reaching the set S.
The proof of Theorem 3.1 implies directly the following corollary:

COROLLARY 3.1 Suppose that the assumptions of Theorem 8.1 hold true. Then
there exist v > 0 and n > 0 such that

O(z) < yds(z) (12)

for every x in some neighborhood U of S.
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PROPOSITION 3.1 Suppose that there exist some positive constants r, v, n, K
and o for which the following conditions hold true:

i) ©(x) < ~ydl(z) for every x in S,.

ii) if z(.) is a trajectory of the control system (1) defined on [0,T) such that
2(T) € S, and if y is a point in Sy \ S such that ||y — z(0)|| < o, then there
exists a trajectory zy(.) of (1) with

7(0) = y and ||z, (t) — 2] < e[|z, (0) — 2(0)]

for every t € [0,T1].

Then © is n-Hoélder continuous in Sy.

REMARK 3.2 Under the assumptions of Theorem 3.1, the condition i) holds al-
ways. The condition i) is satisfied for control systems with Lipschitz continuous
right-hand side.

EXAMPLE 3.1 Let us consider the following example: Let S := S* U S? (see
Fig. 1), where

Sti={(z,y,2): y>a*4 |z| <2, 2=0}

N =

and
S%:={(z,y,2): =0, y <0, z=0},
and let us consider the following control system X
(t) = (1),

() = —22(t), u(t) € [-1,1],

This example is interesting because the Petrov condition does not hold true
for all admissible velocities at all points of the form (z,0,0). But, there exists
a high-order variation satisfying the Petrov condition. We would like to point
out that the scalar product of this variation and the corresponding normal to
the set S tends to zero as the point tends to the set S.

It can be directly checked that the main result of Marigonda (2006) can not
be applied. On the other hand, Theorem 3.1 is applicable. By applying the
approach proposed in Krastanov and Quincampoix (2001), we can construct a
high-order variation of the attainable set (satisfying conditions (9) and (10)) at
every point belonging to some neighborhood of S. By applying these variations,
we can move towards the set S according to Theorem 3.1.
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Figure 1. The intersection of the set S and the hyperplane {(z,y, z) : z = 0}.

To make this in a rigorous way, we choose the positive number r so small
that the inclusion 7 := (2,0,0) € S, implies that © < 1. We have to check
conditions (9) and (10) for each starting point 7y € S,. To avoid technicalities,
we consider only the most complicate case. Namely, we assume that the starting
point is of the form ng := (x0+5/4xg/2, 0,0) with zyp > 0. For every real number
T € [0,1] we choose a real t € (0,7 and set

[ =1, ifse0,t/2);
“t(s)_{ 1, ifselt/2,t. (13)

It can be directly checked that the trajectory n:(-) = (2+(-), y:(-), 2¢(+)) start-
ing from the point 1y and corresponding to the control u(-) is well defined on
[0,¢] and

5 5 2
y(t) =0 + ngm —1%/4, yi(t)=—t <$O * ng/2> +O0(t%, 1), z(t)=0. (14)
We set A(ng) := (—1,0,0) and denote by m(ng) the metric projection of the
point 79 on the set S. It can be directly verified (see, also Fig. 1) that w(ny) =
(;vo,;vg/4,0). Because the point 79 € S, we have zg < 1, and hence ;vg/4 <

ds(mo) < 23:(5)/4. Also,

3/2
5 5 (ds(no)*/® 5 1
(Am).mo = w(m)) = —g " <~ (W = = 5075 4s(m0)"".
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This inequality shows that the condition (9) holds true. Taking into ac-
count (14), we can represent the end point 7;(¢) of the trajectory n:(-) as follows

t2
ne(t) = no + ZA(WO) + a(t,m) + O(t*,m0),

where [|a(t,n0)|| < c1tds(no)/® and [|O(t3,m0)|| < c2t® for some positive con-
stants ¢; and cg. Thus, A € V% . Clearly, the condition (10) also holds true
for A = %

Similarly, we can construct a high order variation of the attainable set at
every other point belonging to S,. Moreover, it can be shown that the set of
these variations is regular. Applying Theorem 3.1, Corollary 3.1 and Proposition
3.1, we obtain that the set S is small-time locally attainable and the time-
optimal map is Holder continuous.

4. Proofs

Proof of Theorem 3.1. The regularity of &£, 3¢ implies the existence of
positive constants Ty, M, N, C and P, for which the conditions of Definition
2.3 are satisfied.

Let us fix an arbitrary T from the interval (0, Tp]. First, we determine the
positive number 7 so that the neighborhood S, of the set S be sufficiently small.
To do this, we note that the condition (10) implies that

0
2_oat 250, 2+)\(——2>>0
(6% (6%

1+)\<w—2> and 1+/\(§—2) > 0.

«

This and the inequality § > «a > 1 imply that we can find a positive real r for
which the following inequalities hold true:

S 20/« 5 28/
M2 (_) p242M(0/a=1) | 72 ( ) F2A(B/a=1)

c?

(B+0)/cx 5\ 1o/
) SLEAB+0)/0-2) | 97 (E) 1AG/a-1)

5\ ssra 5\ siab/as
+2NC <—> pMBa=) Lo (E) pHA0/a=2) (15)

4]

B/ 52
_) ] P

2C?

a=2 " 2-2x+)/a
42 (2 T T
and e <C2> 5ot Na
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This choice of r provides for all estimates we need in the proof. Next, we fix
an arbitrary point « from S, \ S. Let w(z) be an arbitrary point from the set
I(z). Then ||z —n(z)|| = ds(z), 0 # x—n(z) € NE(n(z)), and according to
(9), there exists an element A from &, g9 for which

¢ > @) > <— z— () ,A<x>> > 5ay(a).

|z — ()]
It follows from here that

52
d&(z) — ﬁd?(iﬂ) = dg(z)

C182d5 ()
2 C?

B> 5@ (6)

According to Definition 2.3, the relation A € &, g, implies the existence of
Pa,x(z) (), a(-,-) and O(-,-) such that for all ¢ € [0, T]]

Zen(e)(T,1) = T +a(t,z) +t"A(z) + O, 2) € A, prn@(). (17)
Moreover, the regularity of &, 3,9 implies that for all ¢ € [0, 7]
la(t.2)| < Mt°ds(x), 07, 2)|| < Nt and [poy(t)] < Pt (18)
Then for every ¢ € [0,T] we have that
d%(zw,ﬂ(w) (Ia t)) 9 9
[22,m@) (@,1) = 7(@)[I7 = [[(zo,r(2) (2,1) — @) + (x = 7(2))]
o 2

(lat, 2)|l + [ A@@)l| + O@7, 2)I])

+2 (a(t, ) +t*A(z) + O(t7, 2), 2 — 7()) + |l — = (2)||?

(Mt?dg(x) +1°C +°N)* + 2t < A(z),2 — m(2) >

+2{(a(t,z) + O(t? z),x — 7(x)) + ds(x)?

M?t200% (z) + t22C? + N2 £ 2MCto+*dg(x) + 2M Nt*+Pdg (x)
+2NCtHP — 2125 dy(x) + 2Mt?d%(z) 4 2tP Ndg(x) + d%(x).

IN

IN

IN

IN

Now we fix the positive number ¢ to be sufficiently small. To do this, let us
consider the terms —2t*§ d§(z) and t2*C?. By setting

A 1/«
o) <6dg2(:1:)> |

these terms will be of one and the same degree 2\ with respect to dg(z). More-
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over, by applying the inequalities (15), we obtain that

ds (Zac,rr(z) (LL', t(l‘)))2

2o v 0% oy o e (5N arane/a-y
< ds(2) - 7 ds™ (@) +ds(@)™ | M7 { = dg (z)
26/a (5+0)/a
+N? (%) AP () 4 2M N <%) Ay e /e=2) 4y
5 146/« NI 5 148/« N o 19
+2MC (E) d};r 0/ 1)(.%') +2NC (E) dS(ﬁ/ 1)($) ( )
0/ B/
2M (ci) a5 @)+ 2 (Ci) dgr e <x>]
& (e) - 2o dg(w)?
< S(‘,E) 202 S(./I:) N

Hence, taking into account (16), we obtain that for every point = from S,.\ S

the following estimation holds true:
62
ds (2 m(a) (2, t(2))? < d(z) — ﬁd?(iﬂ)

with 2, r(z)(z,t(x)) € S,. Using this estimate, we can define the sequence
{zr}72, of points of S, tending to the set S. We set

z, ifk=0;
T = Zay g m(ae ) (@e—1,t(xk—1)), ifk>1andxzp_y €S,\S;
Tp_1, ifk>1andax,_1 €S.

Then for each positive integer k > 0, for which the point zj; belongs to the
set S, \ S the following estimate holds true:

52
g (2r41) = A5 (2 men) (@n, an)) < df(an) — Wd?(xk)- (20)

The sequence {dg(zx)}72, is decreasing and bounded from below. Hence,
it is convergent. Let d := klim ds(zg). If we assume that d > 0, then for each

positive € > 0 there exists a positive integer k. such that d < dg(zx) < d+ € for
each positive integer k > k.. By applying the estimate (20), we obtain that

52
A& (@h,+1) = A& (2ap r(ap) @k, Har,)) < d&(zr,) — 502 A& (xx,)
2 52 2\ 2
d — —d
< (d+e€) 5030 < d

whenever € > 0 is sufficiently small. The contradiction obtained shows that
d=0.
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al attainability

We claim that Z Papom(an) (H(xr)) < T, ie. the set S is attainable from

xR €S-\S

the point z via a trajectory of the differential inclusion (1) in finite time which
is less than T'. Let us assume that all points xx, k = 0,1,2,... belong to the
set Sr \ S (the case when only a finite number of points xj belong to the set
Sy \ S is simpler and can be considered in the same way). Application of the

estimate (20) and the equalities

e 2-1/a
62 2) c? 5dg($k) J 22—\ /a
s ds@)” =5 | T (c_> ds™ " ()
c? S\ o aja
= - tzx) <§> A2 (@),
yields
2 2 2 o 2-1/e 22—/«
Blonn) <dblo) - Gt () B ),
and hence
1/a—2
o) < 2 (2N i) — d @)
cz \ o2 d?ﬂ\/a(xk)
_ 2 6\ (ds(ar) — ds(@ren))(ds (@) + ds (i)
2 \ 2 d?i)\/a(xk)
o Ads(zk) (i)l/a_2 ds(xr) — dg(@ri1)
— A=)/«
C? 10272 dZ /(Ik)
_ 4 ( k3 ) 1972 dg (k) — ds(wr41)
- 2 2 A—1-\/a '
¢:\C dg* ™ ()
From here it follows that
prk,ﬂ'(iﬂk) (t(xk))
o 1/a—2
> 4P ) Tt ds(wk)—ds(wk_,_l)
< ZPt(xk) S = <_2) 1o
k=0 CEN\C k=0 dé ' /(9%)
_ AP 5 1/a=2 ,dg(x) 1 B AP 5 1/a—2 2-27tA/a
< @\ - = v ezl Ve ds (@)
4p (5 \V? 2-2X\ 1A/ a
< E(E) r / <T.

The last inequality is implied by

(15). This completes the proof.
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Proof of Proposition 3.1. Our proof follows the original proof from Bianchini
and Stefani (1990), where the case is studied when S is a point and the control
system is determined by a differential equation. We present it for completeness.
First, we set

D = £, (21)

Let x belong to the interior of the set S, and let U be a neighborhood of z, such
that

UcCS n {yER”: ly —z|| < %}ﬂ {yER": ly —z|| < %}

Let y1 and y2 be arbitrary points from U. Suppose ©(y;1) < O(y2). Fix an
arbitrary € from the interval (0, ©(y2) — ©(y1)). Since 0 < O(y1) < O(y1) + &,
there exists a trajectory z1(-) of (1) starting from y; that reach S in some time
T with

O(y1) <7< O(y1) +e < O(y2).

According to the assumption ii) there exists a trajectory z2(-) of (1) starting
from ys2, defined on [0, 7] and such that for every ¢ € [0, 7]

lz2(t) = 21 < ™ ly2 — ]l
Because y5 € S, we obtain that
T < O(y2) < yrl
Our choice of U, the equality (21) and the inclusion z1(7) € S imply that
lds(z2(m)] < Nlz2(m) =z1(D)] < e llya—will < Dllya—will < 7. (22)
So, zo(7) € S, and by the assumption 1)
O(22(7)) < v dg(22(7))-
Then, according to (22),
O(y2) < 7+ O(22(7)) < O(y1) + € + v dg(22(7)) <

<O(y1) +7D"ly2 =yl + €.
Since ©(y1) and O(y2) do not depend on €, we obtain that

10(y2) = Ol < Flly2 —wal|” with § = D"

This completes the proof. [
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