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1. Introduction, formulation of the problem
and main theorems

Shape optimization for the Neumann problem of the Laplace equation is impor-
tant for application and also from the numerical point of view. Mathematical
analysis of such problem in the half space is not available. In this paper we
prove the shape differentiability of solutions in appropriate weighted Sobolev
spaces which describe the behavior of solutions at infinity. We will consider two
different perturbations of domain to get the existence of weak Gateaux material
derivative and in the second case the existence of Fréchet material derivatives.
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In this section we give the description of the problem and introduce the
appropriate functions spaces.

Firstly, we consider the shape sensitivity analysis of the following model
problems:

—Au=f in Q, %:g on T, (1.1)

where Q = RY and T' =RN -1,

The same analysis can be performed in an unbounded domain 2.

We consider the mapping T} : RV — R associated with the velocity field
V (¢, x) which is compactly supported with respect to the spatial variable . The
mapping is given by the system of differential equations

Sa(t) = Vit (b)), 2(0) = X, (1.2)

with the solution denoted by z(t) = z(t, X),t € (—6,6), X € RV,
The variable domain ©; = T3(Q2) is defined in the usual way,

Q= {z e RNz = (¢, X), X € Q}.

Secondly, in order to define the Fréchet derivatives, we also consider trans-
formations of the following type

He =T + €0, (1.3)
where 6 is a smooth vector field defined on RY such that
6 € Wk RN RY), (1.4)

with —6 < & < §. This type of parametrization of domains is studied, e.g.
by Murat and Simon (1976) and Pironneau (1984).

By the first approach the Gateaux shape derivatives are obtained. The
second approach leads directly to the Fréchet derivatives of shape functionals.
The both approaches are equivalent, see Delfour and Zolesio (2001).

1.1. Gateaux derivatives of solutions

We use the transformations T; in order to define the perturbed domains €.
Therefore, we consider the Neumann problem in €, which is called (perturbed
problem)

*A’ut = ft in Qt, % = g¢ on Ft. (15)
871,5
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We would like to introduce some compatibility conditions but we cannot require
that f;, g; satisfy compatibility condition

frdx = / g; do, (1.6)
Q o9,

since this condition does not have meaning for arbitrary data. To avoid this
difficulty we suppose that for given elements f and g there are the extensions,
denoted by f and g, such that the extended functions are defined on the sets
Q, Ty, YVt € [0,€0), €0 > 0, respectively. Then we define

1
fo=f| =i | fde,
! Q Ul Ja,
L d
g =g - gdo.
' v, [Ty I

REMARK 1.1 Let us point out that by such definitions of f; and g; we have the
nontrivial shape derivatives f’ # 0 and ¢’ # 0 in general and also that by our
definition

fe dz =0,
Qq

/“%do:m
Tt

hence (1.6) holds for such f; and g;.

The transported solution to the fixed domain is denoted by u! = u; o T} ,
ft = fioTy, g¢ = g; o Ty and the transported solution satisfies the following
equation along with the boundary conditions

—Ldiv (AH)Vul) = f¢ inQ
K tot ot (1.7)
Vu-nt = g on I,
where
A(t) = det(DTy)* DT, * DT, ", (1.8)
nt _ DTt_lTLt,

~(t) = det(DTy),
Ft = det(DTt)(ft o Tt)
By *DT; ! we denote the transpose of DT, .

REMARK 1.2 By n; we denote the external normal on I'; and S—Z: =Vuy -ng =
g:. The transport of the gradient is Vu;oT; = ”‘DTt_1 ‘V(ugoTy) = ”‘DTt_1 -Vul,
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moreover
(Vug -ng) o Ty = g¢ o Tt,
(Vg o Tt) (ngoTy) = q',
(*DT; " - Vu') ngo Ty = g,
(Vu')' - DT -0t = g".

Now, the derivative of the latter equality leads to the relation
Vi-n+Vu-(=DV)-n+Vu-I-n=4g,

where 4, n, ¢ denote material derivatives.
This implies

au*Vu DV -n—Vu-n+g. (1.9)
on

The material derivative @ of the solutions to (1.7) satisfies the following
boundary value problem

Au = f+ divVf+ div (A(0)Vu) in Q
oa . . (1.10)
5w = g—Vu-nonl.

Our first aim is to prove the existence of material derivative of weak type
for the general transformation 7T5:

Main Theorem 1.

Iff e W10’2(Ri) and g € W11/2’2(R2) then the material derivative 1 € W112(Rf)
is given by a unique solution to problem (1.10).

1.2. Fréchet derivatives of solutions

We are also interested in Fréchet differentiability of solutions to (1.1) with re-
spect to perturbed domain. To this end we investigate the transformation H,
in order to define the perturbed domains Q. We consider the problem (1.1),
its variational formulation is the following:

We are looking for u e Wy2(Q) such that :

VwEVVO12 /Vu dex—/fwdx—(g, > 1.,

1.11
22y xw, o )

()

I\?lH

see Section 2 for the definition of spaces W, 2(Q).

We describe the properties of transformation He defined by (1.3) for the vector
field 6 .



Shape differentiability of the Neumann problem 751

Let ©y, be the space of vector fields from C*(RY, RY) and we denote by ||. | x
the usual norm for £ > 1 and N = 2,3. We denote

Dr:={0 € O, |0l < 1}.

For 6 € Dy, the mapping Z + 6 is a C* - diffeomorphism, where 7T is the identity
mapping.

Let 0¢ be a vector field in Of. For simplicity we denote its norm in Oy
as [£0| = [¢][|0]lcrmy myy. For the transformation He = I + £0 we denote
Q¢ = He(Q). For €] small enough, He is an diffeomorphism. As a consequence,

there exists a solution ug¢ € VVO1 ’Q(Qg) of variational equation

Yo € W, 2 (Q¢) /Q Vg - Vode = i fe v da. (1.12)
3 3

After the transformation to the fixed domain, where ué = ug o He € W, %(Q)
we get the following variational formulation satisfying

Yw € W, 2 (), /

(DH) ™ Vut - (DHE) ™' Vw g¢ du = / fEw geda , (1.13)
@ Q

where f¢ = feoHe, FS = DHe(feoHe), ge is the Jacobian of the transformation

He¢, D'He is the Jacobian matrix:

DHe =1 +¢€D8 (1.14)
ge = det DHe = 1+ ¢ div 0 + &Y detD6. (1.15)

As in Fremiot (2000) the Taylor expansion for u® leads to
ut = u + Eul(0) + u(£h), (1.16)
where

Huﬁ — ullW(}'?(Q) < C|§|||9Ha

- 1.17
€Oy @y = 1€ = — w O)llwy () < cle 202 (L17)

Let J and E be the functionals associated to the equations (1.5), then we can
define

700 = B©) = 5 [ IVucldy. (118)

We can prove that E(£) has the following expansion

E(€) = E(0) + £E'(0)(9) + E(£9), (1.19)
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with the estimate
IE©)] < cl¢?)10]°. (1.20)

Formula (1.17) shows the Fréchet differentiability of the first order for solutions
and (1.19) for the energy functional.

Main Theorem 2.

Iff e WPRY), g€ W11/2’2(RN*1) then the material derivative @ € WIIQ(Rf)
is given by a unique solution to problem (1.10), which is the same as before, but
with the strong convergence in the energy space.

REMARK 1.3 Comparison of notations from §1.1 and §1.2.

A(t) = det (DTy)*DT; - DT,
A(€) = g7 (DHe) ™ (DHE) T,
DHe =1+ ¢D6,
DF = (I+¢D0)" =1+ ¢DO",
qe = det (DH{) = det (DHe),
qgl = det [(DHET)_I].

A(t) — A(0)
t

A'(0) = lim = div V(0)I — *DV(0) — DV (0).

We can also write

1 A© - 40)

— div 0T — *D@ — DA.
BEG €]

So, it is clear that both approaches result in the same formula for the first
order shape sensitivity analysis.

2. Notation and mathematical preliminaries

We introduce a class of weighted spaces for the Neumann boundary value prob-
lem and give some preliminary lemmas.

Let RY = {(2/,zn) € RY; zx > 0} be the upper half-space of RV (N > 2)
and denote by I' = {(z',0); 2’ € RV~1} its boundary.

We denote by LP(Rf) the Lebesgue space, by Wp’k(Rf) the Sobolev space.
The Sobolev spaces with radial weight have been introduced and studied by
many authors : Hanouzet (1971), Kudryavtsev (1959), Kufner (1985), Kufner
and Opic (1990). The Sobolev spaces with logarithmic weights were studied
by Lizorkin (1981), Leroux (1974), Giroire (1987), Girault (1992), Amrouche,
Girault, Giroire (1994), Amrouche (2002), Amrouche, Necasova (2001), Boul-
mezaoud (1999, 2001) etc.



Shape differentiability of the Neumann problem 753

Let © be an open set of RN and let us consider the basic weight
pr)=(V1+7r2), lgp=In (2+7r7).

with r = ( Zivzl xf) 12 being the distance to the origin. Given an integer m € N’
and a real number a € R, we define the weighted space.

As usual, D(RY) denotes the space of indefinitely differentiable functions
with compact supports and D (R™) denotes its dual space, called the space of
distributions. For any nonnegative integers N and m , real numbers p > 1, «
and (3, and setting

k=k(m,N,pa) = -1 if %—i—agé{l,...,m},
k=k(m,N,p,a) = mf%fa if %Jrae{l,...,m},

we define the following space:

W) = {ue D'(Q); 0< A <k, p*~ "+ (1gp)~ ' DA u € LP();

2.1
EE 1< A < m, 0o (1g0) Dhu € IH(Q)). 21

In the case 8 = 0, we simply denote the above space by W2P(€2). Note that
Wambp (Q) is a reflexive Banach space equipped with its natural norm:

|\U|\W;'jg(ﬂ) = {Zogwgk Hpafmﬂ’\‘(1gp)ﬁ71DAU||ip(Q)

a—m4|A| BN, ||P p (2:2)
+Zk+1§|>\\gm”/7 (Igp)" D U’HLP(Q):|
We also define the semi-norm:
1/p
uhvzza = (32 102 () DAl ) (23)

|A|l=m

and for any integer g, we denote by P, the space of polynomials in IV variables
of the degree smaller than or equal to g, with the convention that P, is reduced
to {0} for negative q. The weights in definition (2.1) are chosen so that the
corresponding space satisfies two properties:

D(@) is dense in Wg}bp(Rf), (2.4)

and the Poincaré-type inequality holds in W;’?[’jp (Rf ). For more details see
Amrouche, Girault, Giroire (1994), Amrouche, Necasova (2001).

THEOREM 2.1 Let a and (8 be two real numbers and m > 1 an integer not
satisfying simultaneously

%—i—ae{l,...,m} and (B—1)p=—1. (2.5)
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Then the semi-norm |- |ym PRY) defines on W' ’p(RN)/Pq/ a norm, which is

equivalent to the quotient norm with ¢ inf (g,m — 1), where q is the highest
degree of the polynomials contained in W&””’(Rf).

Proof. See Amrouche, Girault, Giroire (1994), Amrouche, Necasova (2001). m

Now, we define the space
o =N hwmr ey
WIP(RY) = DRY) Wes &)

and the dual space of Wm p(RN) is denoted by W_" o 5(RY), where p/ is the
conjugate of p, i.e. = +

THEOREM 2.2 Under the assumptions of Theorem 1.1, the semi-norm (2.8) is
a norm on Wm p(RN) which is equivalent to the full norm (2.2).

Proof. See Amrouche, Girault, Giroire (1994), Amrouche, Necasova (2001).

In the sequel, for any integer ¢ > 0, we shall use the following polynomial
spaces:
P, (respectively PQA) is the space of polynomials (respectively harmonic poly-
nomials) of degree < g,
’P; is the subspace of the polynomials in P, depending only on the N — 1 first
variables ¢’ = (21, ..., N, ),

2.1. The spaces of traces

In order to have the sense of the traces of functions of W;’?’Bp (RY), we introduce
for any o € ]0, 1] the space:
WgP(RYN) = {u € D'(RY); wu € LP(RV),

» 1/p 2.6
(S i M2 1200) ™" < 0}, 20

where
w=p if % # o,

=p(lgp)/7 it S =o,

which is a reflexive Banach space equipped with its natural norm:

_ p 1/p
/ M) =P gray) . ()
Lr®Y)  Jpyygy |r—y[NTop

If w is a function defined on Rf, we denote its traces on I' = RV~ by:

€ RVN7Y yu(a') = u(2',0),...,vu(@’) = a :

N

as in Amrouche, Necasova, Sokolowski (2004), we can prove the following trace
lemma:

lullwg vy = (|| =5

"4 (2/,0). In the same way
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LEMMA 2.1 For any integer m > 1 and real number «, the mapping

v: DRY) — 17 DRV )
U= (70”7 s an—l/U/)

can be extended by continuity to a linear and continuous mapping, still denoted
i1
by v, from WIP(RY) onto H?:Ol Wo " PP(RNL). Moreover

Ker vy = W;”p(Rf)
Proof. See Amrouche, Girault, Giroire (1994), Amrouche, Necasova (2001). m

REMARK 2.1

e We would like to mention that the symbol u|sqn need not have sense in
general and the result on traces of functions from weighted Sobolev spaces
with distance as a weight can be found in the works of Necas (1962),
Kufner (1985) and Nikolskii (1977).

e A very general sense of traces meant to define the class of very weak
solutions in the weighted setting can be found in the work of Schumacher
(2007).

3. Neumann problem in the half space

In the section we recall the known results for the problem Neumann problem in
the half space, see Amrouche (2002):

0
—Au = fin Rf, —u:gon RN (3.1)
aIL'N
THEOREM 3.1 Let
N

let f € Wlo’p(Rf) satisfy the compatibility condition
/fd:c: 0, ifp’ > N,
Q

then problem (3.1) with g =0 has a unique solution u € Wf’p(Rf)/PﬁfN/p].

REMARK 3.1 Let us note that W"*(RY) ¢ W, "P(RY) iff g # 1. In the
case g = 1 the previous result holds, provided f € Wy ' RY)N whr RY)

without compatibility conditions and problem (3.1) has a unique solution in
2,
WP (RY)/Pla-nyp).
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THEOREM 3.2 Let p—l\f #1, f € W{J’p(Rf), g € Wo_l/p’p(F). We suppose the
following condition holds:

/Qf = <97 1>W[;1/p’p(F)><W(}/p‘p/(F) ifpl > N7 (33)

then problem (3.1) has a unique solution v € Wol’p(Rf))/”P[l_ﬂ].

Moreover, if g € Wol_l/p’p(F) then there exists a unique solution v € Wf’p(Rf).

REMARK 3.2 In case p’ = N Remark 3.1 holds with g € Wll_l/p’p(F).

3.1. Mapping T;

We consider the general case of the construction of the transformation T3. Let
D be a domain in RY with the boundary 0D piecewise CF for a given integer
k > 0. Let T} be a one-to-one mapping from D onto D such that

T; and T, ! belong to C*(D;RY) (%)
and
t*)Tt(:L')a tHTt_l GC([OaE))a VIL'GD, (**)

thus (t,2) — Ti(z) € C([0,€); CF(D;RY)) = C(0,; C*(D;RY)). For any X €
D and t > 0 the point z(t) = T;(X) moves along the trajectory x(.) with the
velocity

d 0
Iz @lry = ll 5 Te(X)l|rw- (3.4)
The vector field V(t), defined as V(t)(x) = V (¢, x), satisfies the relation
V € C(0,g;C*(D;RY)). (3.5)

Let D be a bounded domain in RY with the piecewise smooth boundary 9D,
and V € C(0,&;C*(D,RY)) be a given vector field which satisfies

V(t,z) -n(x) =0 for a.e. x € ID, (3.6)
and

if n = n(x) is not defined as a singular point « € 9D we set V(t,x) = 0.
(3.7)

It is clear that if 7; maps D onto D and for T; (*),(**) hold, then the vector
field V' defined by

9]
V(t,x) = ETt o T (2)

satisfies (1.2) and (3.7), (3.8).
Now, we are interested in the case of unbounded domains D.
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DEFINITION 3.1 Let D be a domain in RN whose boundary 0D is piecewise C*,
k > 1. It is supposed that the outward unit normal field n exists a.e. on 0D,
i.e. except for singular points T of 0D. The following notation is used

VE(D)={V € DFRN;RM)|(V,n)gy =0 on dD except for the singular points
Z of 0D,V (z) = 0 for all singular points T}.

V(D) is equipped with the topology induced by D*(RYN;RYN).

So, if V€ C(0,¢; V¥(D)), then there exists a compact set O in R such that
the support of V(t) is included in O for all 0 < t < & and we define a mapping
T} in the form of a one-to-one mapping on O.

If the following conditions are satisfied : < V,n >grn=00n 9D and V(Z) =0
then T;(V) maps O N D onto O N D and (RV\O) N D onto itself. Finally, the
restriction of the mapping T;(V) to D, T;(V)|p is a one-to-one transformation
of D possessing all properties required for the mapping T;(V).

3.2. Sobolev spaces and boundary value problems. Transported and
perturbed problems.

We already introduced the Sobolev weighted spaces in fixed domain. Now, we
are interested in the definition of Sobolev spaces with corresponding weights in
perturbed domain. The most important property is definition of the traces and
that the theorem of the traces should be satisfied. Since our mapping is C* we
can define the Sobolev spaces with weights on perturbed domain through the
Sobolev spaces on fixed domain.

DEFINITION 3.2 We say that uy € Wy > (Q) iff ul = uy o Ty € Wy 2 (Q), where
the corresponding seminorm is defined by

1/2 1/2
([IvuPas)™ = ([ 10201 VuslP (o)) e
Q Q

and the corresponding norm is given by
el 2y = L, DT 0 T Vel Py (0] daret )
+ Jo, llue o TP (p o T, 1) 72 (1)~ e } /2.

Now, we want to introduce the traces.

DEFINITION 3.3 We say that g; € W()l/2’2(Ft) iff groTy =gt € WOI/2’2(I‘), with
the norm defined by

[ 9a) — g OF o0 JRLE I
thrtw2(t) |ty — Sy |? e 'xT |2/ —y'[3 ’

where w(t) = |det(DTy)*||DT~! - nllg~, o, = Ty, y, = Tyy', M(T}) =
det(DTy)* DT~ is the cofactor matriz of the Jacobian matriz DT;.
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REMARK 3.3

e For description of change of variables in boundary integral see Sokolowski,
Zolesio (1992), page 77.

e Since we consider that the mapping T} is sufficiently smooth, we can show
similarly as for fivzed domain the trace lemma Lemma 2.8 for T'y.

Now we define the dual spaces in the following way:

DEFINITION 3.4 We define Wo_l’Q(Qt) and W071/2’2(I’t) by the following way:
Wy B2() = (W ()"

and
Wy A = (W)

Very important is the property of a weak differentiability of T; with respect
to t. We repeat here the part of the proof from our previous work, see Amrouche,
Necasova, Sokolowski (2004).

We denote by D the following set

D ={(a',zn) €RY, zy > —a}, fixed a > 0, a sufficient large.

PROPOSITION 3.1 Let N>3, feW»*(D)c Wy "*(D). Let VeC(0,¢, D*(RY)
be given, k > 1, then the mapping t — foTy is weakly differentiable in the space
Wy (D).

Proof. Let ¢ € Wy2(D) € W22(D) be given and we denote S; = T, %,
At) =) M = 4(t) 1S,

‘We have

1 1
2 [ (oti—pots =3 [ 10005, o

Furthermore

%(A(t)w °oSi—p) = A(t)%(so 0S8 —¢)+ %(A(t) — 1),
the right-hand side of this equality converges to
—Vip - V(0) + X(0)¢
strongly in W2(D) as t — 0. Moreover, it is evident that X' (0) = — div V(0).
Since S; is associated with the speed vector field —V;, therefore

1
/ (fo Ty = fpde — = / f div @V (0)dz = (£ - V(0), @)yy—12 )it ()
D D

as t — 0; this proves the proposition. [
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DEFINITION 3.5 Let hy € Wy "2(Q), ¢ € W(Q), then we define the follow-
ing form
- -1
(The, 80>W0*1v2(9)><w01v2(9) = (he,7 H(B)po T, >W0*1’2(Q,,)><W01*2(Q,,)’ (3.9)
where by Thy we mean hy o Tj.

REMARK 3.4 Let hye WY2(€), then for all pe W) 2(Q), ¢ o Ty e Wi (y)
and we have
(he, 'Y(t)_l‘P © Tt71>W0’1’2(Qt)><VQV01'2(Qt) = th hi(z) - ’Y(t)_l‘P © Ttil(x)dm =
fQ ht 9 Tt(X)(p(X)dX = <ht o Tt, 90>W(;1’2(Q)><W01’2(Q)’

where Thy = hy o Ty and h; € W10’2(Qt).

DEFINITION 3.6 Let g; € W0_1/2’2(Ft), pE W&/2’2(I‘), then we define the fol-
lowing form

<Tgt, © >WJI/2’2(F)><W01/2’2(F) = <gt, 'LU(t)QD o Tt>WJI/2’2(Ft)><W01/2’2(Ft)'
PROPOSITION 3.2 (i) Let hy € Wy () then
ht = div ]’F‘7 F= (fl7 ...,fN)

with fi € L*(Q4),i =1,...,N.

(i) ht = ~(t)~! div (DT, 'F o T}) and

(iii) in particular if h € Wy "?(D), where Q@ C D, C D, then ht € W071’2(D)
and

h—nh -
Tt — h weakly in Wy 2(D).

Proof. Tt was given in our previous work, see Amrouche, Necasové, Sokolowski
(2004). m

PROPOSITION 3.3 Let there be given a vector field V € C(0,&; D*(RN;RM)),
k> 1 and an element f € W2HRY). Then
1

;[f oTy — f] — Vf- fV(0) strongly in WHH(RY)

ast — 0, where W21(RN) and WHL(RYN) are classical Sobolev spaces.
Proof. See Proposition 2.37 in Sokolowski, Zolesio (1992), page 71. n

PROPOSITION 3.4 (EXISTENCE OF STRONG DIFFERENTIABILITY OF H¢.)
Let f € L2(RY), 6 € C(0,¢;D*(RN,RY)) be given, then the mapping £0 —

‘—é‘[f o He — f] is strongly differentiable in the space W~=22(RYN).
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Proof. Applying the Proposition 3.12 and Proposition 3.2 we obtain that
lggd o He — ¢ — div (6€0)|| < cl¢|*[|6],
for all ¢ € W22(RN). ]

By an application of the transport technique to our problem (1.1), defined
in ©; , we get for all ¢ € Wol’Q(Qt)

<Aut’w>W0’1’2(Q,,)><W01’2(Q,,) = (div (A(t)Vu' ), 9o Tt>W0’1'2(Q)><W01’2(Q)'
Let ¢ = ¢ o T} € Wy 3(Q), then
(Aur, 00 Ty D12 (g, i 2, = ( iV (ABOVE), @) w20y i ()
provided that
—Auy = hy in Qq
and
— div (A(t)Vu') = y(t)h" in Q.
For problem (PP)
—Auy = frin Qy,
thus
— div (A(t)Vu') = y(t) f* in Q.
Therefore, we will get the perturbed problem

0
—Auy = fyin Qy, ﬂ:gt on I';
t

on
and also transported problem

—div (A)Vu') =~v@)f* in Q, Vu'-n' =g" onT,
where g' = gy o Tj.

4. Weak material derivatives
4.1. Transported problem (TRP)

We investigate the existence of the transported problem in the fixed domain €2
satisfying the equations

*ﬁ div (A)Vul) = f'inQ (4.1)

Vut-nt = gtonT,
where

A(t) = det(DTy)* DTy ' DTt (4.2)
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THEOREM 4.1 Let N > 3, suppose f! € W10’2(Rf) and gt € W0_1/2’2(I‘), then
problem (T RP) has a unique solution u' & Wol’Q(Rf) satisfying the following
estimate

t t t
gy < (1 o) + 19 lyrrmy )

Moreover, if gt € W11/2’2(I‘) then ut € WEQ(Rf) and the following estimate

ez < (15 Moy + g lyyrran )
holds.
Proof. We define the bilinear form

B(u',v') = / A(t)Vu' Vol
Q
Since v(0) = 1 then for sufficiently small 6 we have v(¢) > 1/2 for all t € (=4, )
and the bilinear form B is uniformly elliptic, i.e.
B(u',u) > ¢ Vu']3

for some positive constant ¢ > 0, which implies the uniform ellipticity of the
form B. Then, by applying Theorem 3.2 with p = 2 we get the existence of
solution. -

4.2. Perturbed problem (PP)
PROPOSITION 4.1 Let f € WX 2(Q), g € Wi/**(T) then
Ft—

/ — div Vf + fweakly in WO_I’Q(Q,:),
where
F' = det(DT;)(f: o Ty).
Proof. We have the following equalities and the convergence

HE = fp) = (f— div Vi,p) =
1

=00 = f.0) =
_ %(- div (A(D)Vul) + div Vu, @) + ( div V, @) =
= SU(A() — DV, V) — V(! —w), V) + ( div V)

— (A(0)Vu, Vo) — (Vii, Vo) + ( div V f,0) = (f,¢) + (div V f, ).
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For f € Wlo’Q(Rf) it follows that f € W, "*(;) and also

fr—f

— - f — 0 weakly in W, ().

For g € WI%Q(I‘), with g € W0_1/2’2(F) it follows that
9'—y

e g — 0 weakly in WO_1/2’2(F).

THEOREM 4.2 Let N > 3, suppose f; € W{J’Q(Qt) and g; € W071/2’2(Ft), then
problem (PP) has a unique solution u; € W01’2(Qt), satisfying the following
estimate

luellwz 2 < (il + lgilw-zaqy )-
Moreover, if g, € W11/2’2(Ft), then uy € W2 ().
Proof. We have for ¢ € Wy ()
<ft7¢>w(;1f2(gt)xwolf2(gt) = () f7 " (Do Tt_1>w(;1a2(gt)xwgf2(gt) =
= (Y () Aue, YT () o Ty Dyt it 2(a,) =
< div (A(t)Vut), (10>W071’2(Q)><V0V(}’2(Q) = (ftv(p>W[;1*2(Q)><W01’2(Q)’

where ¢ = 1 o T;. From application of Theorem 4.1 follows the existence of a
unique solution of (1.1) on the perturbed domain. [

4.3. Proof of the Main Theorem 1

The aim of this section is to show the existence of material derivative as a weak
limit of

t

Ll aewl Q). (4.3)
Denoting
w' = w—u -1
t

we obtain the following equation

—Awt = div [2O=Lgyt — A(0)Vu] + [LL - f] inQ )
gﬁ; = gtT_gfngLrDanfVuw'z onT. .
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The weak formulation of (4.4) is the following

Sy Vuwr - Vo =
Joy 2V -V — A(0)VuVe] + fon (L = £ ¢ dat

Jrfr(gt—_gfg—Vu-V-anwh)d)doJr

(4.4')

Je (29 gt + a'(0)g) 6, V6 € Wy (RY)
where A’(0) = —DV —*DV 4+ divV 1.
The goal of this section is to prove the following convergence

t

wt =1 t_u—u—>Oast—>0, weakly in W01’2(Rf)
and
6 t t_ _
a—wt:g " g—g’—>0ast—>0, weakly in W 1/Q’Q(RN*I).
n

To get the assertion it is sufficient to prove the weak convergence of the following
terms

Alt) -1 ,
%V’ut — A (0)Vu — 0, t — 0, weakly in L*(RY)N (4.5)
and
AW ot A(0)g — Vu-DV -n—Vu-n — 0 ,
¢ . —1/2,2 /N — (4.5)
weakly in W/ “7(RN 1),
since for the right hand side we have by our assumptions
S = f 0 with t — 0 weakly in Wy V(R 4.6
" —f—0wi — 0 weakly in Wy 7(RY), (4.6)
and
9' —yg 1/2,2
T —§— O with t — 0 weakly in Wy, /22RN-1y (4.6')

Let ¢ = u? — u be a test function in variational formulation, hence

/RN AWVt —w)2 = (A(t) — I)Vu - V(u! — u)+

n / A(t)(g" — g)(ut — ) + (A(t) — Dg(u! — u) =

<ft7faut7u>+<gtfgaut7u>'
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Since the field V is compactly supported in RY, it follows that

J

LAOF =0 < [ 140 =DV [ =l

+ Hft - fllw(;lszut - UHWOM-F
+ / A()(g" — g)(u' — u) + (A(t) — Dg(u’ — u)+
T
t t
+ ”g - g”WJl/l?”U - UHW(}’Q S
< c®)|IVull L2 IV (u* = )l 2+
+ Hft - fHWO*MHUt - UHWOL2+
t_ t
+C(t)||g g||W(;1/2’2HU’ U||W(},2+
+e()l|u’ = ullyzllglly, -1z, (4.7)

where ¢(t) we obtain from the estimation of A(t) :

1
sl =ullyyz < e@IVullz + el f = flly 1 + lgllyy-rr22 +ellg” = glly2e:

Since f € VVO_L2 and we have shown that f? is strongly continuous with respect
totie fl— fin Wy "% ¢* —gin W0_1/2’2, which imply u! — u in Wll’Q(Ri).

Since V' is compactly supported, it means that supp V' C B(R) for some R,
thus the first term on the right hand side of (4.7) takes the form

/(A(t) —I)Vu -V = / (A(t) = I)Vu - (Vu' — Vu) <
Q B(R)

< e Vull L2V (W' = w)lly-1.e

and it follows, in view of the properties of the mapping T3(V'), that ¢(t) — 0,
which implies that (4.5) holds, and similarly (4.5)’.

Therefore, we obtain the existence of material derivative @ € W, ’2(Rf )
which is given by a unique solution to problem (1.10).

5. Fréchet material derivatives
5.1. Transported problem (TRP)

For the convenience of the reader we repeat the results in the language of per-
turbations of identity technique. Let us fix § € O and let £ € (-4, ), consider
He = I+ £0. We investigate the existence of the transported problem in the
fixed domain 2 satisfying the equations

L div (A(€)Vus) = fEinQ

@ 1
Vut-nt = gconT, (5.1)
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where
% —1 —1
A(§) = ¢;DH; DH, ", (5.2)
0t =Hg'nt.
THEOREM 5.1 Let N > 3, suppose f¢ € W10’2(Rf) and g € W11/2’2(I‘), then
problem (TRP) has a unique solution ué € W122(Rf) and
HUEHW}Q(Rf) < C(HngW{”Q(]Rf) + ||g§||W11/2,2(F)).

Proof. Again we define the bilinear form
B(u®,v%) = / AeVub Vs,
Q

which is uniformly elliptic, then, applying Theorem 3.2, we get the existence of
the solution uS. [
5.2. Perturbed problem (PP)

PROPOSITION 5.1 Let N > 3, f € W?(Q), then for €] — 0

§ _ .
% — div 0f + f strongly in W, ().

THEOREM 5.2 Let N > 3, suppose fe € W10’2(Q€), ge € W11/2’2(I‘€), then
problem (PP) has a unique solution ug € W12’2(Q£),

Proof. We have for all ¢ € W&Q(Qg)

(fe, w>W[;1'2(Q§)><W01*2(Qg) = (v(t) fe, qg_lsa °© H5_1>W[;1'2(Q§)><W01’2(Qg) =

= (geAug, q¢ ' 0 He 12 g,) i () =

(div (AeVu), @)z 2 ) = (5 Phwr2@) it @)-
By applying Theorem 5.1 we get the existence of solution of the perturbed
problem. [
5.3. Proof of the Main theorem 2

The aim of this section is to prove the existence of the material derivative as a
weak limit of

’U,Efu

& e Wy?(Q). (5.3)
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Denoting
ut —u
T
we obtain the following equation
—Awf = div [2Q vl — A'(0)Vu] + Lzl — f] i © (5.4)
and
% _ HTT*‘Q_Q_VU.DV-n—Vu-h on T

The weak formulation of (5.4) is the following
f]RN Vwg - Vo =
[2E-LTus - Vo — A'(0)VuV Ll flod
f]RN €] u ¢ — A'(0)VuVg| +fRf[ €] Jodz+
g
+Jr ( B
Jo (A9 g8 + A(0)g) 6, Vo € WP (RY).

(5.5)
g—Vu-DV-n—Vu-h)cZ)da—i—

The goal of this section is to prove the following convergence

£ _
wE = u |§| —u— 0 as |£] — 0, strongly in Wl Q(RN)
and
3 £ _
gl;:f =4 H g - g— 0as ¢ — 0, weakly in W(}/QQ(RNA)'

To get the assertion it is sufficient to prove the strong convergence of the
following terms

A -1 /
%VUE — A (0)Vu — 0, |¢] — 0, strongly in Wofl’Q(Rf)N, (5.6)
where A’(0) = div 01 — *D§ — DO and
A I -
(§+ €~ A'(0)g— Vu- DV -n—Vu-n — 0 weakly in Wy />*(RY 1),
(5.6")

We assume that

f—f : : —1,2/pN

—— — [ — 0 with |[{| — 0 strongly in W, "“(RY), (5.7)

€l
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and
9 —f
€]
Let ¢ = u® — u be a test function in the variational formulation, hence
Jey AV (s —u)? = (A§) = D)Vu- V(uf —u)
+fp (g° = 9)(ut —u) + (A(E) — Dg(u® —u) =
(F€ = fu€ =) + (g — g, — ).

From the properties of vector field 6 it follows that

/ A©IV (@ — ) <

— § — 0 with |¢] — 0 strongly in W, “/**(RN-1). (5.7)

< / DVl 9 (€ = )|+ 1€ — Fllygon u€ — ullya <

S/ )9 = 9)(u® —u) + (A€) = Dg(u® —u) + [lg° = gllyrrzzllu® —ullye
< c(©)|Vullwo= |V (u *U)Hwoaz+|\f§*fHWWHUE*uHWOLH

e — glyarnallus — ullyns +e(©)[u€ — w2 gl . (5.8)

From the properties of A(£) we have

1
Ut —ullyye < e©lIVulze + ell £ = fllwoo+

t J—
e©)lgllypr2 + cllg’ — gl /2

Since f € T/VlO 2 W071’2 and we consider that f¢ is strongly continuous with
respect to &, i.e. f& — fin W071’2, which implies u* — w in W&’Q(Ri) strongly.
Since 6 is compactly supported supp 6 C B(R) for some R, hence the first term
on the right hand side of (5.8) takes the form

[ -nvu-ve= [ (a©) - nvu (vt - v <
Q B(R)

c(EIVull 12V (u® = w)ll 2

and it follows, in view of the properties of the mapping H¢(§), that ¢(¢) — 0,
which implies that (5.6) holds.

Therefore, we get the material derivative @ € VV1 Q(RN ), which is given by a
unique solutlon to problem (1.10), which is same as before, but with the strong
convergence in the energy space.

REMARK 5.1 It is not difficult to extend our result to LP theory.
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