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Abstract: We consider elliptic problems on graphs under given
loads and bilateral contact conditions. We ask the question: which
graph is best suited to sustain the loads and the constraints. More
precisely, given a cost function we may look at a multiple node of the
graph with edge degree q and ask as to whether that node should be
resolved into a number of nodes of edge degree less than ¢, in order to
decrease the cost. With this question in mind, we are looking into
the sensitivity analysis of a graph carrying a second order elliptic
equation with respect to changing its topology by releasing nodes
with high edge degree or including an edge. With the machinery at
hand developed here, we are in the position to define the topological
gradient of an elliptic problem on a graph.
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topology optimization, asymptotic analysis.

1. Introduction

Topological derivatives are important in dealing with topology and shape op-
timization. The reason for this fact is that homeomorphic variations of the
domains will not allow for topology changes. Thus, if one considers a shape
optimization problem and starts with a simply connected set, say, then all ad-
missible variations will produce simply connected sets. If, therefore, an optimal
shape would necessitate digging a hole into the domain, then it would not be
possible to do this with the kind of domain variations mentioned. Topological
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gradients are a key ingredient in topology optimization, the boundary between
these disciplines becoming increasingly floating. For a number of problems the
notion of topological derivatives has been introduced, and examples for such
gradients have been reported in the literature. The list of problems considered
comprises elliptic problems in two and three dimensions with and without ob-
stacles, the equations of elasticity and the Helmholtz equation, see Sokolowski
and Zochowski (1999), Amstutz (2003), Allaire et al. (2004), Masmoudi et al.
(2005), Novotny et al. (2007) and others, together with the references therein.

However, the topological gradient is more a qualitative tool than a quan-
titative one: it helps to indicate where a hole has to be located. The actual
optimization of the domain is then subject to shape-sensitivities.

Topology optimization for graph-like problems has been considered in the
engineering literature for a long time, see Rozvany (1998) as an example. Truss
optimization has also been the focus of many mathematical papers. In truss
topology optimization one typically considers a sizing problem where the thick-
ness of an individual bar may be set to zero. In an early paper, Ko¢vara and
Zowe (1996), where, after a proper sizing optimization is performed on a truss,
the positions of the nodes are subject to changes, the authors considered a
non-smooth two-level problem. However, such truss problems do not describe
flexible systems as they use rod-models instead of flexible beam models, nor do
they consider 1-d elasticity models other than their finite element representa-
tion, which leads to edge-wise linear functions on a graph and hence to a discrete
graph problem. The method used there typically comes down to selecting rod
elements out of a complete graph in order to decrease a given cost (the typical
choice being the compliance). See Mroz and Bojezuk (2003) for graph problems
including more general structural elements. We, instead aim at metric graph
structures which are locally described by partial differential equations along the
edges of the underlying graph. In this paper we confine ourselves to the sec-
ond order equations which are representative of 1-d elasticity. Timoshenko- and
Euler-Bernoulli beams will be discussed in a forthcoming publication.

Similar to Ko¢vara and Zowe (1996), de Wolf (1996) considered a flow net-
work with simplified flow conditions and investigated topological sensitivities of
the minimal resistance network. Again, the problem was treated as a bilevel
non-smooth optimization problem. Finally, in a recent paper Durand (2006)
considered optimal branching in biological networks and reestablished a Murray-
type law. A general theory of abstract ’irrigational networks’ has been recently
provided by Brenot, Casselles and Morel (2007/2008).

Networks carrying dynamics appear in many applications, such as neuronal
dynamics, waste-water management, blood flow, micro-flows, gas- and traffic
networks and many more. In all these applications optimization of the topology
of the graph is crucial. Thus, it appears reasonable to approach this kind of
problem with a topological gradient calculus.

To the best knowledge of the authors, topological gradients for partial differ-
ential equations on graphs have not been considered in the literature. Therefore
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the major goal of this contribution is to develop the necessary tools towards
shape and topology optimization for PDEs on graphs.

The first author has been working on partial differential equations on net-
worked domains during the last 10 years. See the monographs by Lagnese,
Leugering and Schmidt (1994) and Lagnese and Leugering (2004) for further
reference on the modeling of such problems. For the sake of self-consistency we
introduce the models below.

The paper is organized as follows. In the second section we provide pre-
liminaries on elliptic problems on graphs. The third section is devoted to the
Steklov-Poincaré operator on the graph. In the fourth section we develop the
asymptotic expansions for the problems on graphs with a hole. The last sec-
tion will be devoted to asymptotic expansions of the energy and a tracking
functional.

2. Preliminaries

We consider a simple planar graph (V, E) = G in R?2, with vertices V = {vy|J €
J} and edges E = {e;|i € I}. Let m = |J|, n = ||Z|| be the numbers of vertices
and edges, respectively. In general, the edge-set may be a collection of smooth
curves in R?, parametrized by their arc lengths. The restriction to planar
graphs and straight edges is for the sake of simplicity only. The more general
case, which is of course also interesting in the combination of shape and topology
optimization, can also be handled. However, this is beyond these notes.

We associate to the edge e; the unit vector e; aligned along the edge. e
denotes the orthogonal unit vector. Given a node v; we define

1

i

Iy :={i € Z|e; is incident at vs}

the incidence set, and d; = |Z,| the edge degree of v;. The set of nodes splits
into simple nodes Js and multiple nodes Jjs according to dy =1 and dy > 1,
respectively. On G we consider a vector-valued function r representative of the
displacement of the network (see Fig. 1)

r:G—R" =1L R, p; > 1Vi. (1)

The numbers p; represent the degrees of freedom of the physical model used
to describe the behavior of the edge with number i. For instance, p = 1 is
representative of a heat problem, whereas p = 2, 3 is used in an elasticity context
on graphs in two or three dimensions. The p/s may change in the network in
principle. However, in this paper we insist on p; = p = 2,Vi. See Lagnese,
Leugering and Schmidt (1994) and Lagnese and Leugering (2004) for details on
the modeling.

Once the function r is understood as being representative of, say, a defor-
mation of the graph, we may localize it to the edges

r, =T

e; + [aiaﬂi] - Rpa S Ia (2)
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X

Figure 1. Representation of planar displacement

where e; is parametrized by = € [ay, 0] =: L;,0 < o; < B4, 4 = Bi — v, see
Fig. 1
We introduce the incidence relation
dr e 1 if e; ends at vy
o —1 if e; starts at v;.

Accordingly, we define

0 ifdiy=-1
Tij =
¢ ifdiyy=1.

We will use notation 7;(vy) instead of 7;(2;7). In order to represent the material
considered on the graph, we introduce stiffness matrices
Kg:mmfiﬂ+imgy (3)
Si Si
Obviously, the longitudinal stiffness is given by h;, whereas the transverse stiff-
ness is given by h;(1 — i) This can be related to 1-d analoga of the Lamé
parameters. We introduce Dirichlet and Neumann simple nodes as follows. As
the displacements and, consequently, the forces are vectorial quantities, we may
consider nodes, where the longitudinal (or tangential) displacement or forces
are kept zero, while the transverse displacements of forces are not constrained,
and the other way round. We thus define

Jh ={J € Ts|ri(vy) - e; =0}

TIp = {J € Tslri(vy) - ef = 0}

Tk =1{J € Ts|disKiri(vy) - e; = 0}
TR = {J € Js|disKiri(vy) - e = 0}.
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vertex with applied forcej
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vertex with obstacle

Figure 2. A general graph

Notice that these sets are not necessarily disjoint. Obviously, the set of com-
pletely clamped vertices can be expressed as

TIS = TJLnJp. (4)

Similarly, a vertex with completely homogenous Neumann conditions is ex-
pressed as JN N Jk. At tangential Dirchlet nodes in Jf, we may, however,
consider normal Neumann-conditions as in J3 and so on. In particular, in this
paper we will consider bilateral contact conditions for the displacements at sim-
ple Dirichlet nodes, see Fig. 2. For the sake of simplicity we concentrate on such
obstacles with respect to the transverse displacement only,

jﬁ = {J S jsl?“i(’l)]) -eil S [ai,bi]}, (5)

where a; < b; for allv € Ip, D € J§.

We may then consider bilaterally constrained vertices where the tangential
force is zero, i.e. J5 N Jk or those with zero longitudinal displacement, i.e.
JE5 N Jh. The most general treatment would obscure the presentation, and we
thus restrict ourselves to the latter case. Thus, we always assume that a simple
vertex under bilateral constraints admits only zero tangential forces. We may
therefore define

Jh = {J € Js|ri(vy) ~ej‘ € lai, bi), digKiri(vy) - €; = 0} . (6)
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In this paper we do not consider constraints around multiple joints which
would restrict the motion of such a joint, say, to a box. Again, the more general
situation can be handled with the analysis presented here. The basic assumption
at a multiple node is that the deformation r is continuous across the joint. In
truss design this is not the case, and consequently pin-joints are considered,
albeit on a discrete level. One may consider pin-joints for networks of beams
also on the continuous level, as in Lagnese, Leugering and Schmidt (1994) and
Lagnese and Leugering (2004). In this paper we restrict ourselves to ’rigid’
joints in the sense that the angles between edges in their reference configuration
remain fixed. The continuity is expressed simply as

ri(vy) =r;(vy), 4,j€ly, JE€ Tu.

We consider the energy of the system

£;
1
& = 3 Z/Kﬂ’; 1+ ey - rida (7)
i€ {)
where the primes denote the derivative with respect to the running variable z;,
¢; represents an additional spring stiffness term or an elastic support.
In order to analyze the problem, we need to introduce a proper energy space

Vi={r:G— R"|r; ¢ H(I) (8)
Ti(”UD):O, i €1p, DEJB (9)
ri(vy) =ri(vy), Vi,j€ZL;, J € Tm}- (10)

V is clearly a Hilbert space in

H = L*(0,4;)". (11)
We introduce the bilinear form on ¥V x V
£;
a(r,¢) == /[Kﬂ"; - + ciri - gild. (12)
€T )

Let now the distributed and boundary forces, f;, g; be given along the edge
e; and at the node v, respectively, which define a continuous linear functional
inV

£;
o) = X [ foude s 3 gr0r,00) (13)

i€Tf JeTg

where ¢ indicates that the simple nodes have just one incident edge, and where
fi € HY(0,4;)*. We now consider minimizing the energy over the set of con-
strained displacements. To this end we introduce the convex and closed (and
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hence weakly closed) set

K:=Vn {(’I‘i)?:ll’l“i(’UD) . ef S [ai,bi], 1€ ID, D e jf)} (14)
The Ritz-approach to deriving the problem now can be stated as follows
1
min ia(r, r) — L(r). (15)

That this convex optimization problem admits a unique solution is then proved
by standard arguments. The classical first order necessary optimality conditions
then read as follows:

4
n n 67’
Z/[Kirg-(f;—rg)—l—ciri-(fi—ri)]dx—z/ fl(fl—m)da: Z 0, V7 € K. (16)
i=17 i=170

In order to explore this variational inequality, we introduce active and inactive
sets with respect to the bilateral obstacles.

At = {ili € Ip, D € J§, ri(vp) - ef = b;}
Ab = {ili € Ip, D € J§, ri(vp) - ef = a;} (17)
A% .= {ili € Ip, D € J5, a; < ri(vp) - e < a;}.
In order to define proper variations in (16), we introduce the Hilbert space
VO ={¢ € V|gi(vp)-e; =0, i€Ip, De T} (18)

Obviously, if r € K then # = r + ¢ € K, V¢ € V°. Taking these variations we
obtain from (16) the following variational equation

i

n £
Z (K1 @+ ciri - i — fi - dilde =0, Vo € VO. (19)

=17

This variational problem, in turn, can be further analyzed by integration by
parts (if additional H?-regularity holds) in order to obtain

S diy K (vs) - edlgi(vs) - e

JETS
+ > d Kb ()i (vs) = > g0 di(v)
JeIn JeIn
+ Z Z digKiri(vy) - ¢i(vy) (20)
JeIm €Ly

-

"’Z/{_Kﬂ“;/ + ¢y — fi} - ¢idr =0, Vo € VO,
=17
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Now (20) clearly implies the strong formulation of the problem:
—Kﬂ“;l +ciry = fz n (0,&')
S diyKiriv) =0, JeJu (21)
JeTm i€y
dinKiri(on) =gn, i €Iy, N € In
Ki’l“g(’UD) -e;=0,1€1Ip, D€ jB
We now concentrate on the active and inactive sets. We may take variations in
(16) as follows:
fi =1i+ ¢, Y €V, ¢i(vp) =0, i €Ip, D e Jp
1€ A% ’lﬁi(UD) -ef- <0 (22)
i€ A: i(vp)-ef >0
i€ A°: i(vp)- e = te, € small.
Obviously, taking variations in the inactive case, we obtain K;r/(vp) - e} =0
which together with (21), gives

K;ri(vp) =0 i€ A° (23)
In the active cases we get

diDKﬂ“;(UD) ef[w,(vp) ef] >0, ie A*U Al (24)
and hence

dipK;i(vp) - e <0, i€ A"
dipKiri(vp) -e; >0, ic A

Putting all together ((21),(25), (23) and the conditions involved in V) we obtain
the strong formulation of (16)

—Kir{ +eri=fi, Viel

ri(vp)=0,1€ZIp, De Jp

dipKiri(vn)-e;=0,i€Ip, DeJ;

dinKiri(vn) =g, i € In, N € In

ri(vy) =rj(vy), Vi, €Ly, J € Tu

> digKiri(vy) =0, J € Ju (26)
€Ly

a; <ri(vp)-e} <b;, i € Ip, D€ J§

Kiri(vp)-ef =0 i€ A°

dipK;ri(vp) - e} <0, i€ A"

dipK;i(vp) - e >0, i€ A

where f; =0, i € T\ Z/, gy =0, J € Jn \ J5. Notice that (26), line 6, is
an example of the classical Kirchhoff condition known from electrostatics. See

Lagnese, Leugering and Schmidt (1994) and Lagnese and Leugering (2004) for
the case without obstacles.

(25)
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3. Steklov-Poincaré operators on graphs

In order to proceed with the introduction of a topological gradient, we consider
a multiple node v9, J € Jy. Let the edge degree d% be greater or equal to
three, thus we do not consider a serial junction. Ultimately we would like to
cut out a star-subgraph

S i={esli € T} CE, (87 vy0) =Gy C G (27)

and connect the adjacent nodes, see Fig. 3. This we consider as digging a hole
into the given graph.

We would like to use Steklov-Poincaré operators (Dirchlet-to-Neumann maps)
in order to decompose the entire graph into a subgraph and the remaining net-
work (the exterior). In order to do this we pick Dirichlet-values at the simple
vertices of the subgraph obtained by the 'cuts’ and evaluate the corresponding
Neumann-data there by solving the problem on the subgraph. This constitutes
the Steklov-Poincaré operator for the subgraph. By a common argument one
can then read in the information corresponding to the subgraph by taking the
Steklov-Poincaré-data as Neumann inputs at the simple nodes of the remaining
graph, (see the next section for details). This decomposition method applies
to any subgraph. Thus the ’effect’ of the subgraph can be represented in the
context of the overall problem by the way of the Steklov-Poincaré operator cor-
responding to the subgraph. In order to be able to handle holes with varying
sizes, we consider decomposing the graph into an exterior part and a subgraph
containing the node vjo to be cut out. That node is considered together with
its adjacent edges, however with edge-lengths p;. The obtained star-graph, in
turn, is then cut out of the subgraph. Therefore, we obtain the analogue of a
ring-like subgraph, which constitutes the Steklov-Poincaré subgraph. See Fig.
3 for a typical general situation and Fig. 4 for the exemplary local handling of
subgraph removal.

In order to simplify the notation, and in fact without loss of generality, we
may consider the subgraph (from which the hole is then subsequently removed)
as a star with edge degree d;(vjo) = gq.

We are led to study the following subproblem

—Kﬂ“g/ +ciry = f'i7 1 €Ty

ri(vyo i) = ui, i € Lo

Ti(UJO) = rj(vJO)a VZ,] € IJO

Z diJKir;(UJO) = 0,

€Ly
where v 0 = v 0 ; are the nodes adjacent to v;, see Fig. 4.

We assume for simplicity that vjo is an interior node with edge degree ¢

such that its adjacent nodes are not simple. Problem (28) admits a unique solu-

tion 7%, i = 1,...¢q. We consider the Dirichlet-Neumann-map or the Steklov-
Poincaré-map
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87" hole to be cut out

Figure 3. Graph with star-like subgraph to be cut out

Figure 4. A star-like subgraph
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. 29
Sty = duy Kt o(0y0,1), i € T @)

{ Sy : R%® — R
In order to simplify notation we may assume that the nodes v o ;, which are the
nodes incident at vjo, have edge degree > 3 in G, such that after cutting the
corresponding edges out of G they are still multiple, but now in G \ G jo.

The relevance of the Steklov-Poincaré map in this context becomes apparent
when we consider the overall problem. Indeed, we solve the problem (28),
generate the Neumann data (29) and integrate those into the system with the
hole as follows

—Kir] +ciri=fi, VieT
ri(vp)=0,1€Zp, De Jp
dipK;ri(vy)-€, =0, i €Ip, D e J§
digKiri(vny) =95, 1 €In, N € In
ri(vg) =ri(vy), Vi,j €Ly, J € T\ T3

3 digKiri(vy) =0, J € T \ T2
€Ly

Tk(UJ):Te(UJ):Ti(UJO’Z‘) Vk,fEIJg, 1 €Zjo ’
> dj o Kjrli(vge i) + Sk (ri(vyo i) =0, 0 € Lo

€T

a; <ri(vp)-e;} <b;, i € Ip, D€ J§

Kiri(vp)-ef =0 i€ A°

dipK;ri(vp) - e} <0, i€ A"

dipK;ri(vp) - eiL >0, ie A

where % (r;(v0 ;)i is the Steklov-Poincaré-map applied to the nodal data at
vjo ;. The problem (30) is equivalent to the original problem (26). Obviously,
there is nothing special about cutting out a star-subgraph. One may as well cut
out any subgraph, solve the corresponding Steklov-Poincaré problem, and read
it into the graph problem with the ’hole’. The procedure itself is also completely
natural in most of the known domain decomposition techniques. See Lagnese
and Leugering (2004) for domain decomposition techniques in the context of
optimal control problems on networked domains.

4. Stars with a hole

We consider a star-graph G jo with ¢ edges and center at the node vjo. As
has been seen in the previous section, we may consider this problem completely
independently of the original graph. In particular, we may without loss of gen-
erality assume that the edges e; stretch from the center to the simple boundary
nodes, which we will label from 1 to ¢q. By this assumption we consider the



982 G. LEUGERING, J. SOKOLOWSKI

Figure 5. Cutting a hole into star-like subgraph

multiple node at the center as being reached at z = 0 for all outgoing edges.

Thus, the data u; are picked up at the ends z = ¢;,

—Kiri teri=fi, 1€
Tz(gz):um i=1,...,q
ri(0) =1;(0), Vi,j =1,....q

q
S K (0) = 0.
=1

(31)

We are going to cut out the center and connect the corresponding cut-nodes
via a circuit as seen in Fig. 5. In general, we have numbers p; € [0,¢;), i =
1,...,q, which are taken to be the lengths of the edges that are cut out. Thus,
the remaining edges have lengths ¢; — p;. At x = p; we create a new multiple
node v;. We connect these nodes by edges e,44, i = 1,.. ., q, with lengths o (p;).
After that, these nodes receive a new edge degree. In this paper we assume that
all these nodes have the same edge degree d; = 3. More complicated cutting
procedures can be introduced, but would obscure the ideas of this first paper

on topological derivatives of graph problems.
The problem we have to solve is as follows:

—Kir! +ciry = fi, 1€T

rill;)) =u;, i=1,...,q

ri(pi) = 144i(0) = rgs1-i(0"(pi)), Vi=2,....q

r1(p1) = 7¢+1(0) = r24(09(p2y)),

—Kirj(pi) = Kq1ir14(0)+ Kgpiargyi 1 (07 (pgria)) =0, i =
— K171 (p1) = Kqy17}41(0) 4+ Kagry, (0% (p2g)) =
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We proceed to derive the solutions to (31) and(32), respectively. To this end we
look at

7Ki7’,£/ “+cir; = fl - 7"/4/ = CiKl_lT'i — Kz_lfi

and define A; := ¢; K, 1 Fy := —¢;A;if;. The general solution of the homoge-
neous equation (f; = 0) is given by

rH(z) = sinh(Ai%:E)ai + cosh(Ai% x)b;, (33)

K2

where the sin- and cos-operators are defined via spectral resolution

sinh(AZ (x))¢ = Z sinh(\Z x)(E, ¢ij)bi (34)

1
and accordingly for cosh(A? (z)).
The inhomogeneous equation is then solved by variation of constants as
follows

ri(z) = AE /sinh(Ai% (x — s)F;(s)ds. (35)

We will treat the case f; = 0 only. The general case is then a matter of additional
but straightforward calculus.

LEMMA 4.1 The solution r to problem (31) with f; =0, i = 1,...,q is given
by

ri(x) = sinh((A7 )(z))a; + cosh(A? (z))b (36)
with the coefficient-vectors a;,b given by

a; = Sinh(A%@)_l(ui - cosh(A.%él)

ch cothA 4;) Z ¢ A smh A 071 (37)

Z A coth Z A smh AZ 20) M (38)

The Steklov-Poincaré map is given by
to(u) = A? (cosh(A2 €;)a; + sinh(A2 6;)b) (39)
with a;,b according to (37),(38).

The situation appears to be much simpler in case all material parameters and
geometrical data are equal:

ci=1, K, =Id=A%, 6; =10, f;=0, i=1,...q (40)
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EXAMPLE 4.1 Let assumption (40) hold true. Then the solution r to (31) is
given by

@) = gy Sbl@) e = = 3w (41)

The Steklov-Poincaré map is given by

Q|>—‘

, 1<
S*(u) jo = coth(¢ - - ) + tanh(¢
(u)s qz::

Z (42)

We proceed to problem (32). Again, we will treat the general case first and
will then restrict to assumption (40) in order to better reveal the underlying
structure.

We introduce the ansatz for the solution as follows

1 1
r?(z) := sinh(AZ x)al 4 cosh(A? z)b?. (43)
From the Dirichlet conditions in (32); we infer

r?(4;) = sinh(Ai% (€;))a? + cosh(Ai% )b =, i=1,...,4q. (44)

K2

From the continuity requirement in (32)3 4 we obtain

r?(pi) = smh(A2 pi)al + (:osh(A2 pi)b; =1 ;(0) =0, (45)
- 7"q+z'—1(0q+1 Hpgri-1))s i =2,...q.
P (p1) = sinh(A7 p1)af + cosh(A 1) (46)

11 (0) = By = 7 (0% ()
The Kirchhoff conditions in (32) result in
—c A, [cosh(Azpl)a +smh(A2pl) 71— CquiA;—éiag—i-i (47)
Feqti- 1Aq+z eosh(AZ 4 (0™ (pgaim1)))al sy
+smh(A2+Z L@ (pgrio1)))bE nric1l =0,i=2,....q.
—c1A] [cosh(Af p1)al + smh(Af p1)bi] — chrlAqulanr1 (48)
teaq Az, [eosh(AS, (0% (pag)))a5,
+sinh (A3, (02 (pa)))¥,] = 0
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This set of equations (44)—(48) constitutes 4¢ conditions on the 4¢ unknowns
af, b, i =1,...,2¢q. The problem is as to whether there is an asymptotic
expansion of rf in terms of p for small p := (p;)i=1,...,q. Notice that the graph
with p = 0 is the original star-graph with ¢ edges, while for every p > 0 (i.e.
pi > 0), the graph has 2¢ edges and contains exactly one circuit. We may, of
course, also formally start with a star-graph consisting of 2¢ edges with serial
joints at x; = 0, xgy; = ps, i = 1,...,q so that the edges e;, t = 1,...,q, have
length ¢; — p; to begin with, while the other edges eq4s, 7 = 1,...,q, stretch
from the center (at z44; = 0) to the serial nodes at zq4+; = p;.

Our analysis depends on the expansion of the set of equations (44) to (48)
up to second order terms. The asymptotic analysis is based on the expansions
of sinh(z), cosh(z) on the matrix level. We use the asymptotic expansions in
(34) as follows

{sinh(Afl (0" (pi)))E = " (p) AFE + O(2) (49)
cosh(A? (o7(pi)))€ = € + O(p7).
By (44) we have

af = (sin(AZ (€:))~(u; — cosh(AZ (L)), i=1,...,q. (50)
We expand (45) and(46)

AZpial +40 = 1., (51)

= 0" N pgri1)Agyi1af iy T + 007, =2,
A praf + b7 = by, = 0% (pag) A3 ab, + bh, + O(p%). (52)

We now proceed to the Kirchhoff conditions at the multiple nodes (47),(48)

—ciA; ?[af + piA7O]] = cqiA, Zag
teqri-1Ag G lagy 1 + gttt (Pgti-1)Agyi_1bi i i] (53)
=04+0(p?), i=2,...,q

and

1 1 1
—27,P 2pp —2 P
—c1 Ay 2laf + pr AT Y] - Cq+1Aq+11aq+1

1 i (54)
+e2q A5, [agq + 029(pag) A2 bgq] =0+ O0(p?).
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We reformulate the system (51),(52),(53),(54) as follows
1 1 1 1
[Af,lpi—1 - tanh(AZ{l&_l)} al | — {Af pi — tanh(A? EZ)} al (55)
+0q+i_1(quri*l)AqE-l—i—la"S—i—i—l
1 1
= cosh(A7£;)  u; — cosh(A7 (£ 1) tuim1, i =2,...,q,
— [AI% p1— tanh(A%ﬁl)} al + [Aé Pq — tanh(Aq% Eq)} af
1 1 1
+0%U(paq) A3, a5, = cosh(Af 61) " uy — cosh(Ag £g) " ug + O(p?),
_1 . 1
- [ciAi 2+ (0T (pgio1)Cqrio1 — pici) tanh(A? &-)} af (56)
—CqtiAg fi0g i T Cori1 Ayl 100,
. 1
=— (0q+’_1(pq+i_1)cq+i_1 — pic;) cosh(A? ) tug, i =2, .q,
— [e1A7F 4 (0 (pag)ezg — pren)]| tann(AF 1 )af
1 1
—Cqr1A P agy + c2g Ay by
1
= — (0®(p2g)c2q — p1c1) cosh(AZ 61) " uy 4+ O(p?).

Now, (55)-(56) constitute a system of 2¢ linear asymptotic equations to
order 2 in the 2¢ variables af, i = 1,...,2q.

THEOREM 4.1 The system of equations (53) to (56) admits a unique solution
a’, i=1,...2q. Moreover, we have the asymptotic expansion

al =a;+0(p), i=1,...,q, (57)
where a; is given by (37). There exists a function s;(-) such that
r?(x) =ri(z) + O(p)si(x), i=1,...,q, (58)
where r; is the solution of the star-graph problem (31) p = 0.

Proof. Using equations (51) and (52), taking appropriate differences, we realize
that b; = b+ O(p). This information is inserted into equations (53) and (54).
If we write all quantities involving af with indices i = 1...q¢ on the left and the
other terms on the right side, we obtain after summing up, using a ’telescope-
sum’, only O(p)-terms on the right hand side, i.e. we have

i CZA_
i=1

=

a? = 0(p). (59)
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Then we use the expression (50) for af in (59) to obtain

ZCZ smh (Z A coth E )~ ) b,

From this and (38) we see that up to terms of order O(p), b = b. Then al, up
to the order O(p), are given by a; in (37). L]

4.1. Homogeneous networks

In this subsection we consider the network under the assumption (40), i.e. all
material and geometrical quantities are the same, and a symmetric hole. Under
this assumption the system of equations (55) to (56) reduces to

1+ pcoth(¥)
sinh(¢)
1+ pcoth(?)

aj_y —af —opcoth(f)ay,; ;| = — (ui —ui—1) + O(p*), (60)

3

~af +a; — opeoth(thaz, =~ LI (0, )+ 0%,
. )
—(1+ (0 —1)ptanh(f))a; —ab,, +ab,; | = OST(@'LM + O(p?)
l1-0o 2
—(1+ (0 = 1)ptanh(¢))a) —af, | +ah, = mm +O(p?),

where the first and the third equations hold for i = 2, ..., q, respectively. This
system has a very particular structure, which reflects the adjacency structure
of the graph. To obtain the direct explicit solution is, nevertheless, a matter of
substantial calculations. Instead we look at an example.

EXAMPLE 4.2 In this example we reduce the graph to a tripod, see Fig. 5. Here
we can solve (60) analytically an obtain

1 1
o = 51nh(£)( 3 ;uj)
3
+pCOS;(£) (1— %0) coth(£)? (u; — %Zuj) (61)
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i 3
PCS;;}:((EE))Q { ((1 — %U) Coth(€)2> (u; — %;’u]) (62)
3
+(o—-1)3 ZU} +0(p?),

where 1 = 1,2, 3.

We also display the coefficients as_H, 1 =1,2,3 in order to reveal the behavior
of the edges introduced by cutting the hole:

of = SS%W)(UQ —w) + m((l - %)coth(ﬂ))(uz —u1)) +O0(p*) (63)
al = 35%}1(6)(“3 —up) + 3S#30(0((1 — %)coth(f))(uzs —ug)) +0(p®) (64)
o — 3%}1(@@ —us) + g (L= 3 coth(O) (s — us)) + O().  (69)
The remaining bgys, 1 = 1,2,3 are of course given by bz, 1 =1, 3 accov“dmg
o (51),(52). This completely determines the solution 77 (x), i = 6. We

list the first three members for easier reference:

) 1 1g
rf(z) smh(E) ~3 Z;uj sinh(x) cosh Zu] cosh(z
3
P cosh(?) (1- 50) coth(£) (u; 3;%)
13
+ (0 — 1)5 Zu]] sinh(x) (66)
sinh(¢) 1<
~ cosh(? [(1 ) coth(£)2 (u; — g;uj)
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The Steklov-Poincaré-map is then obtained using

1 Iy
(r})"(€) = coth(€)(ui — 5 D _uy) + tanh(6)= 3 " u;

J=1

+pd (1= tanh®(0)[(1 — %0) coth?(8) (u; —

Wl

>u) (67)

It is apparent that (66),(67) provide the second order asymptotic expansion
we were looking for. We consider the following experiment: we apply longitudinal
forces u; = ue; with the same magnitude at the simple nodes of the network.
The (outer) edges e;, 1 = 1,2,3 or, respectively the edges of the original star,
are given by

V3 o1 V3 o1
= 1 = (- —— =(—\, ——
€1 (07 ); €2 ( 2 ) 2)7 €3 ( 2 ) 2)
which together with the orthogonal complements

1 V3 1 V3
ef_ = (*1,0), eé_ = (5;77% 6;‘ - (5; 7

)

3
form the local coordinate systems of the edges. Obviously, > e; = 0. Thus, the
i=1
solution to the unperturbed problem is given by

ri(z) = mu sinh(z)e;. (68)

This is in agreement with the fact that that particular reference configuration is
completely symmetric. Now, the solution 1 to the perturbed system and (1})*(€)
are then given by

rf(z) = (D) sinh(x)ue;
(1 = §) i (coth(O)sinh(a) — cosh(a)) ues +0(7) (69

(r:)?(¢) = coth(£)ue; + p(coth(£)* —1)(1 — %)uei + O(p?).

The energy of the unperturbed system is given by

Eo =

N~

¢
Z/r; 41 ridr = g coth(£)u?. (70)
0

i=1
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The energy of the perturbed system is given by

3 t=p 6 P
8”2%2/[ré-ré—l—ri-m]dm—i—%z:/[r; i 47 - rilde (71)
=1 =47
= S(8uu) = 5 (8w u) + pg (1= ) {((coth(®)? = D}u?  (72)
= %(Sou, u) + p\/Tg(\/g — 1) sinh(¢) "%u?. (73)

From these experiments we may draw the conclusion, that nodes of edge degree
8 under symmetric load, where the configuration is at 120° between the edges
(this amounts to o = \/3) are not going to be replaced by a hole, which would, in
turn result in three new multiple nodes of edge degree 3. This seems to support

the optimality of such graphs as observed by Buttazzo (2005).

REMARK 4.1

1. Very similar formulae are obtained in the scalar case (r;(z) € R, no

planar representation!), relevant for instance in problems of heat transfer
or electrical currents in networks.

. If the loads are not symmetric, and/or if the geometry of the ’hole’ is
not uniform, the energy may in fact drop. A more detailed analysis is
the subject of a forthcoming paper. It suffices to say here, that nodes
with higher edge degree, according to our analysis, are 'more likely’ to be
released by a hole, as even in the symmetric case the number o(p) which
measures the new edge-lengths will be less than 1.

This is true e.g. for a node with edge degree 6 and beyond. Thus, the total
length of the new edges is smaller than the total length of the removed
edges. This, in turn, is intuitive with respect to the fact that in the higher-
dimensional problem (in 2- or 3-d, no graphs), digging a hole reduces the
amount of mass.

EXAMPLE 4.3 Here we consider the homogeneous situation for a star with edge
degree 6 at the multiple node. In this case o = 1 for the symmetric situation.

See Fig. 6
We calculate

1 1
= sinh(¢) (1 = 6 Zuj)
Jj=1
cosh(?)
+p———"— < (—us — uz — 4dug — 4dug + 10uy) — 7(u1 —
pcoshQ(ﬁ)fl (=us s ? 0 ) (w1

(74)

1 6
EZUJ) .
j=1

Notice that the edges 2 and 6 are the ’'neighboring’ edges of edge 1 in the

p

70

original star-graph. The other coefficients a

1 =2,...,6 are then obuvious.
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t—p

Figure 6. Graph with ’critical’ edge degree 6

For the sake of brevity, we only display e.g. aly:
1

a’fz = mw(Ul — U6) + 3(11,2 — 'u,5) + (US _ U4)]
7 144((:((:)211;((?) —1) [25(u1 — ug) — I(uz — us) — 7(u3z — uy)]

+0(p?). (75)

Again, observe that edge 12, in terms of the edges of the original graph, has
direct neighbors 1 and 6, the next level is 2 and 5 and finally we have 8 and
4. One realizes a consequent scaling. Also note that af = 0 if u; are all equal.
This shows that the coefficients b in that case are independent of p and thus
the energy will not change for this limiting case.

5. The topological derivative

We are now in the position to define the topological derivative of an elliptic
problem on a graph. Let G be a graph, and let vy € Jyr be a multiple node
with edge degree d;. Let G, be the graph obtained from G by replacing vy with

dy
a cycle of length Y ¢;p with vertices v}, ... ’uj" of edge degree 3 each, such that
i=1
the distance from v; to v’ is equal to p. Thus, the number n” of edges of G, is
n+dy. Let J : G — R be a functional on the edges of G

n b

J(r, 7", G) = Z F(x,ri, ) (76)

=17
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and let
I07. 67 G = Y [ Flart 1)) ()
=1

be its extension to Gp. Assume we have an asymptotic expansion as follows
J(rP, (1), Gp) = I (r,7",G) + pT (v.) + O(p?) (78)

then we define the topological gradient of J(G,) with respect to p for p =0 at
the vertex v as follows.
J(Tpv (Tp)/a Gﬂ) — J(Ta T/a G)

T(vy) = lim p ~ (79)

We consider the energy functional or, equivalently, the compliance which is
the most natural criterion to begin with. There are five such functionals relevant
for the analysis of this paper: E°(r) on the entire graph G , E”(r”) on the entire
graph with the hole G |, Ecg(r) on the graph G\ 8‘]0, where the star-graph
without hole S7° has been cut out along edges e;, i € Ty, E2(r;v) on the
star-graph without hole, and E%(r;v) on the star-graph with a hole. Obviously

EY(r;u) = %(Sou, u), (80)
B4 (rsu) = 5(57u,u), (51)
E%(r) = Bos(r) + B3(r,r), E°(r°) = Eos(r) + B5(r, 1), (82)

where it is understood that in E%(r”,-) and E2(r,-) we insert u; = r”(¢;) and
u; = r°(¢;), respectively. Thus

(%) — B°r) = £(S°(), ) — 3 (5°(7) 7, (85)

where 7 solves the problem on G \ S”" and u; = 7;(6;),4 € Tyo. Thus, the
asymptotic analysis of the last section carries over to the entire graph. As we
have done the complete asymptotic analysis up to order 2 in the homogeneous
case only, we consequently dwell on this case now, the more general case will be
subject of a forthcoming publication.

5.1. Homogeneous graphs

In order to find an expression of the topological gradient in terms of the solutions
r at the node v o0, the one that is cut out, we need to express the solution in
terms of the data u;.
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EXAMPLE 5.1 We consider the star—gmph as above with 3 edges. Obviously

_ Zuﬂ = sinh(¢ Z u; = cosh(£)r;(0). (84)

3 3 3 3
Thus using the fact that Y lu; — 3 > w;l|®* = 3 Jlul|* = 3(|| X2 |)? we can
i=1 j=1 i=1 i=1

express the bilinear expression (SP(u),u) in terms of ||r°(0)||? and ||(+°)'(0)|]?
(where we omit the index 0) as follows

(87 (u),u) = (S (),

u)

3 3 85
+p{<1—— ?) L IO + (0~ 1) T IO} (%)
This says that the energy function in the homogeneous case, when cutting out a
symmetric hole e.g. o' =0 =+/3, i =1,2,3, we have

3 3
To(rom) = 5 {(1 S OMNHOIFACE)S |m<o>|2} SNCY

The situation will be different for such vertices having a higher edge-degree
than 6, and those having non-symmetric holes. We expect that such networks
are more likely to be reduced to edge-degree 3 by tearing a hole. But this has
to be confirmed by more detailed studies.

More general functionals will be considered in a forthcoming publication.

5.2. Sensitivity with respect to edge inclusion

We now consider a different situation, where a node with edge degree d;y = N is
transformed into a node of edge degree 3 and one of degree N —1 by introduction
of a new edge eny1, see Fig. 7.

We consider this procedure in an explicit example with edge degree 4.

Let, therefore, v; be a node with edge degree 4. As visualized in Fig. 7, we
will introduce an additional new edge ef of length p > 0 which, together, with
the two new edges e/, e} given by

ef — lier — peng1
P lver — pena|
lre1 — pe
ef = 2L PN (87)

[[l2e2 — pen i1l

where in our case study below N = 4.

The new lengths ¢ — o of the edges €f, e5 (we consider a symmetric situation
where the new additional edge en1 equally divides the angle between ey, e
with an inclination « towards the corresponding unit vectors) can be computed
by elementary trigonometry. The number ¢ is then found to be
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Figure 7. N-node turns into 3-node plus (N+1)-node

O'ZpCOSOé—p2§(1— %COSQQ)—I—O(pB). (88)

It is interesting to notice that for cosa > % the new graph has actually a
smaller total length. This is in contrast to the standard situation, where cutting
out a hole - which in fact implies introducing new the edges forming that hole -
has the opposite effect. For the sake of simplicity, we calculate the sensitivities
with respect to introducing the new edge of length p for the Laplacian on the
graph only. Thus, we do not consider an extra stiffening part due to the presence
of a term cr;,

—r!=0 inl,i=1,...,5

ri(l) = uii=1,...4,

ri(0) = ra(o) =7s(p),

ri(o) +rj(o) = rh(p) =0, (89)
r5(0) = 14(0) = 75(0),

r5(0) +74(0) +r5(0) =0

We perform a similar analysis as in Section 4 and therefore omit the details.
We obtain

i=1 i=1

Pk 1 2 LS, 0
~ 5 [icosaJr J(ug —up) + ( fcosa)(ulfzgul) (x —10)

4

_ % {[%COSOL+ 1)(ug —u1) + (2 — cos ) (ur — izul)} (z —0),

=1
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p 1 1<
~ 3 {[1 = 5 cosaf(ur —uz) + (2 —cosa)(u — Z;ui)} (z — 0).

In order to calculate the energy we use the Steklov-Poincaré mapping and mul-
tiply by r;(£).

As before, the calculations can be done for scalar problems as well as for
vectorial in-plane models. We dispense with the display of the lengthy formulae.
Instead, we give two different scenarios for topological derivatives.

EXAMPLE 5.2 In the scalar case we may set uy = us and uz = uqg =0, i.e., we
apply Dirichlet conditions at the ends of edges 8 and 4 and pull at the end of
the edges 1 and 2 by the same amount. This results in:

P
202
Obuviously, the introduction of a new edge is enhanced. One obtains a decompo-
sition into two multiple nodes with edge degree 3

(SPu,u) = (S%u,u) — = (2 — cos a)u?. (90)

EXAMPLE 5.3 In the second example we take the planar model and set u; =
uey, ug = ues and again uz = 0 = ug. Now we obtain
3p 2 4

SPu,u) = (Su,u) — — Za+ = — o) | v 91

(SPu,uy = (S u,u) e cos(a)(cos® a + 3 cosa 3) u (91)
For small enough angles o (e.g. 0 < o < 7/6) the expression with p, i.e. the
topological derivative of the energy becomes negative. This shows that in the
planar situation, the opportunity to create an additional edge depends on the
angles between the edges 1 and 2.

Obviously, the examples above can be generalized to more general networks
including distributed loads and obstacles. It is also possible to extend this
analysis to 3-d networks. This is subject to a forthcoming publication.

6. Conclusion and further work

We have provided a first sensitivity-analysis of topological changes in continuous
networks carrying a process described by an elliptic model. The analysis is
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performed for scalar and vectorial planar graphs representative of heat flow
(after proper transformation with respect to time) and mechanical networks.
As this work is purely analytical, a numerical study will be presented elsewhere.
Moreover, 3-d networks, which are obviously more realistic, will by discussed in a
forthcoming publication. The analysis initiated here will be extended to bilevel
optimization problems, where the sensitivity analysis (upper level) is applied
to an optimal structure with the optimization (lower level) being performed
with respect to thickness and material properties. All this will be important in
lightweight- and nano-structures as well as in macro- and micro-flow networks.
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