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Abstra t:

This paper

ontains a game-theoreti

model des rib-

ing the behaviour of investors at a sto k ex hange.
The model presented is developed to ree t the a tual market
mi rostru ture.
The players onstitute a non-uniform ontinuum, diering, among
others, by the planning horizon, the external ow of money whi h
an be invested, formation of expe tations about future pri es, whi h,
briey, divides the investors into ve substantially dierent groups.
Pri es are determined by orders and the equilibrating me hanism
of the sto k ex hange. The me hanism presented is the a tual singlepri e au tion system used, in parti ular, at Warsaw Sto k Ex hange.
One of the main issues are self-verifying beliefs. Results of numeri al
simulations of sto k ex hange based on the model are also in luded.
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1.

Introdu tion

The sto k ex hange, starting from a pla e where buyers and sellers

ould fa e

ea h other and even negotiate pri es, evolved to a pla e, also in the virtual sense,
in whi h anonymous masses of investors buy or sell at pri es di tated by the
equilibrating me hanism.

During this pro ess of evolution, as the anonymity

in reased, various models predi ting future pri es were developed, su h as, in
parti ular: fundamental analysis, te hni al analysis, various e onometri

models

and the Capital Asset Pri ing Model.
In this paper the author tries to present a model of sto k ex hange ree ting
its a tual mi rostru ture. In su h a model ea h single player has a negligible impa t on the aggregated values, su h as the market demand and supply, and their
fun tions, in luding market pri e. Nevertheless, pri es are determined by the
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equilibrating me hanism of the sto k ex hange using only players' orders. Ea h
player has strategies depending on information about past pri es and values of
other available variables ltered by the prognosti
of forming expe tations. Su h games,

te hnique inherent to his type

alled games with distorted information,

were formally introdu ed by the author in Wiszniewska-Matyszkiel (2006a) and
developed in Wiszniewska-Matyszkiel (2006b) in the form more appli able for
modelling nan ial markets.
In order to make the model realisti , an a tual market me hanism of a
real sto k ex hange was implemented  it is the single-pri e au tion system
taken from Warsaw Sto k Ex hange (WSE), but similar me hanisms are used
at many sto k ex hanges. A tual formation of pri es is, as in the real life, fully
deterministi : pri es are determined by orders and the equilibrating me hanism
of the sto k ex hange.
The model
ex hange
A

onsidered in this paper

ontinues the idea of modelling sto k

ontained in Wiszniewska-Matyszkiel (2006 ).

ontinuum of players is used in order to model a mature sto k ex hange:

there are many agents, ea h of them insigni ant. Ea h single player is

ons ious

that his order annot ae t pri es and this approximately ree ts real situations.
On the other hand, pri es are the ee t of agents' orders.
Depending on sizes of types, even very abstra t beliefs
verifying at least to some extent.

an be ome self-

The paper provides examples of su h self-

verifying beliefs: some of fundamental nature, te hni al signals of
trends and an absolutely abstra t formation of a
existed by now and empiri al data do not

hanges of

at. This formation has not

onrm it. It is explained in a quasi-

psy hologi al way, whi h is frequently used by authors of textbooks on te hni al
analysis.

Moreover, this formation, if it were popularized among investors,

would be ome self-verifying. This  at is an example of self-verifying

hara ter

of some te hniques of foreseeing future pri es.
The paper starts by a short des ription of some models of pri e formation
(Subse tion 1.2). The model is formulated in Se tion 2. We state some results
about equilibria in Se tion 3; those

on erning threshold pri es and weak domi-

nan e in subgames with distorted information are in Subse tion 3.2. In Se tion 4
we examine the issue of self-veri ation of various prognosti

approa hes. Some

of them are self-verifying when used by a strong group of players (but not the
whole population), e.g. players using fundamental analysis
gen e to a pri e

ause fast

onver-

lose to the fundamental value of a share (Subse tion 4.1),

while some others are self-falsifying (Subse tion 4.2). The results of numeri al
simulations are

ontained in Se tion 5.

1.1. Games with a ontinuum of players
Models with

ontinuum of players were rst introdu ed by Aumann (1964) and

Vind (1964) to model

ompetitive markets. Before they had been introdu ed,

it was very di ult to model insigni an e of ea h single player.
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ontinuum of players were formally dened by S hmeidler (1973),

and afterwards the general theory of su h games was extensively studied in,
among others, Mas-Colell (1984), Balder (1995), Wie zorek (2004 and 2005),
Wie zorek and Wiszniewska (1999) or Wiszniewska-Matyszkiel (2000b). Some
game theoreti

models of markets with

ontinuum of players are given in Ekes

(2003).
Dynami

games with

ontinuum of players are quite new (some examples of

appli ations of su h games are given in Karatzas, Shubik and Sudderth, 1994,
Wiszniewska-Matyszkiel, 2000a, 2001 and 2008b), and the general theory of su h
games in Wiszniewska-Matyszkiel (2002a, 2002b and 2003b).
issue is the problem of
players

An interesting

onvergen e of parameters of equilibria in nitely-many-

ounterparts of a dynami

game with a

parameters of equilibria in this game,

ontinuum of players to the

onsidered, in parti ular, in Wiszniewska-

Matyszkiel (2005a and 2008a).

1.2. Some models of pri es of shares
In this subse tion we shortly present some models and te hniques used for foreseeing future pri es of shares.

1.2.1. Fundamental analysis
The fundamental analysis approa h is based on
of a share,

alled its

fundamental value.

al ulation of the a tual value

The most obvious denition is a dis-

ounted value of the innite series of expe ted future dividends.

Given the

interest rate r and the sequen e of expe ted at time t0 dividends of omt
pany i, {Ai }t=t ,t +1,... , the fundamental value at time t0 equals Fi (t0 ) =
0 0
P∞  1 t−t0 t
Ai . However, at WSE most ompanies do not pay dividends.
t=t0 1+r
In su h a

ase the fundamental value of a share should ree t the fra tion of

the value of the

ompany

orresponding to this share.

Investors using fundamental analysis assume that the pri e should be
to the fundamental value and any distortion is

lose

aused by spe ulations and it

an prevail only in a short period  the pri es on the sto k ex hange should
ree t the fundamental value.

1.2.2. Te hni al analysis
The basi
analysis:

assumption of te hni al analysis is opposite to that of fundamental
the pri es move in trends.

The real pro esses in the e onomy are

per eived as se ondary to the behaviour of pri es and volumes of shares in the
past. Te hni al analysts explain this
pri es of shares

ounterintuitive assumption by saying that

ontain information of future state of the e onomy, even this

whi h is not expli itly known to the investors (e.g. Pring, 1998).
The explanations are based on various so iologi al, psy hologi al and e onomi

terms, but in fa t, te hni al analysis redu es to analysis of past pri es
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and volumes. Formerly it was mainly analysis of
alled

hartists.

harts, therefore its users are

Although it is usually disregarded by s ientists, it is taught at many departments of e onomi

s ien es and it is now the most popular way of predi ting

pri es by private investors at WSE. Therefore it may really inuen e pri es (as
it is des ribed in the paper).

1.2.3. Probabilisti models
In this subse tion we

an des ribe various models with one

ommon feature: all

of them treat pri es of shares as a realization of a sto hasti

pro ess.

Portfolio analysis and Capital Assets Pri ing Model

Portfolio analysis,

started by Markowitz (1952 and 1959), was rst a normative theory of investment in risky assets. It redu ed the problem to an analysis of the mean and
varian e of the asset return.
It was

onverted into a des ription of the behaviour of investors by Lintner

(1965), Mossin (1966), Sharpe (1964) and Fama (e.g. 1970) and is known as
Capital Asset Pri ing Model (CAPM).
The parameters of the model (mean and the
sequently, the so

alled

β

ovarian e matrix, and,

on-

oe ients) are estimated on the basis on empiri al

data taken from the sto k ex hange.
A

i should be su h
Ri = r + βi · (RM − r), where Ri
β - oe ient, r  the interest rate of the

ording to this model, at equilibrium the pri e of an asset

that the expe ted return fullls the equation
is the expe ted return of asset
risk free asset and

RM

i , βi

its

the expe ted return from the market portfolio (usually

the sto k ex hange index).
This model is stati , but after a slight modi ation it

an be applied for

predi ting pri es at a sto k ex hange.

E onometri models

This wide genre of models en ompasses all prognosti

methods based on data analysis using various e onometri
from the simplest  linear regression. In su h models, we

te hniques, starting
an

onsider depen-

den e on past pri es and volumes, day of the week, or some external data.

1.2.4. No model
There are also investors who do not form expe tations about pri es. They either

hoose a strategy from some simple investors manuals (e.g.

onstant relation or

onstant sum,

onstant rea tion), believing that they turn out to be fruit-

ful, or de ide at random by opening the Bible or visiting a fortune teller. Both
kinds of players may turn out to be su

essful. However, the rst type

be nontrivially modelled by a game-theoreti

xed and no optimization takes pla e. The latter type
our model of sto k ex hange. Moreover, they
sto k ex hange.

annot

model, sin e their strategies are
an be en ompassed by

an improve the operation of the
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1.2.5. Previous models of sto k ex hange based on optimization of
independent agents
The model presented in this paper, as well as the earlier author's papers on
nan ial markets  Wiszniewska-Matyszkiel (2003a and 2006 ), are not the rst
models,

onsidering a mi roe onomi

approa h to the behaviour of players. The

main issue in agent-based models was the inuen e of players' expe tations
about pri e behaviour on a tual pri es.

There were the so

alled models of

arti ial sto k ex hange, in whi h players tended to maximize their payos given
some expe tations.
program

One of them was the model and a

alled Santa Fe Arti ial Sto k Market.

share with a sto hasti

dividend and a risk free asset.

expe ted value of future dividends.

A market

omputer simulation

In this models there is a
Players estimate the

learing

Players adjust their expe tations during the game.

ondition was added.

See, e.g., Arthur et al.

(1997), LeBaron (2001 and 2002) or LeBaron, Arthur and Palmer (1999) for
more details.

2.

Formulation of the model

In this se tion we formulate the game theoreti
A game

strategies

is dened by spe ifying the

and the

Here we

de isions

G

payo fun tions.

onsider a dynami

model of a sto k ex hange.

set of players,

the

sets of players'

game, therefore the strategy spe ies

hoi es of

at every time instant during the game and the response of the whole

system to these de isions.
The rst obje t to dene is the set of players.
mature sto k ex hange, i.e.
on pri es  the
measure

set of players

We

onsider a model of a

su h that a single player has a negligible impa t
is the unit interval

Ω = [0, 1]

with the Lebesgue

λ.

In our model of sto k ex hange we
there are shares of

n

onsider

n+2

types of assets. Firstly,

ompanies sold at the sto k ex hange. Shares in our model

are not assumed to pay any dividends.

Se ondly, there is a risk free but not

fully liquid asset of positive interest rate

r,

for simpli ity

alled bonds.

nally, money, whi h is risk free and liquid but of interest rate

0.

And

We assume

that all assets are innitely divisible.

+∞,
Tω ≤ +∞. We shall denote the
set of possible time instants {t0 , t0 + 1, . . .} by T, while the symbol Tω denotes
{t0 , t0 + 1, . . . , Tω + 1} if Tω is nite, T otherwise.
The set of possible sto k pri es P is a dis rete subset of R+ \{0}.
There are some restri tions on pri es  at time t they should be in the interval
[(1 − h) · p(t − 1), (1 + h) · p(t − 1)], where the onstant 0 < h < 1 denotes the
The game is dynami , it starts at

t0

 initial time and terminates at

but ea h player has his own terminal time

maximal rate of variability.
Besides the money earned at the sto k ex hange, players

an invest money
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from an external ow of
player

ω

apital (or be for ed to withdraw some money). For a

M ω : T → R.

it will be represented by a fun tion

Players have to pay a
to pay additional
assume a

ommission for any transa tion, but they do not have

ommission for orders. For simpli ity of

onstant

ommission rate

al ulations we shall

C < h.

The same

ommission is also paid

x,

n + 2-tuple

with

for buying or selling bonds.
Portfolio of a player, denoted by
sponding to shares of

n

is an

oordinates orrex ∈ Rn+2
+ .
ω
is assigned an initial portfolio x̄ .

ompanies, bonds and money. Therefore,

At the beginning of the game player

ω

order to sell S  a pair
∈ Pn × Rn+ ( buy
buy for bonds ), and the

Players' de isions at ea h time instant onsist of: an
(pS , q S ) ∈ Pn × Rn+ , two
BM  a pair (pBM , q BM )
BB BB
, q ) ∈ Pn × Rn+ (
) and BB  a pair (p

orders to buy

for money

.
part of value non invested in shares whi h is held in ash: e. In ea h ase p
.
denotes the ve tor of pri e limits for all shares, q  the ve tor of amounts. Pri e
.
limits ( oordinates of p ) are in P, amounts are nonnegative, and the ratio of
liquid money is

e ∈ [0, 1].

Besides the general form of the orders we want to be able to illustrate the
fa t that some players do not invest in some kind of
never keep

ompanies, some players

ash or that some players never buy bonds.

de isions of a player ω  Dω

set of

Therefore the

 is a subset of the set


D = (BM, BB, S, e) : BM, BB, S ∈ Pn × Rn+ , e ∈ [0, 1]
These sets

Dω

3

Dω = (Pn × Γω ) × Eω , where Γω ⊂ Rn+
starting from 0 and singletons {0}.

have the form

produ t of real semilines

is a

We also have to dene the notion of physi al admissibility of a de ision,
Dω (xω ) ⊂ Dω will denote the
ω
xω . It is dened by the onstraints
Pn
BM
BM
ω
ω
(1
+
C)
·
p
·
q
≤
x
(where
x
reads as a
n+2
n+2 denotes
i
i
i=1
Pn money; this BB
(1
+
C)
·
p
· qiBB ≤
player annot pay more money than he possesses),
i
i=1
ω
ω
S
ω
(1 − C)xn+1 (where xn+1 denotes value of bonds) and qi ≤ xi (i.e. shortselling
is forbidden) for ea h share i = 1, . . . , n.
ω
If x = {x }ω∈Ω represents a family of portfolios of the players, then any
ω
measurable fun tion δ : Ω → D su h that δ(ω) ∈ Dω (x ) for every ω is alled a

set of

depending on the portfolio. The symbol

de isions of player

available at his portfolio

stati prole available at x.
denoted by
A stati

Σ(x),

while

Σ

The set of all stati

proles available at

will denote the set of all stati

x

will be

proles.

prole together with the past pri e determines the market pri e as

explained below.

Aggregated demand, aggregated supply and the market me hanism
Let us

onsider the market for shares of

players' porfolios



x.

Given a stati

ompany

i at

a xed time instant

prole available at

x


(pBM (ω), q BM (ω)), (pBB (ω), q BB (ω)), (pS (ω), q S (ω)), e(ω)

ω∈Ω

,

t

and

Sto k market as a dynami

game with

the market supply of share

ASi (pi ) =

Z

Ω

i ASi : P → R+

ADi (pi ) =

Ω

where

1condition

In order to

is equal to

qiS (ω)1pSi (ω)≤pi dλ(ω),

while the market demand for share

Z
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i ADi : P → R+

is equal to

BB
(ω) · 1pBB
qiBM (ω) · 1pBM
(ω)≥pi dλ(ω),
(ω)≥pi + qi
i
i

is equal to

1

when the

ondition is fullled and

al ulate the market pri e of share

i,

0

otherwise.

the market me hanism

onsidered in the paper rst returns the pri e maximizing a lexi ographi
of

1.
2.
3.

4.

maximizing volume i.e. the fun tion min(ADi (pi ), ASi (pi ));
minimizing disequilibrium i.e. the fun tion |ADi (pi ) − ASi (pi )|;
minimizing the number of shares in selling orders with pri e limit less
then the market pri e and buying orders with pri e limits higher than the
market pri e ;
minimizing the absolute value of the dieren e between the al ulated pri e
and the referen e pri e i.e. |pi − pi (t − 1)|.

The result is proje ted on the set
it

order

riteria, starting from the most important one:

onstitutes the market pri e

[(1 − h) · p(t − 1), (1 + h) · p(t − 1)] ∩ P

pi (t).

A similar pro edure is used at WSE (see
feren es are

Regulations of WSE,

and

2001). Dif-

aused by obvious mistakes and in onsisten ies of the regulations of

WSE. The problem of these imperfe tions was studied in Wiszniewska-Matyszkiel
(2005).

Evolution of portfolios, strategies and dynami proles
ω at time t is denoted by X ω (t). If player ω
(BM, BB, S, e) ∈ Dω (X ω (t)) and the pri e at time t

of player

The portfolio

hooses at time
is

p(t),

t a de

ision

then:

BB
S
Xiω (t + 1) = Xiω (t) + qiBM · 1pBM
· 1pBB
≥pi (t) + qi
≥pi (t) − qi · 1pS
i
i
i ≤pi (t)

t ≥ t0 , i = 1, . . . , n,

n
X
1 + C BB
ω
ω
Xn+1 (t + 1) = (1 + r) · Xn+1 (t) −
·q
· pi (t) · 1pBB
≥pi (t) +
i
1
−C i
i=1

n 
X
1−e
ω
+
(1 + C) · qiBM · pi (t) · 1pBM
· Xn+2
(t) −
≥pi (t) +
i
1+C
i=1

S
− (1 − C) · qi · pi (t) · 1pSi ≤pi (t) ,
for


n 
X
ω
ω
(1 + C) · qiBM · pi (t) · 1pBM
Xn+2
(t + 1) = Mω (t + 1) + Xn+2
(t) −
≥pi (t) +
i
− (1 − C) · qiS · pi (t) · 1pSi ≤pi (t)



i=1

· e.
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A

strategy

of player

ω

instants  it is a fun tion

is a fun tion dening

∆ω : T → Dω

evolution equation with the initial

ω

If for a

ω 7→ ∆ω (t)

will be denoted by

whi h is dened by the above

X ω (t0 ) = x̄ω .

The set of strategies

S.

∆ = {∆ω }ω∈Ω for every t, the fun tion
alled a dynami prole. The traje tory
∆
will be denoted by X
and the sequen e of market pri es

hoi e of players' strategies

∆

is measurable, then

orresponding to

p∆ .

ondition

hoi es of de isions at all time
ω
where X

∆ω (t) ∈ Dω (X ω (t)),

traje tory of portfolio of player ω ,

denotes the
of player

with

∆

The set of all dynami

is

proles will be denoted by

Players' payos and expe ted payos

If

Tω

Σ.

is nite, then the payo of a

player, given his strategies and a sequen e of market pri es along the prole is
dened in the obvious way as the present value of the portfolio at time Tω + 1,
V (Tω +1,X ω (Tω +1))
n+2
, where V : Tω × R+
→ R denotes any fun tion representing
(1+r)Tω +1−t0
Pn
the value of the portfolio. Here we onsider V (t, x) = xn+1 + xn+2 +
i=1 pi (t) ·
xi .
Elementary al ulations show that the payo an be equivalently expressed
V (t+1,X ω (t+1))−(1+r)·V (t,X ω (t))
, sin e subtra ting a onstant does not
t=t0
(1+r)t+1−t0
hange hoi es of players. This denition of payo an be obviously extended

as

PTω

to

Tω = +∞

if the sum is well dened  it

Formally, the

Πω (∆) =

Tω
X
V (t + 1, X ∆

t=t0
for

an attain innite values.

payo fun tion of player ω Πω : Σ → R is dened by

V (t, x) = xn+1 + xn+2 +

ω

(t + 1)) − (1 + r) · V (t, X ∆
(1 + r)t+1−t0

Pn

i=1 pi (t) · xi .
This ends the denition of our a tual game
As in the

ω

(t))

G.

ontext of more general games with distorted information, dened

in Wiszniewska-Matyszkiel (2006a and b), we
of player

ω

at time

t

given his

an also dene the

belief orresponden e

expe ted payo

based on his observation

of the history of the game. It represents the supremum over future de isions of
player

ω

of his payo assuming the belief

orresponden e  the player assumes

that in future he is going to behave optimally and
payo  the payo
his belief

onsiders his guaranteed

orresponding to the worst future history of the system in

orresponden e. In this paper, in order to avoid

we shall in orporate the belief

ompli ated notation,

orresponden e into the expe ted payo fun tion

and it will not be stated expli itly.
While analyzing de ision making pro esses of sto k ex hange investors we
have to take into a

ount what information they

an use during the de ision

pro ess. This information is used to estimate the behaviour of future pri es of
underlying assets, and,

onsequently, players' expe ted payos.

In order to build a model, we have to formalize all des riptions of formation
of expe tations.

When this issue is

on erned, we shall

onsider ve general

Sto k market as a dynami

game with

625

ontinuum of players

fundamental, te hni al, e onometri , portfolio

types of players:

and the rst letter will be used as a type index

k.

The symbol

and

sto hasti

,

k(ω) denotes the

type of formation of expe tations of player ω .
k
We shall dene the expe ted utility fun tion of players of type k U : Ik ×
P × D → R,

where Ik is a spe i

form of pro essed information used by type

k.

The form of this fun tion depends on type sin e the form and interpretation of
information

hanges. The information used by type

tutes a fun tion

s ≥ t.

Ik : Σ × T →Ik

The spe i

su h that

Ik (∆, t)

form of information, general

k

during the game

is independent of

onsti-

∆· (s)

for

onstraints on the strategy sets

and expe ted payo fun tions for ve types of formation of expe tations are as
follow:
1.
of

n

Fundamental players.

shares 

f ∈ Rn+ ,

Their information is a ve tor of fundamental values

whi h is not based on market pri es of shares. They are

the kind of players waiting for results in a long time horizon, therefore they
do not keep liquid money  they invest only in bonds and shares i.e.

e≡0

(a

onstraint on their available de isions' set). Their expe ted payo is dened by

U f (f, p, (BM, BB, S, e)) =

X 

fi − pi · (1 + C)

2

i=1,...,n



· qiBB · 1pBB
≥pi +
i




2
S
.
·
q
·
1
S ≤p
−
f
−
p
·
(1
−
C)
+ (fi − pi ) · qiBM · 1pBM
i
i
i
p
≥p
i
i
i
i
The rst part

orresponds to buying-for-bonds order, therefore the

sion is paid twi e, the se ond is buying-for-money, therefore no

ommis-

ommission is

subtra ted  otherwise fundamental players will also have to pay it in order to
buy bonds, in the selling order the

ommission is paid twi e again sin e funda-

mental players will have to buy bonds for money: in this

ase for ea h share we

get prot ( ompared to the fundamental value) pi − C · pi − C ((1 − C)pi ) − fi


2
whi h equals − fi − pi · (1 − C)
. This explains the general rule of dening

payos  the expe ted payo of ea h order is the dieren e between this order

and doing nothing with interpretation spe i

to this type.

We dene the remaining payos in a similar manner.
2.

Te hni al players.

They use some te hniques of te hni al analysis, based

on past pri es and volumes. Their information in our model will be represented
n
as the ve tor ∆p ∈ R of expe ted hanges of pri e (of n shares) of minimal
absolute value. Te hni al players look for short period trends, therefore in our
model they do not invest in bonds (they want to have liquid money to rea t at
on e sin e selling bonds is

ostly), whi h is represented by

e ≡ 1:

U t (∆p, p, (BM, BB, S, e)) =


X
BB
+
+
q
·
1
BB ≥p
(pi (t − 1) + ∆pi − pi · (1 + C)) · qiBM · 1pBM
=
i
p
≥p
i
i
i
i
i=1,...,n

− (pi (t − 1) + ∆pi − pi · (1 − C)) · qiS · 1pSi ≤pi .
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E onometri players.

We do not assume that a

sto k ex hange investors have e onomi
build an e onometri

model. This type of players use an existing programme

based on some e onometri

model, and they do not reestimate it during the

game. The programme predi ts pri es
a

ura y

w.

onsiderable portion of

or mathemati al edu ation su ient to

E onometri

Pb (t + j)

for

τ

players in this model treat

periods with a de lared

w

as a number that has

to be subtra ted from the estimated future pri e when they
order and added to the estimated pri e when they

onsider a buying

onsider a selling order. Their

information is a ve tor of maximal dis ounted pri es for the prognosis period
bi (t+j)
P
(1+r)j . Like fundamental players, they do not keep liquid

pbi = maxj=1,...,τ

money  they invest only in bonds and shares:

e ≡ 0:

e

U (b
p, p, (BM, BB, S, e)) =

X 
2
pbi − w − pi · (1 + C) · qiBB · 1pBB
=
≥pi +
i
i=1,...,n

4.




2
S
.
·
q
·
1
S ≤p
−
p
b
+
w
−
p
·
(1
−
C)
+ (b
pi − w − pi ) · qiBM · 1pBM
i
i
i
p
≥p
i
i
i
i

Portfolio players.

They know models of portfolio analysis, in luding

CAPM and they try to use it to predi t pri es. The problem is that in CAPM
the distribution of future pri e is known, espe ially the expe ted return
In our model players know the varian e of returns as well
shares, and
denoted by
the last

l

β-

onsequently, the ve tor of expe ted returns a

ρ.

At ea h stage of the game they

R̄i for ea h share (whi h
ρi . Like fundamental and e

periods

ompare it with

R̄i .

oe ients for all

ording to CAPM,

al ulate the average return for

onstitute their information
onometri

R̄)

and

players they do not keep

e ≡ 0:

R̄, p, (BM, BB, S, e) =

X 
2
2
1 + R̄i pi (t − 1) − pi · (1 + C) − ρi pi · qiBB · 1pBB
≥pi +
i

liquid money  they invest only in bonds and shares:

Up
=

i=1,...,n


pi (t − 1) − pi − ρi pi · qiBM · 1pBM
≥pi +
i



2
2
− 1 + R̄i pi (t − 1) − pi · (1 − C) − ρi pi · qiS · 1pSi ≤pi .

+

5.



1 + R̄i

Sto hasti players.

fortune-teller

0,

2

denoting

lients.

In our model it will be a type des ribing all kinds of

Sto hasti

players obtain only

buying signal, selling signal,

and

lear signals:

no signal,

+1, −1

or

orrespondingly, whi h

are realizations of some random variables. These random variables in

ommon

onstitute a Young measure (see, e.g., Valadier 1990), whi h implies that the
set of players obtaining the same signal at ea h time instant is measurable.
We do not assume that the signals observed by various sto hasti

players

are independent. We only assume that the measures of sets of players obtaining buying and selling signals are positive with probability

1

and with high

Sto k market as a dynami

game with

probability deta hed from
are independent.

0

and that signals obtained in dierent time instants

Their information is the signal

e ≡ 1.

ni al players, they do not invest in bonds:
sto hasti
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players will invest in only one

U s (s, p, (BM, BB, S, e)) =

X

s

they obtained.

Like te h-

For simpli ity, ea h type of

ompany:

(pi (t − 1) · (1 + 2 · h · s) − pi · (1 + C)) ·

i=1,...,n



BB
+
q
·
1
BB
· qiBM · 1pBM
i
pi ≥pi +
≥pi
i

− (pi (t − 1) · (1 + 2 · h · s) − pi · (1 − C)) · qiS · 1pSi ≤pi .
∆
e the symbol Gt for the game with the same set of


∆ ω
X
(t) , and payo fun tions Πω (p, d) =
players, players strategy sets Dω
k(ω)
U
(Ik(ω) (∆, t), p, d). This game is alled
For a prole

∆ we introdu

subgame with distorted information

of our game

3.

G.

Results

Here we present two

on epts of equilibria with appli ations to our model.

3.1. Nash equilibria and belief-distorted Nash equilibria
The basi

on ept of game theory is Nash equilibrium.

A prole ∆ is a Nash equilibrium if for a.e. ω ∈ Ω, for every
e su h that ∆(ν)
e
e .
= ∆(ν) for ν 6= ω we have Πω (∆) ≥ Πω (∆)
prole ∆

Definition 1

However, all Nash equilibria in our game are not very interesting and they

are far from reality  at a Nash equilibrium the sto k ex hange

annot operate.

Consider a game in whi h players have identi al available strategy
sets and Tω . If C > 0 and the maximal payo that an be attained by players
during the game is nite, then
a) at every Nash equilibrium for i ∈ {1, . . . , n} and every t ∈ T the volume
is 0.
b) If, moreover,
Theorem 1

esssup
ω∈Ω,qiBM (ω,t)>0

pBM
(ω, t),
i

essinf

ω∈Ω,qiS (ω,t)>0

pSi (ω, t) and

esssup
ω∈Ω,qiBB (ω,t)>0

are in the interval [(1 − h) · pi (t − 1), (1 + h) · pi (t − 1)] then
esssup
pBM
(ω, t) <
essinf
pSi (ω, t) and
i
S
ω∈Ω,qi (ω,t)>0

ω∈Ω,qiBM (ω,t)>0

esssup
ω∈Ω,qiBB (ω,t)>0

pBB
i (ω, t)

<

essinf

ω∈Ω,qiS (ω,t)>0

pSi (ω, t).

pBB
i (ω, t)
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Proof.

a) Consider a Nash equilibrium prole with a traje tory of pri es p.
S
Let us assume that at time t player ω sells a positive amount qi (ω, t) (i.e.
S
BM
(ν, t) > 0 for money (i.e. he
he has pi (ω, t) ≤ pi (t)) while player ν buys qi
BM
has pi
(ν, t) ≥ pi (t)).
First, let us show that at equilibrium it is impossible that a player (outside
a set of measure

0)

i

both buys and sells shares of

that su h a situation is impossible for

at the same time instant, i.e.

ν = ω.

BM
Let us assume the onverse and let us denote by q̄ the minimum of qi
(ω, t)
S
BM
S
and qi (ω, t). If player ω de reases both qi
(ω, t) and qi (ω, t) by q̄ , then he
in reases his instantaneous payo at time t by q̄ ·(1+C)·pi (t)− q̄·(1−C)·pi (t) =

2 · C · pi (t) > 0

without

hanging his portfolio. At equilibrium the set of players

who do not maximize their payos is of measure
Now let

ω

and

strategy of player

ω

ν

be two dierent players.

0.

We shall

su h that instead of selling share

i at

onsider a

hange of

time t, he repeats the

part of strategy of player ν resulting from buying it, multiplied by a oe ient
qiS (ω,t)
. In order to make more pre ise what we mean, we label the
qiBM (ν,t)

q̄ =

money obtained from selling these shares by player

ν,

bonds or shares bought

for this money and so on, re ursively. The same pro edure applies to orders.
This labelling does not have to be unique, but it exists. The part of payo of
player
fulll
share

ν resulting from the labelled transa tions dis ounted for t0 , Vν , has to
p (t)·qiBM (ν,t)
Vν ≥ i (1+r)
, sin e otherwise it is better for player ν not to buy
t−t0
i but to stay with money (if it is available in the strategy set) or buy

bonds instead.
Now let us explain what we mean by repeating the labelled part of strategy
of player
we

ν

by player ω . Let us
qiS (ω, t) to 0.

onsider the orders for any share

j.

At time

t

hange only

S
BM
For any time s > t for whi h pj (ν, s) > pj (s), pj
(ν, s) < pj (s) or
BB
pj (ν, s) < pj (s) we do not hange the orresponding orders for share j .
Otherwise, we have the following situations.

S
′
1. The pri e limit in the selling order fulls pj (ν, s) ≤ pj (s). Let q denote
S
the labelled part of qj (ν, s).
S
S
S
′
If pj (ω, s) ≤ pj (s), then we hange only qj (ω, s) to qj (ω, s) + q · q̄ .
S
S
′
Otherwise, we hange pj (ω, s) to pj (s) and qj (ω, s) to q · q̄ .
BM
2. The pri e limit in the BM order fulls pj
(ν, s) ≥ pj (s). Let q ′ denote
BM
the labelled part of qj
(ν, s).
BM
If pj
(ω, s) ≥ pj (s), then we hange only qjBM (ω, s) to qjBM (ω, s) + q ′ · q̄ .
BM
Otherwise, we hange pj
(ω, s) to pj (s) and qjBM (ω, s) to q ′ · q̄ .
BB
′
3. The pri e limit fulls pj (ν, s) ≥ pj (s). Let q denote the labelled part of
S
qj (ν, s).
BB
BB
If pj (ω, s) ≥ pj (s), then we hange only qj
(ω, s) to qjBB (ω, s) + q ′ · q̄ .
BB
BB
(ω, s) to q ′ · q̄ .
Otherwise, we hange pj (ω, s) to pj (s) and qj
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in reases by

Vν · q̄

but de reases by the payo

responding to the part of strategy resulting from selling share

i

at time

t

ordis-

t0 , Vω · (1 − C), whi h we dene analogously, by labelling the part
ω resulting from the money obtained for share i. Now we
assume that player ν , instead of buying share i for money at time t repeats
1
the labelled transa tions of player ω , multiplied by , analogously to the form
q̄
V
we have dened for player ω . By this he in reases his payo by ω (without
q̄
multiplying by (1 − C) sin e he does not have to pay ommission for not selling
i) but de reases it by Vν . At equilibrium, the set of players that an improve
their payos by hanging their de ision is of measure 0, therefore for a.e. su h
ω and ν , we have both Vν · q̄ − Vω · (1 − C) ≤ 0 and Vq̄ω − Vν ≤ 0, whi h is
impossible for C ∈ (0, 1) and Vν >0.
BB
For qi
(ω, t) > 0, the reasoning is analogous.
ounted for

of strategy of player

b) Assume the rst inequality does not hold. Then the set of pri es at whi h
the volume is positive is nonempty, therefore the market me hanism returns a
pri e from this interval, whi h

ontradi ts a).

For the se ond inequality the

reasoning is analogous.
Sin e Nash equilibrium seems unrealisti

in the

ontext of a sto k ex hange,

we introdu e, as in Wiszniewska-Matyszkiel (2006a and b), another
equilibrium, taking the distorted information stru ture into a

on ept of

ount.

A prole ∆ is a belief-distorted

 Nash equilibrium if for every
a.e. ω ∈ Ω and every d ∈ Dω X ∆ ω (t) we have

Definition 2

t ∈ T,



U k(ω) Ik(ω) (∆, t), p∆ (t), ∆ω (t) ≥ U k(ω) Ik(ω) (∆, t), p∆ (t), d .

Note that for a belief-distorted Nash equilibrium
G∆
t , orrespondingly.

∆,

all stati

proles

∆· (t)

are Nash equilibria in

If C > 0 and a.e. player ω is of the same type of formation of
expe tations, then at every belief-distorted Nash equilibrium for every t volume
is 0.
If, moreover, esssupω∈Ω,qiBM (ω,t)>0 pBM
(ω, t), essinf ω∈Ω,qiS (ω,t)>0 pSi (ω, t) and
i
esssupω∈Ω,qiBB (ω,t)>0 pBB
i (ω, t) are in the interval [(1 − h) · pi (t − 1), (1 + h) ·
pi (t − 1)] then esssupω∈Ω,qiBM (ω,t)>0 pBM
(ω, t) < essinf ω∈Ω,qiS (ω,t)>0 pSi (ω, t) and
i
S
esssupω∈Ω,qiBB (ω,t)>0 pBB
i (ω, t) < essinf ω∈Ω,qiS (ω,t)>0 pi (ω, t).
Proof. After substituting the spe i form of the expe ted utility fun tion for
Theorem 2

every type of formation of expe tations it be omes an easy

al ulation.

In Wiszniewska-Matyszkiel (2006a and b) theorems were formulated establishing equivalen e between Nash equilibria and belief-distorted Nash equilibria
along the perfe t foresight path. In this paper a similar result
However, it requires an expli it formulation of the belief
ted here for

on ision.

an be proven.

orresponden e, omit-
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3.2. Threshold pri es and weak dominan e
We start our investigation of the model by dening a minimal pri e for a selling
order at whi h we do not lose and minimal possibly protable pri e in selling
k
k
k
order  pSi (I) and pSi (I), given information I ∈ I ; while for buying orders 
the maximal pri e at whi h we do not lose and maximal possibly protable pri e,
k
k
k
respe tively  pBMi (I) and pBMi (I) for buying for money and pBBi (I) and
k
pBBi (I) for buying for bonds.
k
Definition 3
pSi (I)
weak threshold pri e for selling order
k
for players of type k at information I ∈ I
k
pSi = pSi (I)
qiS
δ
δ̄
k

S
pSi
U k I, p, δ̄ > U k (I, p, δ)
δ̄
pi <kpSi (I)
n
k
n

a) A pri e

is the

if it is the maximal pri e su h that
and positive, and a strategy diering
for every strategy with
from only by
and with
we have
for
some p ∈ P and U I, p, δ̄ ≥ U (I, p, δ) for all p ∈ P .
k
A pri e pSi (I) is the threshold pri e for selling order for players of type k
k
at information I ∈ I if it is the maximal pri e su h that for every strategy δ̄
k
S
with pi = pSi (I) and qiS positive, and a strategy δ diering from δ̄ only by pSi

k
and with pSi < pSi (I) we have U k I, p, δ̄ ≥ U k (I, p, δ) for all p ∈ Pn .
k

b) A pri e pBMi (I) is the

weak threshold pri e for buying for money order
k

if it is the minimal pri e su h that
= pBMi (I) and qiBM positive, and a strategy δ
for every strategy δ̄ with
k

k
diering from δ̄ only by pBM
and with pBM
I, p, δ̄ >
i
i  > pBMi (I) we have U
U k (I, p, δ) for some p ∈ Pn and U k I, p, δ̄ ≥ U k (I, p, δ) for all p ∈ Pn .
k
A pri e pBMi (I) is the threshold pri e for buying for money order for players
k
of type k at information I ∈ I if it is the minimal pri e su h that for every
k
strategy δ̄ with pBM
= pBMi (I) and qiBM positive, and a strategy δ diering
i

k
BM
> pBMi (I) we have U k I, p, δ̄ ≥ U k (I, p, δ)
from δ̄ only by pi and with pBM
i
for all p ∈ Pn .
k
) A pri e pBBi (I) is the weak threshold pri e for buying for bonds order
k
for players of type k at information I ∈ I if it is the minimal pri e su h that for
k
= pBBi (I) and qiBB positive, and a strategy δ diering
every strategy δ̄ with pBB
i
k

k
and with pBB
I, p, δ̄ > U k (I, p, δ)
from δ̄ only by pBB
i
i  > pBBi (I) we have U
for some p ∈ Pn and U k I, p, δ̄ ≥ U k (I, p, δ) for all p ∈ Pn.
k
A pri e pBBi (I) is the threshold pri e for buying for bonds order for players
k
of type k at information I ∈ I if it is the minimal pri e su h that for every
k
strategy δ̄ with pBB
= pBBi (I) and qiBB positive, and a strategy δ diering from
i

k
and with pBB
> pBBi (I) we have U k I, p, δ̄ ≥ U k (I, p, δ) for
δ̄ only by pBB
i
i
all p ∈ Pn .
for players of type

k

at information

pBM
i

I ∈I
k
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ases, threshold and weak threshold pri es

orresponding to the

same order are identi al, otherwise they are subsequent. The interpretation is
k
as follows: while pSi (I) is the lowest pri e in the selling order at whi h we will
k
surely (with respe t to our information) not lose, pSi (I) is the lowest pri e in
the selling order at whi h we will surely not lose and if the market pri e is at
k
least equal to pSi (I), then we have positive prot from this order. For buying
orders it is analogous to lowest repla ed by highest and at least by at
most.
Now, we shall

al ulate the threshold pri es for all types of players, given

their information.
In order to simplify the notation, we shall introdu e the following symbols:

a is a nonnegative real then succ(a) = minp∈P,p≥a p, pred(a) = maxp∈P,p≤a p,
next(a) = minp∈P,p>a p and prev(a) = maxp∈P,p<a p.
if

Proposition 1 Threshold pri es given information of the form orresponding
to the types are as follows:
a) For fundamental players
f

pSi (fi ) = succ



fi
(1−C)2

b) For te hni al players



t

pSi (si , ∆pi , p̄i ) = succ
t

f

f

, pBMi (fi ) = pred (fi ) , pBBi (fi ) = pred


p̄i +∆pi
(1−C)
t



s

pSi (s, p̄i ) = succ
s



p̄i (1+2hs)
(1−C)
s



d) For e onometri players
e



p
bi +w
(1−C)2



p



p̄i +∆pi
(1+C)



pSi (R̄i , pi (t − 1)) = succ



p̄i (1+2hs)
(1+C)



e



.

.

.

e

, pBMi (b
pi ) = pred (b
pi −w) , pBBi (b
pi ) = pred

e) For portfolio players



,

pBMi (s, p̄i ) = pBBi (s, p̄i ) = pred

pSi (b
pi ) = succ

fi
(1+C)2

,

pBMi (si , ∆pi , p̄i ) = pBBi (si , ∆pi , p̄i ) = pred

) For sto hasti players



(1+R̄i )

2

pi (t−1)
(1−C)2 +ρi





p
bi −w
(1+C)2



.

,



p
(1+R̄i )2 pi (t−1)
pBMi (R̄i , pi (t − 1)) = pred
,
1+ρi


2
p
(1+R̄i ) pi (t−1)
.
pBBi (R̄i , pi (t − 1)) = pred
(1+C)2 +ρi

The formulae for weak threshold pri es are analogous with pred repla ed by
and succ repla ed by next.

prev
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Proof.

We shall state the proof for fundamental players.

For the remaining

types of players it is analogous.
First, let us

onsider thepart of expe ted payo
orresponding to the selling

2
S
order for the i-th share − fi − pi · (1 − C)
· qi · 1pSi ≤pi for positive qiS . It
S
S
in reases with pi for pi ≤ pi and is 0 for pi > pi . If we restri t our attention
to

omparing de isions diering only by the pri e in this order, the remaining

parts of the expe ted payo do not


 hange.
2
fi
≥ 0, i.e. pi ≥ (1−C)
This part is nonnegative if − fi − pi · (1 − C)
2 . The


fi
¯
lowest pri e at whi h it is satised is succ (1−C)2 . Let us take a de ision d




fi
fi
S
¯ only by pS < succ
with pi = succ
and d diering from d
i
(1−C)2
(1−C)2 . If


fi
the a tual pri e pi ≥ succ
(1−C)2 , then both orders will be admissible and for
¯ the orresponding part of the expe ted payo will be nonnegative,
the de ision d


fi
while for d it will be negative. If the a tual pri e pi < succ
, then the
2
(1−C)
¯
orresponding part of the expe ted payo for d will be 0, while for d it will be
nonpositive.
Therefore the threshold pri e in selling order is
To get nonnegativity of the

BM

order we take

For

BB

f i − pi ≥ 0 ,

f

pSi (fi ) = succ



fi
(1−C)2



.

orresponding part of the expe ted payo for

therefore the pri e limit will be

order, analogously, we get

pred



fi
(1+C)2



pred (fi ).

.

The notion of threshold pri e implies the following weak dominan e results.

Assume that at time instant t for a past realization of a prole
∆ player ω of type k has portfolio xω with nonzero xω
i and his information is
I ∈ Ik .
k
k
a) If pSi (I) = pSi (I) ∈ [(1 − h) · pi (t − 1), (1 + h) · pi (t − 1)], then every
k
strategy su h that pSi 6= pSi (I) or qiS < xωi is weakly dominated in G∆
t .

Proposition 2

k

b) If pSi (I) 
6= pSi (I) ∈ [(1−h)·p
 i (t−1), (1+h)·pi (t−1)], then every strategy
k
k
S
su h that pi ∈/ pSi (I), pSi (I) or qiS < xωi is weakly dominated in G∆
t . The
k

payos for strategies diering only by pSi in whi h pSi is equal to pSi (I) and
k
pSi (I), respe tively, are identi al.
k
) If pSi (I) < (1 − h) · pi (t − 1), then every strategy su h that pSi >
∆
succ ((1 − h) · pi (t − 1)) or qiS < xω
i is weakly dominated in Gt .
k

Proof.

a) As we did while

in

diering only by the pri e and the amount in the selling order for share

i

G∆
t

and the

al ulating the threshold pri es, we

orresponding part of the payo fun tion. In all

onstru ted su h that this part may be

ompare strategies
ases the payo is

onsidered separately. Note that for a
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and

k
market pri e higher than pSi (I)

qiS > 0

it is always nonnegative, while for any

k

= pSi (I)

it is stri tly positive.
k
S
S
For a strategy d diering only by pi with pi > pSi (I) at the market pri e
S
lower than pi the order will not be exe uted, therefore this part of the payo
¯), while at the market pri e higher than pS payos for
will be 0 (less than for d
i
d and d¯ will be identi al.
k
S
S
For a strategy d diering only by pi with pi < pSi (I) at the market pri e
S
greater or equal to pi , the orresponding part of the payo will be negative,
¯ it is nonnegative. At the market pri e less than pS the orresponding
while for d
i
part of the payo for both strategies will be 0.
This

ompletes the proof that not saying the threshold pri e in selling order

is weakly dominated.

¯ with a strategy d su h that pS = pSk (I) and q S < xω .
ompare d
i
i
i
i
S
The oe ient at qi is always nonnegative and at some pri es positive, therefore
S
ω
the maximum is obtained at the onstraint qi = xi .
Now, we

b) Analogously to a) with the same dominant strategy.
) An analogous reasoning holds for the threshold pri e below the lower
variability limit. It is the result of the fa t that the market pri e must be at
least

(1 − h) · pi (t − 1).

The analogous fa t for buying orders does not hold. One of the reasons is
that money or bonds

an be used for buying all kinds of shares.

assume that a player invests only in shares of one

bonds are labelled in the sense that the fra tion of them that
in shares of ea h
reason is the

Even if we

ompany or its money and
an be invested

ompany is previously dened, su h a fa t will not hold. The

onstraint: by saying a lower pri e players

an buy more shares,

if the market pri e happens to be less or equal to the pri e limit. However, we
have to remember the fa t that our order
nothing for this order. So we have to

an be not exe utable and we shall get

ompare two opposite ee ts: a moderate

in rease of the payo by in reasing the amount and a

onsiderable in rease of

risk of losing a sure prot. The prot from telling a lower pri e grows with the
dieren e, and it is the highest, when we say the lower variability limit while
our threshold pri e is equal to the upper variability limit. The threshold pri e
is equal to the upper limit of variability when we expe t a

onsiderable growth

of pri es. In su h a situation telling the least possible pri e is a nonsense, and
rational investors at a sto k ex hange surely do not behave this way. Therefore,
from now on, we add this assumption to the des ription of players' strategies.

We say that the set of available strategies of player ω is onstrained with respe t to information I if player ω onsiders only strategies rek(ω)
k(ω)
stri ted by the ondition pBM
≥ pBMi (I) and pBB
≥ pBBi (I).
i
i

Definition 4
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Assume that a time instant t given the past realization of a
prole ∆ player ω of type k has information I ∈ Ik .
a) Consider ω su h that xωn+2 > 0.
k
k
(i) If pBMi (I) = pBMi (I) ∈ [(1 − h) · pi(t − 1), (1 + h) · pi(t − 1)] and i is the
k
only share onsidered by ω su h that pBMj (I) ≥ (1 − h) · pj (t − 1), then ea h
k
xω n+2
strategy of ω with pBM
6= pBMi (I) or qiBM < pBM (1+C)
is weakly dominated in
i
i
∆
Gt with the set of strategies of ω onstrained with respe t to I .
k
k
(ii) If pBMi (I) 6= pBMi (I) ∈ [(1 − h) · pi (t − 1), (1 + h) · pi (t − 1)] and i
k
is the only share onsidered by ωsu h that pBMj (I) ≥ (1 − h) · pj (t − 1), then
Proposition 3

k

∈
/ pBMi (I), pBMi (I) or qiBM <
ea h strategy of ω with pBM
i
k

xω n+2
pBM
(1+C)
i

is

weakly dominated in
with the set of strategies of ω onstrained with respe t
in whi h pBM
is equal to
to I . The payos for strategies diering only by pBM
i
i
k
k
pBMi (I) and pBMi (I), respe tively, are identi al.
k
(iii) If pBMi (I) > (1 + h) · pi (t − 1) and i is the only share onsidered
k
by ω su h that pBMj (I) ≥ (1 − h) · pj (t − 1), then ea h strategy of ω with
xω
pBM
< pred ((1 + h) · pi (t − 1)) or qiBM < pBMn+2
is weakly dominated in
i
(1+C)
i
∆
Gt with the set of strategies of ω onstrained with respe t to I .
b) Consider ω su h that xωn+1 > 0.
k
k
(i) If pBBi (I) = pBBi (I) ∈ [(1 − h) · pi (t − 1), (1 + h) · pi (t − 1)] and it is
k
the only share onsidered by ω su h that pBBj (I) ≥ (1 − h) · pj (t − 1), then ea h
k
(1−C)·xω
n+1
6= pBBi (I) or qiBB < pBB (1+C)
is weakly dominated in
strategy of ω with pBB
i
i
∆
Gt with the set of strategies of ω onstrained with respe t to I .
k
k
(ii) If pBBi (I) 6= pBBi (I) ∈ [(1 − h) · pi (t − 1), (1 + h) · pi (t − 1)] and it
k
is the only share onsidered by ωsu h that pBBj (I)≥ (1 − h) · pj (t − 1), then
G∆
t

k

ea h strategy of ω with pBB
∈
/ pBBi (I), pBBi (I) or qiBB <
i
k

(1−C)·xω
n+1
pBB
(1+C)
i

is

weakly dominated in G∆
t with the set of strategies of ω onstrained with respe t
to I . The payos for strategies diering only by pBB
in whi h pBB
is equal to
i
i
k
k
pBBi (I) and pBBi (I), respe tively, are identi al.
k
(iii) If pBBi (I) > (1 + h) · pi (t − 1) and it is the only share onsidered
k
by ω su h that pBBj (I) ≥ (1 − h) · pj (t − 1), then ea h strategy of ω with
(1−C)·xω
n+1
pBB
< pred ((1 + h) · pi (t − 1)) or qiBB < pBB (1+C)
is weakly dominated in
i
i
G∆
with
the
set
of
strategies
of
ω
onstrained
with
respe
t to I .
t
Proof.

Analogous to the proof of Proposition 2.
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Proposition 4 Assume that at time instant t given the past realization of a
prole ∆, player ω of type k investing only in share i and having onstant e has
information I . If player's ω portfolio xω has positive xωn+1 and xωn+2 , the threshk
k
k
k
old pri es pBMi (I) = pBMi (I) and pBBi (I) = pBBi (I) are greater or equal
k
k
equal to the upto the lower limit of variability and pSi (I) = pSi (I) is less or
k
k
xω
n+2
per limit of variability, then the strategy of ω (pBMi (I), pBM ·(1+C) ), (pBBi (I),
k
(1−C)·xω
n+1
), (pSi (I), xω
i ), e
pBB
·(1+C)
i



i

is weakly dominant in G∆
t with the set of strategies
of ω onstrained with respe t to I .

Proof.
4.

Like a proof of Proposition 2.

Impli ations for predi tion

From now on we shall assume that players use only strategies

onsistent with

their information. We shall answer the question, what may happen if a strong
(i.e. large and having a
same prognosti

onsiderable portion of assets) group of players uses the

te hnique and they obtain the same information.

We assume that there is at least a small group of sto hasti
reason is that in the
the sto k ex hange

players. The

ase when all players have identi al prognosti

te hnique,

annot work  we need at least a small fra tion of players

having expe tations to some extent opposite to that of the majority.

4.1. Self-verifying beliefs
It is obvious from this model, but also from the real life, that beliefs
pri es. In this

ontext, the most interesting thing to

whether and to what extent the ways of predi ting pri es
behave a

an inuen e

onsider is the question,
an for e the pri es to

ording to the beliefs  we have to mat h the abstra t information

the players obtain with their interpretation of future pri es.

4.1.1. Fundamental analysis
The simplest example of self-verifying beliefs is fundamental analysis.
onsider a game starting at time t0 with a ve tor of referen e pri es
p(t0 − 1). Assume that there is a strong group of fundamental players with
identi al {Fi (t)} investing only in i, and assume that there is also a small group
of sto hasti players investing in i, possessing i as well as bonds or money. Consider any time instant t su h that rea hing the fundamental value is theoreti ally
We shall

possible.
First, we have to dene what we understand by a

G∆
t

 a group that

an dominate the market.

strong group of players

in
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We all a set of players Ω̄ ⊂ Ω strong in G∆
t
a) in share i (for i = 1, . . . , n) if

Definition 5

R

Ω̄

(1 − h) · pi (t − 1) · Xiω (t)dλ(ω) ≥

b)

in bonds

R

Ω̄

)

Ω̄

d)
R

Ω̄

ω
Xn+1
(t) · (1 − C)dλ(ω) ≥

in money

R

if
if

ω
Xn+2
(t)dλ(ω) ≥

in risk free assets

Pn

if

Pn

R

Ω\Ω̄

ω
ω
Xn+1
(t) · (1 − C) + Xn+2
(t)dλ(ω);

R

i=1 Ω\Ω̄ (1

R

i=1 Ω\Ω̄ (1

ω
ω
Xn+1
(t) · (1−C) + Xn+2
(t)dλ(ω) ≥

+ h) · pi (t − 1) · Xiω (t)dλ(ω);

+ h) · pi (t − 1) · Xiω (t)dλ(ω);
Pn

R

i=1 Ω\Ω̄ (1+h) ·

pi (t−1) · Xiω (t)dλ(ω).

Let Ω̄ be a set of fundamental players with identi al Fi (t) and
let ∆ be a belief distorted Nash equilibrium.
a) If Ω̄ is strong in i in G∆
t , then pi (t) will not ex eed
Proposition 5

f

max(pSi (Fi (t)), (1 − h) · pi (t − 1)).

b) If Ω̄ is strong in money in G∆
t , then pi (t) will not be less than
f

min(pBMi (Fi (t)), (1 + h) · pi (t − 1))

,

) If Ω̄ is strong in bonds in G∆
t , then pi (t) will not be less than
f

min(pBBi (Fi (t), (1 + h) · pi (t − 1))).

Proof.

a) The probability that a set of sto hasti

players owning shares

i of pos-

itive measure will get a selling signal and the probability that a set of sto hasti
players of positive measure owning money or bonds will get a buying signal are
equal

1.

sto hasti

Let us note that the threshold and weak threshold selling pri e for
players getting selling signal is below

(1 − h) · pi (t − 1).

Therefore we

shall have some selling orders with the pri e limit greater or equal to the lower
limit of variability as well as some buying orders with the pri e limit greater or
equal to the upper limit of variability.
On the other hand, sin e fundamental players do not hoose dominated
qiS = Xiω (t), and threshold or
weak threshold pri es as pri e limits.
strategies, they have only selling orders with

Therefore, sin e fundamental players are strong in shares, at ea h pri e
f
greater or equal to Psi (Fi (t)), volume is equal to demand, whi h is noninreasing.
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i

at time

t

f

is equal to

pei > Psi (Fi (t)).

This

f

would imply the demand fun tion is
well as disequilibrium.

Now let us

onstant on the interval
he k

riterion 3.

[Psi (Fi (t)), pei ],

In our

as

ase we want to

minimize the number of shares in selling order with pri e limit greater than the
f
ei , but in Psi (Fi (t)), whi h
market pri e. The minimum annot be attained at p
ontradi ts our assumption.
b) and

hosen.

) are proven analogously. First we assume that a lower pri e was

In this

ase volume is equal to supply.

Thus, it is

orresponding interval, as well as disequilibrium, but then

onstant at the
riterion 3 is not

satised.
Thus, we get fast

onvergen e to quite a narrow interval of pri es.

4.1.2. Te hni al analysis
Similar self-veri ation results
less, they

an be proven for te hni al analysis. Neverthe-

annot be treated as a proof of validity of te hni al analysis as a

ognition devi e.

Formation of at

In order to show how te hni al analysis

an make the pri es

behave as it predi ts we shall show an abstra t formation, previously dened in
Wiszniewska-Matyszkiel (2006 ), and

onsider the results of its popularization

among investors. This formation has not existed in te hni al analysis and is not
ree ted by data. It will be formulated as in textbooks on te hni al analysis
and explained by a similar quasi-so iologi al explanation (see, e.g., Pring 1998)
and it will turn out to be approximately self-verifying.

Formation of Cat

starts by a moderate in rease of pri es of shares (ba k of

the ne k), then pri es rapidly grow, and afterwards fall (left ear), then there
is a at summit ( rown of the head) and the third summit, similar to the rst
one (right ear), ending by a moderate fall of pri es (forehead) starting from the
base of the right ear and lasting at least as long as the right ear. Volumes at
the

rown of the head are always low.
If the volume at the top of the right ear is less than at the top of the left

ear, then
Sin e

the at is looking down,

ats are

ontrary animals,

if the

onverse holds,

the at is looking up.

ats looking up fore ast fall of pri es, while

looking down fore ast rise of pri es, and the absolute value of

ats

hanges is at least

one and a half of the height of the ears.
Now, we

onstru t a quasi-so iologi al explanation as from textbooks on

te hni al analysis.
A moderate but quite stable in rease of pri es

mism

among players, whi h in reases demand.

(better informed) players sell their shares to
onstituting majority.

Then there is a

auses an

exaggerated optistrong

At the top of left ear

weak

(worse informed) players,

orre tion and weak players sell their
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Figure 1.

shares.

When the pri e rea hes the level of the end of the

ba k of the ne k,

players observe the market waiting for signals, therefore the volume is low. If

optimism wins, the right ear is formed. High volume at right ear means
distribution : strong players sell their shares to weak players, whi h are
prone to pani in the ase of fall of pri es. Low volumes at right ear mean that
the majority of shares is in the hands of strong players, whi h usually do not
pani , sin e by their information they expe t in rease of pri es.
the

strong

To simplify the analysis, we assume that we
in share

i.

players using the

U.

Assume that te hni al

at formation either have no further signals or treat them

as less important than the
sto hasti

onsider only players investing

We shall denote the height of the ears by

at formation and that there is also a small set of

players possessing shares and risk free assets.
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Let ∆ be a realization of a prole and let t be a time instant
at whi h a at formed as a result of playing ∆ up to t. If the set Ω̄ of te hni al
players believing in at formation is strong in risk free assets in G∆
t , then at
every belief distorted Nash equilibrium
the
at
looking
down
implies
an
in rease


3
∆
2U
,
while
if
is
strong
in
i
in
G
of pri e of i at least to prev pi (t−1)+
Ω̄
t , then
(1+C)
Proposition 6

the

at looking up

Proof.

Let us

implies a de rease of pri es at least to next

onsider the

at looking down.



pi (t−1)− 32 U
(1−C)



.

Sin e te hni al players expe t

in reaseof pri e, their
 weak buying threshold pri e at ea h time instant is equal
pi (t−1)+ 32 U
> pi (t). First, it an be above the upper variability limit.
to prev
(1+C)

t the pri e limit in buying orders of te hni al players
pred (pi (t − 1) · (1 + h)). As in the proof of Proposition 5, we get

In ea h of su h time instants
will be equal to

that the market pri e is equal to the pri e limit of the strongest group of players.
Finally, te hni al players will have the pri e limitsequal to thethreshold or weak
pi (t−1)+ 32 U
, so is the market
threshold pri e, whi h are at least equal to prev
(1+C)

pri e.

The reasoning for the

at looking up is analogous.

Strong signals in te hni al analysis

In the

ase of strong signals in te h-

ni al analysis, espe ially when te hni al players expe t a
they expe t

hange of the trend,

hanges of pri es of large absolute value.

Proposition 7 Let ∆ be a belief distorted Nash equilibrium and let t be a time
instant at whi h a strong signal was observed and identi ally interpreted as ∆pi
by a set Ω̄ of te hni al players.
a) Assume ∆pi < −2h · pi (t − 1) (a selling signal). If Ω̄ is strong in i in
G∆
t and there is a set of sto hasti players of positive measure investing in this
1 pri es of
ompany still possessing risk free assets at t, thenwith probability

pi (t−1)+∆pi
share i will fall and the fall will be to at least next
.
(1−C)
b) Assume ∆pi > 2h · pi (t − 1) (a buying signal). If Ω̄ invests only in
ompany i or for other ompanies j onsidered by players from Ω̄
k
pBMj (I) < (1 − h) · pj (t − 1) and if Ω̄ is strong in risk free assets in G∆
t and
there is a set of sto hasti players of positive measure still possessing i at t,
then with probability
 1 pri es of i will grow and the in rease will be to at least
pi (t−1)+∆pi
prev
.
(1+C)

Proof.

The proof is analogous to that of the

at formation.

4.2. Self-falsifying beliefs
Here we want to show that not all beliefs are self-verifying.
To simplify the analysis, we again

onsider players investing in share

and money or bonds, and assume that they
with respe t to information.

onsider strategy sets

i

only,

onstrained
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4.2.1. CAPM
Now we shall

onsider the

ase in whi h there is a strong group of portfolio

players and a small group of sto hasti
The basi

players. We also assume that

result in the papers about CAPM,

C

is small.

ited in the introdu tion, is

that pri es adjust so that the return of ea h asset is equal to its theoreti al

ρi .

However, there was assumption that there is an equilibrium and no dynami s
was

onsidered. We get the result that in the

turns diering from

ρi ,

we do not have to

ase of starting from aggregate re-

onverge to it. Conversely, divergen e

an rather be expe ted.

Let ∆ be a realization of a prole, let t be a time instant and let
be a set of portfolio players. Portfolio analysis is self-falsifying in the sense,
that
a) if R̄i is essentially greater than ρi , Ω̄ is strong in money in G∆
t and there
is a set of sto hasti players of positive measure investing in i still possessing i
at t, then Ri (t) will be greater than R̄i ;
b) if R̄i is essentially greater than ρi +C 2 +2C , Ω̄ is strong in risk free assets
in G∆
t and there is a set of sto hasti players of positive measure investing in i
still possessing i at t, then Ri (t) will be greater than R̄i ;
) if R̄i is essentially less than ρi + C 2 − 2C , Ω̄ is strong in i in G∆
t and there
is a set of sto hasti players of positive measure investing in i still possessing
risk free assets at t, then Ri (t) will be less than R̄i .
Proposition 8

Ω̄

Proof.

a) Here

R̄i > ρi

and portfolio players are strong in money. In this

we shall

al ulate their return in the
p
weak threshold pri e pBMi (R̄i , pi (t −
Then the return at time

prev
Ri (t) =
where

ε



t

1)).

fullls

(1+R̄i )2 pi (t−1)
1+ρi

ase,

ase when the market pri e equals their



pi (t − 1)

− pi (t − 1)

2

≥

(1+R̄i )
1+ρi

−1−

ε
pi (t−1) ,

is a small number dening the pre ision of pri e representation in the

P under onsideration, i.e. su h a number that for pi =
we have prev (pi ) ≥ pi − ε. If the dieren e between R̄i and ρi is
2
2
(1+R̄i )
(1+R̄i )
ε
> 1+R̄i = 1 + R̄i , therefore Ri (t) > R̄i .
− pi (t−1)
then
1+ρi
part of

(1+R̄i )2 pi (t−1)
1+ρi
large enough,

In the buying for money orders of portfolio players the pri e limit is equal
to the threshold pri e.
As in the proof of Proposition 5, we get that the market pri e is greater or
equal to a pri e limit in the buying orders of the strongest group of players 
the threshold or weak threshold pri e  whi h is greater or equal to the weak
p
threshold pri e pBMi (R̄i , pi (t − 1)) for the portfolio players.
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b) Now, let us assume a greater dieren e

R̄i > ρi + C 2 + 2C

and let us

assume that portfolio players are strong in bonds.

p

If the market pri e equals the weak threshold pri e

prev
Ri (t) =



(1+R̄i )2 pi (t−1)
(1+C)2 +ρi



− pi (t − 1)

2

≥

pi (t − 1)

pBBi (R̄i , pi (t − 1)), then

(1+R̄i )
1+C 2 +2C+ρi

−1−

ε
pi (t−1) .

R̄i and ρi + C 2 + 2C is large enough, then
2
(1+R̄i )
> 1+R̄i = 1 + R̄i , therefore Ri (t) > R̄i .

If the dieren e between
2

(1+R̄i )

1+C 2 +2C+ρi

−

ε
pi (t−1)

p
The market pri e will be greater or equal either to pBBi (R̄i , pi (t − 1)) or
p
R
ω
pBMi (R̄i , pi (t − 1)) (if Ω̄ Xn+2
(t)dλ(ω) > 0), for whi h we have already proven
the inequality.

) Now let us

C 2 −2C+ρi > R̄i and Ω̄ is strong in i.


p
(1+R̄i )2 pi (t−1)
pSi (R̄i , pi (t − 1)) is next
, there((1−C)2 +ρi )

onsider the

The weak threshold pri e

ase when

fore if the market pri e is equal
 to this weak threshold pri e, the return fullls

next

Ri (t) =



(1+R̄i )2 pi (t−1)
(1−C)2 +ρi

− pi (t − 1)

≤

pi (t − 1)

(1+R̄i )

2

(1−C)2 +ρi

ε
pi (t−1)

=

2

2

(1+R̄i )
= 1+C 2 −2C+ρi − 1 +
next (pi ) ≤ pi + ε.

−1+

ε
pi (t−1) , for

ε

su h that for

pi =

(1+R̄i )

pi (t−1)
we have
(1−C)2 +ρi

ρi + C 2 − 2C and R̄i is large enough, then
(1+R̄i )2
< 1+R̄i = 1 + R̄i , therefore Ri (t) < R̄i . Analogously

If the dieren e between
2

(1+R̄i )
ε
1+C 2 −2C+ρi + pi (t−1)
to the reasoning for the buying orders, the market pri e is less or equal to the
p
maximal pri e limit of selling order of portfolio players pSi (R̄i , pi (t − 1)).
The fa ts stated in the proposition may lead to trends of a
reases or a

elerating in-

elerating de reases of pri es.

4.2.2. E onometri models
We

annot state anything pre ise about e onometri

pending on the spe i

type of the model they

models in general.

De-

an be either approximately

self-verifying or self-falsifying. If we treat them literally, they will be usually
self-falsifying: in reases and de reases of pri es are prior to the moment they
were prognosed for. Nevertheless, e onometri

models used as tools to foresee

general tenden ies are approximately self-verifying.
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Numeri al simulations

Here we present simulations of this model using initial data from WSE. In ea h of
them we assumed existen e of a small group of sto hasti
ow of money and possessing a small fra tion of shares

players with

onstant

onsidered.

5.1. Convergen e to the fundamental value
The gures below (Figs. 2 and 3) illustrate

onvergen e to the fundamental

value (given the initial pri e of a share from WSE) in the game with a large
group of fundamental analysts.

Figure 2.

Figure 3.

5.2. Trends aused by hartists
A group of

hartist and trends

WSE and prognosti

aused by them, given various initial values from

te hniques of te hni al analysis are like given in Figs. 4

and 5.
For

omparison, if we

similar to a random walk:

onsider sto hasti

players only, we get something

at ea h time instant we either go up the upper

variability limit if the measure of the set of players obtaining selling signal is
less than the measure of the set of players obtaining the buying signal or to the
lower variability limit if the measure of the set of players obtaining selling signal
is greater than the measure of the set of players obtaining the buying signal.
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Figure 4.

Figure 5.

5.3. Trends aused by portfolio players
For the

ase of a strong group of portfolio players the results are exa tly as stated

in the model  either an exponential growth of the pri es or an exponential
de rease.

5.4. Some e onometri models

Figure 6.
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Figure 7.

In this

ase we present two e onometri

models: one of them

onsidering lin-

ear trend and sinusoidal weekly periodi ity and length of prognosis

2,

and the

other one with the average of some of past pri es. The former one is approximately self-verifying only be ause the linear trend dominates.

However, the

os illations are translated. The latter one be omes self-verifying after a period
of transition.

6.

Con lusions

The paper presents a model of sto k ex hange as a game with a
players, taking into a

ount various prognosti

te hniques. The

ontinuum of
ontinuum was

used to model insigni an e of any single player, while pri es and,
players payos, result only from players de isions.

onsequently,

One of the results of the

paper is that usually the strategies of telling the a tual threshold pri es are
weakly dominant, while strategies of not telling the a tual threshold pri es are
weakly dominated in a sequen e of subgames with distorted information along
the prole, therefore they
One of the
prognosti

onstitute a belief distorted Nash equilibrium.

onsequen es of that is the problem of self-veri ation of various

te hniques used by strong (i.e. large and possessing a large portion

of assets) groups of players in the presen e of a small group of sto hasti

players

and, possibly, other types. This is the feature of fundamental analysis and te hni al analysis. Taking this into a

ount, learning about many, even absolutely

senseless, te hniques may turn out to be useful if they are used by many players.
The te hnique based on CAPM does not have this property, it is selffalsifying, while te hniques based on various e onometri

models may be either

self-verifying or self-falsifying.

I would like to a knowledge Robert Matyszkiel for help with preparing simulations.
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