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1. Introduction

Let © € RY be a bounded domain with Lipschitz boundary 9. The problem
under consideration is as follows: Find u € W1P(Q) such that

{ _ApU(I) S —8j(x,u(x)) a.e. on () (1)

Pulpo = 0, 2<p<oo.

where —Apu = —div(|Du|p*2Du) stands for the p-Laplacian operator. By
07 (z,u) we denote the generalized gradient of Clarke (Clarke, 1983) of a locally
Lipschitz R 3 £ — j(z,€) (for a.e. x € Q). For the right hand side of (1) we
suppose only that it satisfies the unilateral growth condition (Naniewicz, 1994)
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Thus, the problem to be studied involves nonlinear, nonconvex function j(-,u)
which is not summable for every u € WO1 P(Q) and consequently, the correspond-
ing energy functional R(u) = %HDUHZ(Q;RN) + Jo J(x,u(z)) dz has no longer
the whole space WP(Q) as its effective domain. The direct use of the crit-
ical point theory developed for locally Lipschitz functionals (Chang, 1981) is
therefore not available. We use the Galerkin method and solve the discretized
problems in finite dimensional subspaces of W1P(Q) N L°>°(Q) by making use
of the recession technique for semicoercive problems introduced in Naniewicz
(2003) and then pass to the limit to get a solution.

The class of hemivariational inequalities considered in the paper can be re-
ferred to as variational problems with discontinuities, widely studied recently.
For the Neumann problem involving p-Laplacian we refer to Papalini (2002)
where under the classical growth condition the existence and multiplicity of solu-
tions have been established. Dirichlet problems driven by the p-Laplacian can be
found in Gasiniski & Papageorgiou (2001a, b), Papageorgiou & Papalini (2000),
Halidias & Naniewicz (2004), Naniewicz (2004) and the references therein. See
also Arcoya & Orsina (1997), Bouchala & Drabek (2000), Anane & Gossez
(1990) for such problems involving smooth potentials.

The notion of hemivariational inequalities has been first introduced in the
early eighties with the works of P.D. Panagiotopoulos (Panagiotopoulos 1981,
1983). The main reason for its birth was the need for description of important
problems in physics and engineering, where nonmonotone, multivalued bound-
ary or interface conditions occur, or where some nonmonotone, multivalued
relations between stress and strain, or reaction and displacement have to be
taken into account. The theory of hemivariational inequalities (as the general-
ization of variational inequalities, see Duvaut & Lions, 1972) has been proved to
be very useful in understanding of many problems of mechanics and engineering
involving nonconvex, nonsmooth energy functionals. For the general study of
hemivariational inequalities in both scalar and vector-valued function spaces the
reader is referred to Motreanu & Naniewicz (1996, 2001, 2002, 2003), Motreanu
& Panagiotopoulos (1995, 1996, 1999), Goeleven, Motreanu & Panagiotopoulos
(1997), Naniewicz (1995, 1997), Naniewicz & Panagiotopoulos (1995), Pana-
giotopoulos (1985, 1993), Radulescu (1993), Gasiriski & Papageorgiou (2005)
and the references quoted there.

2. Mathematical background

Let us recall some facts and definitions from the critical point theory for locally
Lipschitz functionals and the generalized gradient of Clarke (Clarke, 1983).

Let Y be a subset of a Banach space X. A function f : Y — R is said to
satisfy a Lipschitz condition (on Y') provided that, for some nonnegative scalar
K, one has

1f(y) = f(@)] < Klly — =l|x
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for all points x,y € Y. Let f be Lipschitz near a given point x, and let v be any
vector in X. The generalized directional derivative of f at z in the direction v,
denoted by f°(z;v), is defined as follows:

f2(z;v) = limsup M

y—x t
tl0

where y is a vector in X and ¢ a positive scalar. If f is Lipschitz of rank K near
x then the function v — f9(z;v) is finite, positively homogeneous, subadditive
and satisfies the conditions |f°(x;v)| < K|lv||x and fO(z;—v) = (=f)°(z;v).
Now we are ready to introduce the generalized gradient 0 f(z) defined by Clarke
(1983):

of(x) ={we X*: fOx;v) > <w,v>X for all v € X}.

Some basic properties of the generalized gradient of locally Lipschitz functionals
are as follows:

(a) Of(z) is a nonempty, convex, weakly-star compact subset of X* and
lw]|x+ < K for every w in Jdf(z).

(b) For every v in X, one has
FO(z;v) = max{{w,v) : w € Of (x)}.
(c) If fi1, fo are locally Lipschitz functions then
I(f1+ f2) COf1+0fa.
Let us recall the (P.S.)-condition introduced by Chang (Chang, 1981):

DEFINITION 1 A locally Lipschitz function f is said to satisfy the Palais - Smale
condition if any sequence {x,} along which |f(xy)| is bounded and

AMzp) = min |w|x+ —0
wea.f(wn)

possesses a convergent subsequence.

Let us mention some facts about the first nonzero eigenvalue of the p-
Laplacian.

Consider the first nonzero eigenvalue A; of (—A,, WP (Q)) for the p-Laplacian
with homogeneous Neumann boundary condition. It is well known (see Papalini,
2002) that A\; > 0 and it is characterized by (Rayleigh quotient):

I1Dw%0 0,
A1 :=inf H+(QRN):U)EW, w#0 o,
w”LP(Q)
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where W := {v e whrp( fQ x)dx = O} Thus, for any v € W we have
||DU||LP(Q RN) > )\1||U||LP Q)

which means that the norms ||D(-)||zrmr~) and |||lw1.r(q) are equivalent on
W. Moreover, each eigenfunction w € W corresponding to A; has the properties
that ||Dw||Lp QRN) = /\1||w||72p(9) and it is a solution of the problem

(2)

—Apw = Mw|P"2w a.e. on
Mlga = 0, 2<p<oo.

Let f : X — R be a locally Lipschitz function on a Banach space. A point
x € X is said to be a critical point if 0 € df(z) and ¢ = f(z) is called a critical
value of f.

The results below characterize conditions under which the existence of crit-
ical points follows. They are due to Chang (Chang, 1981) and extend to a
nonsmooth setting the well known theorems of Ambrosetti and Rabinowitz.
They will be used to obtain the main results of the paper.

THEOREM 1 If a locally Lipschitz function f: X — R on the reflexive Banach
space X satisfies the (PS)-condition and there exist a positive constant p > 0
and e € X with |le|| > p such that

max{f(0), f(e)} < nf {f (@)},
then f has a critical point uw € X with its critical value ¢ = f(u) characterized
by
= inf t
c ;thrél[gﬁ]f(g( )

where
G={g€C([0,1],X):g(0) =0,9(1) = e}.

THEOREM 2 Suppose that a reflexive Banach space X can be represented as
X = X1 ® X5 with a finite dimensional X1. Let f : X — R be a locally Lipschitz
function satisfying the (PS)-condition and there exist positive constants by < ba
and a neighborhood N of 0 in X1 such that

inf {f(x)} > ba,

rEXo

zé%fN{f (z)} < b,

ON being the boundary of N. Then f has a critical point.
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3. Auxiliary results

It is well known that not vanishing constant functions on 2 are eigenfunctions
corresponding to the first eigenvalue Ay = 0 of the p-Laplacian in WP (). Let
us denote by Vo = {s0}scr the one-dimensional subspace of W(§)) spanned
by a constant function § € WP(Q) normalized by § > 0 and |||y 1.0 = 1

0(z) = 0y := 1/|Q|% for a.e. € Q). Concerning the first nonzero eigenvalue
we know that (see Papalini, 2002)

IDwll7, g
A1 := inf w:wew, w#0,p,
Hw”LP(Q)

is positive, i.e. Ay > 0, where W = {w € W'P(Q): [,w(z)dz =0}, and if
w € W has the properties that ||w|\’£p(m =1 and ||Dw||’£p(Q.RN) = \; then w is
the normalized eigenfunction of the problem

—A,w = M|wP?w a.e. in Q
on 102 — U.

Thus, for any u € W'P(Q) we have the decomposition u = ef + U with e =
| Jqu(z)dz| > 0,7 €W and 6 € {+0} C Vp, for which

||Da||1£p(Q;RN) > M Ha”ip(g))' (4)
Hence the equivalence of the norms || D(-)|| L» o~y and [|-[[y1.»(q) on W results.

LEMMA 1 Assume that

(H1) j(-,0) € LY(Q) and j(z,-) is Lipschitz continuous on the bounded subsets
of R uniformly with respect to x € Q, i.e., Vr > 0 3K, > 0 such that
Yyl 2] <7,

lj(z,y1) — j(@, 92| < Kplyr — w2|,  for a.e. x €

(H2) One of the two conditions below holds (the Ambrosetti-Rabinowitz type
conditions):

(i) There exist p>p, 1 <o <p, a € L*(Q) and a constant k > 0 such
that

wi(z, &) — 3%, & &) > —a(x) —k[€]7, VEER and for a.e. x €

(ii) There exist 0 < v < p, 1 <o <p, a € L'(Q) and a constant k > 0
such that

—vj(x, &) =7z, & =€) > —a(x)—k|€|7, VE € R and for a.e. x € Q;
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(H3) Suppose that J>°(0) > 0 for each 0 € {+0}, where

J>®(0) := ltim_&nf —j%(z, tn(z); —0(z)) dz, 6 € {6},
n—0 "
1P

is the recession function of nonconvex, nonsmooth J(-) = [, j(x,-)dx as

introduced in Naniewicz (2003) to study semicoercive problems (see also

Goeleven € Théra, 1995; Baiocchi, Buttazzo, Gastaldi & Tomarelli, 1988).
Moreover, suppose that for a sequence {un,} C W1P(Q) N L>®(Q) there exists
en "\ 0 such that the conditions below are fulfilled:

/Q|Dun(:1c)|p72<Dun(x), Do(z) — Dup(x))pnde

—|—/Qj0(:b,un(x);v(;v) - un(x)) dx > —enl|v — unllwir ),
Vo € Lin({un, 0}), (5)

and

<C, C>0, (6)

L [ \Dun@)r e+ [ j(un(2)) de
7! I

where Lin({uy,,0}) is the linear subspace of WP (Q) spanned by {0,u,}. Then
the sequence {un} is bounded in WP (Q), i.e. there exists M > 0 such that

[unllwre@) < M. (7)

Proof. Suppose, on the contrary, that the claim is not true, i.e. there exists a
sequence {u,}52; € WHP(Q) N L>(Q) with [|up|lwi.e@) — oo, for which (5)
and (6) hold. Under (H2);), combining (6) multiplied by x > p with (5) (with
v = 2u,, substituted) we get

1C + enlltn| o0y > %HDunH’zp(Q;RN)—l—/ﬂ(,uj(un)_jo(un;un)) dz. (8)

From (4) the decomposition results: w, = e,0, + U,, where e, = UQ Uy, d:v’,
Up €W, 0, € {£0}, [0]lw1.r(q) = 1, such that

”Dannip(Q;RN) >\ ||an||1£p(g)' (9)
Since Du,, = Dy, by (H2);) we have

pC + 6n”unHleP(Q) > %”Dunna/l,p(g) - Cl”“ﬂ”%P(Q) - HaHLl(Q) (10)

> B @l o) — llunlfrroga) = lallzs o )
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Hence
MC+5n(||unHW1 P Q)"'en)zcﬂ p”unle ?(Q) C3||ﬁn||?5v1,p(g)—C4GZ—||G||L1(Q)-
(12)

Thus, it follows that e,, — co because, otherwise, we would get the boundedness
of {ii,} and consequently, the boundedness of {u,} in W1P(Q), contrary to our
supposition. Dividing (12) by e,, we obtain the estimate

uC+|lall
pOHN o) |, (B2 ey + 1) > Bt Eap

—caeq M| Z|fap ) — cael ! (13)

which, in view of e, — oo and o < p, allows for the conclusion that
HZ_ZHWLP(Q) — 0. (14)

Now, let us turn back to (5). By passing to a subsequence one can suppose also
that 6, = 0 (or 0, = —6). Thus, substituting v = u,, into (5) yields

e /Q|D(§—;) + DO)P"2(D(Zx) 4 DY), — Db, da
—l—en/QjO (en(g—;‘ + 6); —9) dx > —epen.
In view of D@ = 0 this gives
/Qjo(en(i—;j +0);-0) dz > —¢, (15)
and consequently
J®() < hmsup/Q —j%(en(E= +6); —0) dx < 0, (16)
the contradiction with (H3).

Under (H2), combining (6) multiplied by v < p with (5) (with v = 0
substituted), we arrive at

O+ ullnlw ey > B2 Dl gy + [ (=2(0r) =i =) do

Now we can proceed as previously to establish the result. The proof of Lemma 1
is complete. [ |

LEMMA 2 Assume that (H1) and the hypotheses below hold:
(H4) The unilateral growth condition (Naniewicz, 1994):
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There exist 1 < g < p*, p* = NN—_’;, and a constant kK > 0 such that

3%, & =€) < k(1 +(€]7), VEER and for a.e. x €
(H5) Uniformly for a.e. x € Q,

pj(z,§)
€ > p(z) >0,

with p(x) € L*(Q), ¢(x) > 0 on a set of positive measure of @ and
o(x) < Ay for a.e. x €.
Then there exists p > 0 such that

lim inf
§—0

R(0 = HIDul g, + [ ) >, 5= const >0 (17)

is valid for any w € WHP(Q) N L>(Q) with ||ullw1.r@) = p.
Proof. Suppose the assertion is not true. Thus, there exist sequences {u,} C

WP(Q) N L>(Q) and py, N\, 0 such that |[u,||wre) = pn and R(u,) < pEth
So we have

1D ey + [ pitn) de < ol (18)
Further, from (H5) it follows that for any € > 0 one can find § > 0 such that

pj(x, &) > @()|EP —el€]P, |&] < 4, uniformly for all € Q.

Moreover, (H4) allows to conclude that (see Lemma 2.1, pp. 119-120, Naniewicz,
1997):

J(x,8) > —k1(1+€]7), VEER, z€Q; k1 =const > 0.
Thus, it is easy to see that
pj(@,€) = (p(z) = )€ —~l¢?, VEER, x el
for some positive constant v = v(§) > 0. Then, by (18) it follows that
1Dl gz + [ (60) = (@) da

< pp?* 7 / ()] dz
Q

< Ppﬁ—H +m H“n”?yl,p(g)-
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Taking into account that w, = Uy, + €,0n, U, € W, e, = Usz Uy, dx
and || D, || vy = AtllUnll7, o) we obtain

, 0 € {6}

P
L (Q;
||Dan||;2p(ﬂ;RN) - )‘1||an||1£p(ﬂ) + /Q(SD(;E) - E)Wn(x) + enenlp dx

+/ At (2)[P d < ppEt" + 7108
Q
Hence

1Dl ) = Mlnly + [ (ole) = £)[n(a) + eatl? do
{p<e}

[ M@ do+ [ (o) =)o) + entul? do < poZ "+ 001,
Q {p>e}

By the inequality |a + b|P > tr|al? — |b|?, a,b € R, it follows that

2p—1

1Dl gy = Ml + [ (ole) = 2)[nla) + entl? do
{p<e}

+/ ((w(w) — &) (5e2r 0] — [al”) + Allﬁnl”) dz < ppEtt + 1l
{p>e}
This can be written as

DTl ) = My + [ (o(e) = 2)[n(a) + eatl? do
{p<e}

+2——’fm|/ (p(z)—¢) dx +/ (M= (@) + &) [un|P dz < ppZ*™ + y1pj.
{p>e} {p>e}

Let us set y, = ﬁ%ﬂn, where pp, := || Din || 1 (or~)- Dividing this inequality by
PP yields

1Dl oy = Ml ey + /{ (p(@) = &)l (@) + 26,7 d

p<e}
HE) 5t [
{¢>c}
< (84)" (o0 +710577).

By making use of the inequality |a1 + az|P < 2P71(|a1 [P + |az|P), a1, a2 € R, we
obtain

109l gy = MllglBay + 27" / (p(@) — &)y (@) do
{p<e}

@) [ (e = () b [ (el )

[ (=l + Dl da < (8 (o + 0L 7).
{p>e}

(o) — ) do + /{ (@ e
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Further, notice that

Pn ”un”LP Q)> ( HanHL:D(Q) >p (en>p
= _1+<7 <+ ) +H | = 0|7
<pn> Pn | D || Lo (25 o [ ||LP(Q)

p—1 p
<142 o (f—")
)\1 Pn

Thus, we arrive at the estimate
”Dyn”Lp Q;RN) )‘lHyn”Zzp(Q) + 2p71/ ((p(x) - 5)|yn(fp)|p dx
{p<e}

+(%)p <2IPS—11 /{SKS} (o(z) —¢) dz + 5= 1|Q\ / (p(x) —€) dx

{p>e}

22" (ppn + 71%‘”)) + / (M — () + &) |ynl? d
{p>e}

p—1 —
< (1+E5) (pon + 0% ").
By (H5) and p,, — 0 it follows that for sufficiently large n and small € > 0,

or—1

W/ (p(z)—¢) d$+2p+|m/ (p(x)—e) dz—2"" (ppn—719577) 20,
{p<e} {p>e}

/70>07

which leads to

1D gy = Malalliey + 27 [ (0(0) = &)l o
{p<e}

+(52) 0 + /{ }(/\1 — (@) + &) |ynl” dz < (1 + &) (ppn + 719777,
p>e
(19)

Thus, {%—Z} is bounded. Further, since the norm || D(-)||»(q;r~) is equivalent to
the usual norm |||y on W = {v e WHP(Q): [,vdx =0}, y, € W and
| Dyl Lo (vy = 1, we get the boundedness of {y,} in W!?(Q). This, together
with the boundedness of {%}, allows to conclude that for some y € W1P(Q),
eo € Ry and 0y € {+0} a subsequence can be extracted (again denoted by the
same symbol) such that y, — y weakly in W1P(Q), y,, — v strongly in LP(Q)
(the Rellich theorem), 5= — eg and 6, = 6. Passing to the limit with n — oo
in (19) and taking into account the weak lower semicontinuity of the norm leads
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to the inequality

1D sy = Moy + 27 [ (o) = &)yt da
{p<e}

+ebvo + / (/\1 —o(x) + 5)|y|p dx <0,
{p>e}
which is valid for an arbitrary € > 0. Therefore we get

1D gy = Ml + o+ [ O = lal? do <. (20)
Using the quotient characterization of A\; and (H5) we arrive at eg = 0 and
1DYIE gy = A9 (21)
[ v = el@) lyte)r dz =o. (22
Now we show that y # 0. Indeed, from the results obtained it follows that
||Dyn||Lp (QRN) )‘lHyn”Z[)/P(Q) —0
and by the compactness of the imbedding WP(Q2) C LP(2) we get

”ynHLP(Q) - ||y||LP(Q)-

Since || Dyl rr@mryy = 1, we arrive at Hy|\72p(m = A% which establishes the
assertion. Finally, in view of y # 0 the contradiction between (22) and (H5) is
clearly seen. The proof of Lemma 2 is complete. [ ]

LEMMA 3 Assume the hypotheses (H1),(H3) and
(H4); There exists 1 < s < p and a constant k > 0 such that

3%z, & &) < k(1 +[€]%), VEER and for a.e. x € Q.

Moreover, suppose that for a sequence {un,} C W1P(Q) N L>®(Y) there exists
en '\, 0 such that the condition below is fulfilled:

/Q|Dun(a:)|p72<Dun(3:), Dou(zx) — Dun(:zr)>RN dx

—|—/Qj0 (:zr,un(x);v(:zr) - un(aj)) dx > —ep|lv — un||W1,p(Q),
Vo € Lin({up, 0}). (23)

where Lin({u,0}) is the linear subspace of WP(Q) spanned by {0,u,}. Then
the sequence {uy} is bounded in WP (), i.e. there exists M > 0 such that

[unllwre @) < M. (24)



738 7. NANIEWICZ

Proof. Suppose, on the contrary, that the claim is not true, i.e. there exists a
sequence {u,}o2; C WHP(Q) N L®(Q) with [[un|lw1.r) — oo for which (23)
holds. By substituting v = 0 into (23) we obtain

Enllunllwin@) > | Dunls oz — /Qjo(un;—un)d:c. (25)
Taking into account the decomposition: u,, = e,0, +u,, where e,, = ‘ fQ Up, d:v|,
Up €W, 0, € {£0}, ||0]lwrr) = 1, in view of Du,, = Du,, and (H4); we have

Enl|tnllwr. Q) = HDun”Lp (QRN) “HunHSLS(Q) — K[Q

> clfitn 1.y — el ooy — K12 (26)
Hence
(”unle p(Q) T en) > CHunle P(Q) 02”&71”18/[/11?(9) —c3ep, — ’€|Q| (27)

Thus, it follows that e,, — co because, otherwise, we would get the boundedness
of {i,} and consequently, the boundedness of {u,} in W1P(Q), contrary to our
supposition. Dividing (27) by e, leads to the estimate

O o e [ O

—036271 L (28)

en

which, in view of e,, — oo and s < p, allows for the conclusion that
HZ_ZHWLP(Q) — 0. (29)
Then, we proceed like in the proof of Lemma 1. [ |

LEMMA 4 Assume that (H1)-(H2) hold. Moreover, let
(H6) [, j(x,0)de <0 and either

lim mf/ j(z,s)dx <0, (30)
s——+o0 Q

or
hmmf/ j(z,s)dx <0, (31)
§——0C0 Q

or there exists vg € WHP(Q) N L>(Q) such that (Motreanu & Pana-
giotopoulos, 1999):

s——+o0

k
liminfs_”/j x, svg(x)) do < vol|F - 32
[ i(os0l)) do < —= [l (32)

with the positive constants k, u, o entering (H2).
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Then there exists e € WHP(Q) N L>2(Q), e # 0, such that
R(se) <0, Vs>1.

Proof. If (30) or (31) is fulfilled then the assertion holds for e = s, or e =
s0(—0) with sufficiently large sg > 0, respectively.

For the case (32) we follow the lines of Motreanu & Panagiotopoulos (1999). For
all 7 # 0, £ € R, the formula below of the generalized gradient (with respect to
7) holds

O- (7715 (@, 7€)) = 771 =g (w, 7€) + Deji(x, E)(E)),

for the constant p > p fulfilling (H2). Since the function 7 — 77 #j(z, 7€) is
differentiable a.e. on R, the equality above and a classical property of Clarke’s
generalized directional derivative imply that

t
. . d, _, .
Chate) = (.8 = [ T r)r
1 T
t
g/ T g (2, 7€) 4 50 (2, 7€ 7E)]dT, Yi>1, ae. z €T, E€R.
1
In view of assumption (H2) we infer that

t
t—uj(x,tg)—j(:c,g)g/l 4 a(z) + kr|€]°] dr
1

)
<pla(@) + (p—o) k€], Vt>1, ae €T, £E€R. (33)

= |a(x —l’“ l ULU*#_
_[()( ut +M)+k|§| (U—ut

Set £ = svo(z) with z € T" and s > 0. We find from (33) the estimate

j(z, tsvo(x)) < ¢']j(x, svo(x)) + p~"a(z)
+(p— o) ks |vg(2)|7], Vt>1,5>0, ae xl. (34)

Combining (34) with (32) yields
R(tsvg) < %tpspHDUOHiP(Q;RN)
s 57 /Q i@, suo(@))da + k(= o) vl fe ) + 5~ 8 Nallz oy
Vi>1, s> 0. (35)

Assumption (32) allows for fixing some number so > 0 such that

57 /@j(x,svo(l’))da: +k(p— g)*l(”vOHza(Q)) + 570N71(|\G|\L1(Q)) <0
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With such an sy > 0 we can pass to the limit as ¢ — 400 in (35) and obtain
(in view of p > p) that R(tsoug) — —o0 as t — +o00. Consequently, setting e =
tosovg with sufficiently large tg > 0 we establish the assertion. This completes
the proof of Lemma 4. [ ]

4. Finite dimensional approximation

Let A be the family of all finite dimensional subspaces F of WP(Q) N L ()
including # and an element e as constructed in the proof of Lemma 4.

For every subspace F' € A we introduce the functional Rg : F' — R which is
the restriction of R to F, i.e.

Rr(v) = %||Dv||ip(Q;RN) + /Qj(x,v(:zr)) dx, YvePF. (36)

It is obvious that the functional Rp is locally Lipschitz and its generalized
gradient is expressed by

ORp(v) C ik Aipv +ip0J(v), VYoveF, (37)
where ip : ' — WYP(Q), ir : F — L®(Q) are the inclusion maps with their

dual projections i% : (W'P(Q))* — F* and i : L'(Q) — F*, respectively,
while 4 : WhP(Q) — (WHP(Q))* is defined by

<Au,v>W1,P(Q) = /Q|Du|p72<Du,DU>RN dx. (38)

By OF(-) the generalized Clarke gradient of J : L>°(2) — R given by

J(v) = /Q](a:,v(x)) dx, Vwve L>®(Q)

have been denoted. Notice that in view of (H1), the functional J is locally
Lipschitz on L*°(Q), so the generalized gradient 0J(-) is well defined. The
pairing over F* x F' will be denoted by <-, ->F.

PROPOSITION 1 Assume the hypotheses (H1)-(HG6). Then, for each F' € A there
erists up € F such as to satisfy the hemivariational inequality

/|DuF|P*2<DuF,Dv — Dup)yy d:c—|—/ 3% (up;v—up)dz >0, YveF. (39)
Q Q

Moreover, there exist constants M > 0, v1 > 0 and v2 > 0 not depending on
F € A such that

lupllwir) <M, VFeA (40)
71SR(UJF)SFYQ, VI € A. (41)
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Proof. First we show that the functional Rp : FF — R satisfies the Palais-Smale
condition in the sense of Chang (Chang, 1981). Let {u,} C F and {w,} C F*
be sequences such that |[Rp(uy)| < ¢, for all n > 1, with a constant ¢ > 0, and
Wy, € ORp(uy), ||wnl|p+ =€, — 0 as n — oo. Since F is finite dimensional, it
remains to show that {u,} is bounded in F. According to (37) we see that w,
can be expressed as follows

Wy = 6 AUy 4+ TpXn, With x, € 8T (uy). (42)
Let us notice that the hypothesis of Theorem 2.7.3 in Clarke (Clarke, 1983),
p. 80, is verified. Therefore we obtain
0T (v) C / dj(z,v(x))dx, Yve L>®(Q).
Q

Thus

<Aun,v—un>W11p(Q)+/ GO (U v—uyp) dz > <wn,v—un>F > —en|lv—un|F
Q
> —cen|lv = unllwir), VYv€EF, c=const>0,

because the norms ||-||r and ||-|lyw1.r(q) are equivalent in ' (F' is finite dimen-
sional). Since Lin(#,u,) C F, the hypotheses of Lemma 1 are verified. Conse-
quently {u,} is bounded in W?(Q), which means that

urllwir@) < Mr (43)

for some Mp > 0.
Following the lines of the proof of Lemma 2 (with W?(§) replaced by F)
we conclude the existence of positive constants pp > 0 and nr > 0 such that

Rr()>np, Vve{welF: |w|r=pr} (44)

By Lemma 4 we know that R(te) < 0 for any ¢ > 1, therefore pr < |l¢| p.
Thus, taking into account that Rp(0) < 0 and Rp(e) < 0 we are allowed to
apply Theorem 1 to deduce the existence of a critical point up € F of Rp. This
leads to the finite dimensional hemivariational inequality (39) (see Motreanu &
Panagiotopoulos, 1999).

Let us recall that the critical value R p(ur) is characterized by (see Motreanu
& Panagiotopoulos, 1999)

= 1 f t 4
Rr(ur) it max Rr(y(t)), (45)

where

Cr ={y € C([0,1], F)7(0) = 0, 7(1) = e},
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is the the family of all continuous curves in F' joining points 0 and e in F i.e.
~7(0) = 0 and (1) = e, v(t) C F. Further, from Lemma 2 it follows that for a
certain positive p > 0 one can find n > 0 with

R(v)>n, YveS,NL>Q), (46)

where S, := {v € WHP(Q): |[v]lw1r(q) = p}, while Lemma 4 ensures the exis-
tence of e € W1P(Q), e # 0, such that

R(te) <0, Vt>1. (47)

Therefore, for any F € A, if v € Cp([0,1]; F') then v meets points of S, which
means that

max R t)) = n. 48
t€[0,1] F(’Y( )) N (48)
Hence

< — 3 < \v/ c

and (41) results.

Now we are ready to show that Mp > 0 in (43) is independent of F' € A.
For this purpose suppose that a sequence {ur, } r,ea of solutions of (Pp,) has
the property that ||ur, ||w1.»() — co. Taking into account (39) and (49) it is
easy to check that the hypotheses (6) and (5) of Lemma 1 hold (with F replaced
by F,, and &, = 0). Following the lines of the proof of Lemma 1 we arrive at
the contradiction, which establishes the assertion. The proof of Proposition 1
is complete. [ |

PROPOSITION 2 Assume the hypotheses (H1), (H3), (H4)1. Moreover, let
(H6)1 liminf/ jlx,t)de = —oco.
t—+oo [o

Then, for each F' € A there exists up € F such as to satisfy the hemivariational
inequality (39). Moreover, condition (40) is fulfilled.

Proof. Since WhP(Q) = R & W, where W = {v € W'?(Q): [, v(z)dx = 0},
||UH;ZP(Q;]RN) > Al”””ip(g)v VveWw,

and by (H4); there follows (see Lemma 2.1, pp. 119-120, Naniewicz, 1997):
J§) = —c(1+ (%), VEER,

so we easily deduce that

inf{Rr(v): v e W} =a > —oo,
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with @ € R independent of the choice of F € A. By making use of (H6); we
infer the existence of p > 0 with the property that

El=p = Rr)<a

By Theorem 2 this allows the conclusion that Rr has a critical point urp € F
which means that (39) holds (see Motreanu & Panagiotopoulos, 1999).

In order to show (40) suppose, on the contrary, that the claim is not true, i.e.
there exist a family {F,}22; C A and the corresponding sequence {u,}>2,; C
WP(Q) of solutions of (39) (with F replaced by F,) such that ||[u|lw1.s ) —
00. By substituting v = 0 into (39) we have

[ 3 —n) o > 1Dl g, (50)
From (4) the decomposition results: u, = e,0, + u,, where e, = UQ Uy, dz’,

Un €W, 0, € {£6}, [|6]lwrr() = 1, such that
||Dan||iP(Q;RN) > >‘1 ||an||;zp(g)- (51)

Since Du,, = Du,, by (H4); we have

k+ kllunllivre @) = clltnllfymq)- (52)
Hence
ke kl[in|[fye ) + ke 2 clltinllf o) (53)

Thus, it follows that e,, — co because, otherwise, we would get the boundedness
of {ii,} and consequently, the boundedness of {u,} in W1P(Q), contrary to our
supposition. Dividing (53) by e,, we get the estimate

é + klefz_le_:”?/Vlw(Q) + klefz_l 2 eﬁ_lcllf—jll’v’vl,p(g)

which, in view of e,, — 0o and s < p, allows for the conclusion that

HZ_ZHWLP(Q) — 0. (54)

Now let us turn back to (39). By passing to a subsequence one can suppose also
that 8, = 0 (or 6,, = —0). Thus, substituting v = @,, into (39) yields

eg/ D(Z2) + DO)P~2(D(Z2) + D), Db, da
Q

—l—en/ 70 (en(E2 +0); =) dz > —cpen.
Q
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In view of D = 0 this yields
/ 7 (en(Z2 +0);—6) dz > —, (55)
Q

and consequently, by (54),

J*(0) < limsup/ —jo(en(g—“ +0);—0) dz < 0,
0 n

n—oo

the contradiction with (H3). The proof of Proposition 2 is complete. ]

For the restriction Jr := J|p : F — R we have Jr(ur) C ip0J (up).
Therefore, Propositions 1 and 2 can be reformulated as follows:

COROLLARY 1 Assume that the hypotheses {(H1)-(H6)} or {(H1),(H3),(H4)1,
(HG6)1} hold. Then for each F € A
Problem (Pg): Find up € F and xr € L*(Q) such that
/ |Dup[P~*(Dup, Dv — Dup)gy dx +/ xr(v—up)dzx =0, VYwveeF, (56)
Q Q
XF € 0j(up) a.e. in Q, (57)
has at least one solution.

According to the results obtained we know that to any F € A a pair
(up,xr) € F x L'(2)) can be assigned, which is a solution of the problem
(Pr). Moreover, the family {up}reca is uniformly bounded in W1P(Q), i.e.
(40) holds. The question arises concerning the behavior of {xr}rea.

PROPOSITION 3 Assume that a pair (up,xr) € F x LY(Q)) satisfies (56) and
(57). Then, {xr}ren is weakly precompact in L*(€).

Proof. See the proof of Proposition 3.3, pp. 198-199, Naniewicz, 2004. |

5. Main result
Now we are ready to formulate our main result.
THEOREM 3 Assume the hypotheses (H1)-(H6) and also:
(HT) For any sequence {vx} C L>®(Q), vy, — 0 strongly in LP(Y), the condition
/Qmin{w(:v)vk (z): ¥(z) € 9j(z,vi(x)) } dz <0,
implies

lim sup/ j(z, v (z)) dz < 0.
Q

k—oo
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Then there exists u € WHP(Q) with u # 0 and j(u) € LY(Q), such as to satisfy
the hemivariational inequality

|DulP~*(Du, Dv — Du)y d$+/ P(usv—u)dz >0, VYveWhP(Q). (58)
Q Q
Moreover, there exists x € L*(Q)) with the property that
|Du|P*2<Du, Dv — Du>RN dx + / x(v—u)dr =0,
Q Q

Yo e WhP(Q) N L>=(Q), (59)
xu € LYQ) and x € dj(u) a.e. in Q. (60)
Proof. The proof is carried out in a sequence of steps.
Step 1. For every F' € A we introduce
Ur = {up € WHP(Q): for some xp € L*(9),
(ur, xr) is a solution of (Pr)}

and

By Proposition 1, Wr is nonempty (even Up is nonempty) and contained in
the ball By = {v € WHP(Q): |[v]|lwir@) < M}. We denote by weakel(Wr)
the closure of Wg in the weak topology of W1P(Q). Proposition 1 ensures
that weakcl(Wg) is weakly compact in W1P(Q). We claim that the family
{weakcl(Wg)} pea has the finite intersection property. Indeed, if Fy, ..., F € A
then Wg, N...NWg, D Wg, with F = F; + ...+ F} and the assertion follows.
So, we are allowed to conclude that there exists an element u € WP(Q) with

u € ﬂ weakcl(Wr).
FeA

Let us choose G € A arbitrarily. Since W1P(Q) is reflexive, one can extract
an increasing sequence of subspaces {G,} C A, each containing G, and for
each n an element u, € Ug, such that u, — u weakly in W1P(Q) as n — oo
(Proposition 11, p. 274, Browder & Hess, 1972). Let us denote by {x»} C L(Q)
the corresponding sequences with the property that for each n a pair (uy, x») is
a solution of (Pg, ). By Proposition 3 we can suppose without loss of generality
that x, — x¢ weakly in L!(Q) for some x¢ € L'(2). Thus, we have asserted
that

up, — u  weakly in W1P(€) (61)
xn — x¢ weakly in L'(Q) (62)
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and that (56), with F replaced by Gy, reads
<Aun,v — “">W1,p(Q) + /Q Xn(v —un)de =0, VYveGqG,, (63)

where A : WHP(Q) — (WLP(Q))* is defined by (38).

Step 2. Now we claim that x© € 9j(u) a.e. in Q. (See the proof of Theo-
rem 4.1, Step 2, p. 201, Naniewicz, 2004).

Step 8. Now it will be shown that

limsup/ G0 (s v — uy) do < / §%(us v — u) du, (64)
Q

n— o0 Q

holds for any v € WHP(Q) N L>(£2). (See the proof of Theorem 4.1, Step 3,
pp. 201-202, Naniewicz, 2004).

Step 4. Now we show that

x%u € LY(). (65)
lim inf/ Xntn dx > / x%udz. (66)

For this purpose let {ex} C L>(£2) be such that (Hedberg, 1978):

{(1—e)u} CWHP(QNL>®(Q), 0<e <1

67
Uy, := (1 — ex)u — u strongly in W1P(Q2) as k — oo. (67)

Without loss of generality it can be assumed that uy — w a.e. in Q. Since it
is already known that x¢ € 9j(u), one can apply (H4) to obtain x&(—u) <
7%(u; —u) < k(1 + |u|?). Hence

Gy, = (1- ek)XGu > —k(1+ |ul?). (68)

This implies that the sequence {x“}} is bounded from below by an integrable
function and x%u; — x“u a.e. in . On the other hand, one gets

/xn(ﬂk — up)dx g/jo(un;ﬂk — up) dz.
Q

Q

Thus, passing to the limit with n — oo yields

/ xCty, dz — lim inf/ Xnln dr < lim sup/ 30 (tn; Tr, — uy) da,
Q Q Q

n—oo n—oo
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and due to (64) we are led to the estimate

/ G dez < liminf [ ynu, dz + / 3% (u; Uy — ) dx
Q Q Q

n—oo

<liminf | xnu,dz+ / jo(u; —€pu) dx
Q Q

<liminf | xpundz +/ exk(1+ |ul?)dx < C, C = const.
Q Q

Thus, by Fatou’s lemma we are allowed to conclude that x%u € L*(Q), i.e. (65)
holds. Taking into account that e, — 0 a.e. in  as k — oo (passing to a
subsequence if necessary) we establish (66), as required.

Step 5. It will be shown that

<Au,v—u>w1’p(m—l—/QxG(v—u)d:v:O, Vo e UGnDG

n=1

X< € 9j(u).

Q%)

Since A is bounded and {ur}rea C {v € WHP(Q): |[vllwip(q) < M}, there
exists K > 0 such that {AUF}FGA C {l S WLP(Q)*: ||lel,p(Q)* S K} From
(63) it follows that for any fixed G € A we get

‘/ xS dx
Q

because {G,} is an increasing sequence. Further, by making use of (65) and
(66) we have y%u € L*(Q2) and

< K|vllwir, Yve|]Gn x€dj), (69)

n=1

lim sup(Auy, , wn, — v>lep(Q) < /Q X% —u)de, Vve U Gh. (70)
n=1

n—oo

Since u,, € G, and u,, — u weakly in W1P(Q), the closure of U,~; Gy in the

strong topology of W1P(2), U2, G, must contain u. Thus there exists a
sequence {w;} C |J,—, G,, converging strongly to u in W?(Q) as i — co. We
claim that for such a sequence,

/xGwidx—> xGudr asi— oo. (71)
Q Q

Indeed, let {ux}g, be given by (67). From (68) it follows that
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with the bounds —r(1 + |u|?) and |x“u| being integrable in Q. Thus, there
exists a constant C' > 0 such that

‘/ Uy, da
Q

Denote by A a linear subspace spanned by {uy }52 ; and define a linear functional
Lo (UrZy Gn+ A) — R by the formula

X

< Olukllwrry, k=1,2,.... (73)

ZAXG(U) ::/Qvadx, v e UGn—i-A.

n=1

Taking into account (69) and (73), from the Hahn-Banach theorem it follows
that ,¢ admits its linear continuous extension onto W'?(Q), ¢ € Whr(Q)".
By the dominated convergence,

/Xcﬂkda:e xCudr, ask— oo,
Q Q

so we get ¢ (u) = [, X® udz which, in particular, implies (71), as claimed.
Taking into account (70) and (71) we conclude that

liisotip<Aun,un - U>W1w(sz) <0, (74)
which, by the pseudomonotonicity of A, implies

Au, — Au weakly in WP () (75)

<Aun,un>wl’p(m — <Au,u>W1’p(Q). (76)

Hence from (63) we are led to (QY), as desired. Notice that (75) and (76) imply
the strong convergence u,, — u in W1 ().

Step 6. It remains to show that there exists x € 9j(u) with the associated
linear functional defined by

o~

Iy(v) == / xvdz, YveWP(Q)nL>e(Q),
Q
admitting a continuous extension I, € W'P(Q)" such that

Au+1, =0, <lX,u>W1’p(Q) = /qud:c. (77)

For every G € A let us introduce

VI = {x% e LY(Q): (QF) holds}
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and

7(G) _ U VG,
G'eA
G'>G

As in the proof of Proposition 3 we show that the family {x%}gea is weakly
precompact in L*(Q). Denoting by weakel(Z(%)) the closure of Z(%) in the weak
topology of L'(€) we prove, analogously, that the family {weakcl(Z(%))} g has
the finite intersection property. Thus, there exists an element y € 9j(u) such
that for any G € A there is

<Au,v>W1,P(Q) + /Q xvdr =0, VveQG.

Since G € A has been chosen arbitrarily and A is dense in WP (Q), (77) results,
as desired.

Step 7. It remains to demonstrate (58). For that we refer the reader to the
proof of Theorem 4.1, Step 7, pp. 205-206, Naniewicz, 2004.

Step 8. In order to show that j(u) € L'(Q) we use (40) and (41) to get

/ J(un) dz < vz — %HDunHZEP(Q;RN) < 2.
Q
Next, in view of the conditions

J(un) > —ko(1 + |un|?),

J(un) = j(u) a.e. in Q as n — oo and u,, — u strongly in L?(Q), we are allowed
to apply Fatou’s lemma which yields the assertion.

Step 9. The existence of a nontrivial solution u # 0 follows from (H7). The
supposition u = 0 leads to the contradiction. Indeed, since {u,} C WhP(Q) N
L*(2) and u,, — 0 strongly in W1P(Q2) as shown previously, by making use
of (63) with v = 2u, we get [, min{tpun: ¢ € j(un)}tder < [, Xnunde =
—HDunHiP(Q;RN) < 0. Hence, limsup,, ., [ j(un)dz < 0, and consequently,
lim sup,,_, ., R(u,) < 0, which contradicts (41). This contradiction yields the
assertion. The proof of Theorem 3 is complete. |

Analogously we prove the following;:

THEOREM 4 Assume the hypotheses (H1), (H3), (H4)1, (H6)1. Then there
exists u € WHP(Q) with j(u) € LY(Q), such as to satisfy the hemivariational
inequality (58). Moreover, there exists x € L*() such that (59) and (60) hold.

From (59) and (60) we obtain now
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COROLLARY 2 Assume that the hypotheses {(H1)-(H7)} or {(H1),(H3),(H4)1,
(H6)1} are fulfilled. Then the problem: Find u € W1P(Q), x € LY(Q) such that

-Apu = —x in § (in the distributional sense)
X € 9j(u) ae inQ
(P) xu € LYQ)
j(w) € LYQ)
g—z =0 on IQ (in the distributional sense).

has at least one nontrivial solution.

6. Remarks and comments

As it is well known, see Naniewicz & Panagiotopoulos (1995), in case of the
classical growth condition of the form

0j (Ol < c(1+[gP7h), €eR?, (78)

the problem described by hemivariational inequality (58) admits a solution u €
V and, moreover, there exist x € LI(Q;R?®), 1/p+1/q = 1, and ¢p € V* such
that

X € 90j(u) ae. nQ and P € 9P(u),

g=Au+vY+1,

where [, € V* is a linear continuous functional defined by

(ly,v) :zfx-de, veV. (79)
Q

Recall that the subdifferential 0®(u) C V* in the sense of Convex Analysis
(Ekeland & Temam, 1976) is defined for v € Dom ® by means of the formula

®(v) — P(u) > (Y,v—u), YveV.

Thus, in case of (78) a statement that u € V is a solution of hemivariational
inequality (58) is equivalent to

g—Au—1, € 0D(u). (80)

The situation changes essentially when (78) is replaced by the unilateral
growth condition (H4). In such a case we have only ensured the L*(2)-regularity
of x and consequently, the corresponding functional I/, (given by the formula
(79)) is linear on its domain Doml, D L%*(;R®) NV, but not necessarily
continuous. It may happen that [,, does not have the continuous extension onto
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the whole space V' (I, is discontinuous). If it is the case, [, can be extended
onto the whole space V' as a function from V into R U {+00, —co} by setting

Jox-vdQ if x-ve LY(Q)
ly(v) =< 400 if [olx o]t dQ =400 (81)
—00 if [o[x-v]TdQ <400 and [,[x - v]” dQ = +oo,

for each v € V. Thus, we deal with a functional I, : V. — R U {400, —c0}
which is discontinuous whenever [, (v) = 400 or I, (v) = —oo for at least one
point of V. Notice that [, can be expressed as a difference of two convex
lower semicontinuous proper functions I (v) = [,[x - v]"dQ and I (v) =
Jolx-v]7dQveV, ie.
L) =1 () =15 (v), YveV. (82)
Denote by L(V') the class of all linear densely defined functions [ : V' —
R U {400, —0co} which can be represented by a difference of two convex lower
semicontinuous proper functions It : V — RU {400} and [~ : V — RU {+oc},
i.e. [ =17 —[~, with the convention that

IT(v) =1~ (v) if v € Domit NDoml~
l(v) := ¢ +o0 if v ¢ Domlt (83)
) if v € Domit and v & Domi™.

For a convex, lower semicontinuous, proper function ¢ : V — R U {400}
we introduce dp(u) C L(V) as follows: if u € Dom ¢ then dp(u) = () while if
u € Dom ¢ then we set

ledou) & Iu)eR and pv) —pu) >1(v—u), YveV. (84)

The formal definition of 5@0(11) coincides with that of d¢(u) C V* in the sense
of convex analysis. However, 5@(1;) apart from containing elements of dp(u),
may contain also some discontinuous linear functionals which will be called here
discontinuous subgradients. Notice that if © € Int(Dom @), where “Int” means
“the interior”, then by the Banach-Steinhaus theorem it follows that 5@(1;) and
Op(u) coincide.

In the terminology of Pallaschke & Rolewicz (1997) a function I € 5@(1;)
fulfilling (84) is said to be a L(V)-subgradient of ® at u € V. We refer the
reader to Pallaschke & Rolewicz (1997) for the general abstract subdifferential
theory.

As we shall see below, the notion of discontinuous subgradient is specially
useful in describing some particular aspects of Theorem 4.
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THEOREM 5 Assume all the hypotheses of Theorem 4. Then there exists u € V.
such that

<Au—g,v—u>v+‘1>(v)—(I)(u)—l—/ﬂjo(u;v—u)dQZO, YveV. (85)

Moreover, there exists x € L'(;R®), x € 9j(u) a.e. in Q, such that for I,
defined by (81) it follows that

g — Au—1, € 0D(u). (86)

Proof. Following the lines of the proof of Theorem 4 we can deduce that the
inequality

<Au—g,v—u>v+<1>(v)—<I>(u)—|—/ﬂx-(v—u)d§220

holds for any v € V. N L>®(Q;R®). It can be written equivalently as
P(v) — P(u) > (—Au+g,v — u>v —ly(v—u), Vo e VN L= R?), (87)

where Iy (v —u) = [, x- (v —u)dQ. It must be shown that this inequality holds
for any v € V. If v € Dom @ then there is nothing to prove because ®(v) = +o0.

Let us consider the case of v € Dom ®. If y-v € L'(Q) then —y -0}, > —|x |
which, by Fatou’s lemma, yields liminfj_ . —Iy(Ux) > —Iy(v). Thus, in view of
(H) the assertion follows (v, has been taken as in the hypothesis (H)). If x - v ¢
L(£2) then there is nothing to prove if I, (v) = 400, while, as it will be shown,
the case I, (v) = —oo cannot happen. Indeed, suppose that I, (v) = —o0, i.e.
Jolx-v]TdQ < +o0 and [,[x-v]” Q = +o0. Taking into account (87) we are led
to I (Ux) > —C for a constant C. Hence D > [, [x-0x]T dQ > [,,[x-Uk]” dQ—C
for some D = const. But, due to Fatou’s lemma this yields [,[x-v]~ dQ2 < C+D
contrary to [,,[x - v]~ d€2 = +oc. This contradiction completes the proof. [ |
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