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Abstract: The optimal control problems and a weight mini-
mization problem are considered for elastic three-layered plate with
inner obstacle and friction condition on a part of the boundary. The
state problem is represented by a variational inequality and the de-
sign variables influence both the coefficients and the set of admissible
state functions. We prove the existence of a solution to the above-
mentioned problem on the basis of a general theorem on the control
of variational inequalities. Next, the approximate optimization prob-
lem is proved on the basis of the general theorem for the continuous
problem. When the mesh/size tends to zero, then any sequence of
appropriate solutions converges uniformly to a solution of the con-
tinuous problem. Finally, the application to the optimal design of
unilaterally supported of rotational symmetrical load elastic annular
plate is presented.
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1. Introduction

Plates and shells are main elements of many advanced structures. One of the
most important characteristic of a construction is its weight, which determines
the consumption of material needed for production of the construction as well
as some of its operating features.

We shall deal with an optimization problem for the unilateral contact be-
tween an elastic three-layered plate and inner obstacle. The model of three-
layered plate ignores shears in the middle layer. We assume that a homogeneous
and orthotropic plate occupying a domain Q x (—[Hy + O], [H o) + O]) of the
space R? is loaded by a transversal distributed force p(z,y) perpendicular to
the plane XY. The plate is supported unilaterally by an inner rigid obstacle
(punch). Here, on the part of boundary 92 we have the displacement with
friction of the points of 0Qconmer- The role of control variable is played by the
thickness of exterior layer (appearing also in the right-hand side) and the friction
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bound (slip limit), respectively. The control variables have to belong to a set of
Lipschitz continuous functions. The inner obstacle and the variable thickness
(the exterior layer) imply that the convex set of admissible states depends on the
control parameters. The cost functional represents a weight of the three-layered
plate. Into the weight minimization problem, we introduce constraints, which
express bounds for some mean values of the intensity of stress field. Moreover
we consider another cost functional which represents the intensity of shear forces
(the von Misess yield criterion). The state problem is modelled by a variational
inequality (fourth order elliptic variational inequality) where the control vari-
able influences both the coefficients of the linear monotone operator and the set
of admissible state functions. On the basis of the general existence theorem for
a class of optimization problems with variational inequalities, we prove the exis-
tence of at least one solution to the weight minimization (is treated via a penalty
method). We deduce the continuous dependence of the deflection on the control
variable (thickness of the plate and slip limit). Next we define a finite element
discretization of the penalized optimal control problem and prove its solvabil-
ity. Here, any sequence of approximate solutions, with mesh size decreasing to
zero, contains a subsequence, converging to a solution of the penalized control
problem. From here, taking into account a sequence of solutions with the pe-
nalization parameter tending to zero, any limit point is proved to coincide with
a solution of the original weight minimization problem. Finally, this theoretical
advance we apply to the shape optimization of elastic axisymmetric circular
plate with annular opening.

2. Basic relations

A three-layered plate consists of two exterior layers, which are made of a strong
material (the so-called carrier layers), and of a comparatively light, non-strong
middle layer (the so-called filler), the latter ensuring the joint work of the exte-
rior layers. Consider the three-layered plate whose middle layer is of thickness
H oy (x,y) and two exterior layers are of thickness O(x,y). We suppose that O
is much less than H (0 < Hy(z,y)) and that the material of the middle
layer is much more flexible that material of the exterior layers. In this case,
the shearing stresses perceive mainly the middle layer and the bending stresses
perceive mainly the exterior ones.

Suppose also that, in the transversal direction, the elasticity modulus of
the material of the middle layer is infinitely large. The material of the middle
layer is usually light, so that the mass of the plate is concentrated in the exterior
layers. This is why, in solving optimisation problems for three-layered plates, the
control is usually the function O(z,y) determining the thickness of the carrier
layers. In what follows, we assume that the equality: Hy + O = constant,
determining the parallelism of the midplanes of the carrier layer, holds. The
Kirchhoff hypotheses are supposed to be fulfilled for the three-layered plate as
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whole. Then the strain components (€,,, £y, €2y) are expressed by the formulas

€xa(2,y,2) = 0&(2,y,2) /0 = —20%v(x,y) /0x,
5yy(ma Y, Z) = 877(997 Y, Z)/ay = 72821}(1‘7 y)/ay2a
Exy = 0&(2,y,2)/0y + On(x,y, 2) [0z = —22(0%v(x, y)/Dxdy),
where under Kirchhoff hypotheses, the components £(z,y, z) and n(x,y, z) of

the vector of displacements of points of the plate in the directions of the X and
Y axes have the form

€(I7 Y, Z) = —Z(%(x, y)/a.ﬁ,
7’(1’; Y, Z) = 7281}(1‘7 y)/aya
where v(z,y) denote displacements of points of the midplane along the Z axis.
For an orthotropic plate the stress components (04, 0yy, 04y ) are determined
by the relations:
O20(2,Y,2) = E11642(x,y, 2) + Er2eyy(x,y, 2)
= —E1n2(0%0(x,y)/0x*) — E122(0%0(x,y)/0y?),
Uyy(:n,y,z) = E125zz(1’;yaz) +E22€yy(xayaz) (2'1)
= —E912(0%v(x,y)/02%) — Eg2(0%v(x,y)/dy?),
Ouy(®,y,2) = Gegy(z,y,2) = —2G2(0%v(x, y)/0xdy),

where

Eyn=E1/(1 — paapion),

Eay = E3 /(1 — paapar), ((2:2),1°)
Er9 = E91 = po1 B = pi2Ea2,

[E1, Ea, G, ui2, uo1] being the elasticity characteristics of the material.
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In this formulae:
F41 is the Young modulus in direction z,
FE55 is the Young modulus in direction y,
112 is the Poisson coefficient of contraction in direction y, due to a traction in
direction z,
o1 is the Poisson coefficient of contraction in direction x, due to a traction in
direction y.
G is the tangetial shear modulus.
Suppose that

E,, E5, G are positive numbers,
w1 and ps are constants, 0 < p12 < 1, or 0 < oy < 1, ((2.2).2°)
Hpy > constant 4y > 0, o

Hpy + 0 = constantp,,

where constant 4y and constant gy are positive numbers.

The layers are assumed to be made of orthotropic materials, so that the
relation (2.1) between stresses and strains are valid, and moreover Ej; = 0,
FEsy =0, E15 = 0, G = 0, for the inner layer, and the elasticity characteristics
of the exterior layers coincide.

For the bending moments and torque, we have in view of (2.1)

[H 0y +0]
Mzz(xay) = f zom(:c,y,Z)dZ
—[H(0)+0]

—[(2H gy + 0)/2]0024(, y, —[(2H o) + 0)/2])
H(2H ) + 0)/2)002u(2.3,[2H o, + 0)/2)  (2.3a)
= DH(O)(E)Q’U/E):EQ) + D12(O)(82v/8y2),

Q

where

D11(0) = (E11(2H gy + 0)20)/2, D12(0) = (E12(2H gy + 0)20)/2,
F11, E1o are the elasticity characteristics of exterior layers

for which ((2.2),1°) holds true.

Similarly, we have

[H 0y +0]
Myy(z,y) = f 20y (2,y, 2)dz
—[H 0y +0]
~ D21(0)(9%v(x,y)/0x%) 4+ Da2(0)(8*v(z, y)dy?),
[H 0y +0]
Myy(z,y) = [ zogy(x,y, 2)dz = D33(0)(0*v(x,y)/0xdy).
—[H 0y +0]

(2.3b)
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Here one has
D21(0) = E21(2H<0> +0)20)/2 = D12(0),

DQQ(O) = E22(2H<0> —+ 0)20)/2, (24)
D33(0) = G(2H gy + 0)?0,

—~~

and [Fa1, E2s, G] are the elasticity characteristics of the exterior layers.

Let Q C R? be a bounded domain with smooth boundary 92 and let .7 (x, y)
be a smooth function in Q. We denote the standard Sobolev function spaces
by H¥(Q) = W¥(Q), k = 1,2. In the following Lo(Q2) and L..(Q2) denote the
space of Lebesgue-square integrable functions on 2 and the space of essentially
bounded functions on  with the standard norms |||,y and |||z (o) respec-
tively. The inner product in Lo(€2) will be denoted by (.,.)7,(q)-

Let the plate be clamped at a part 9y spiacement Of the boundary 02 whereas
on the remaining part 9Qconmer 0f the plate subjected to a contact with friction:
00 = IQpispLacevent U OQconmact, be a mutually disjoint (non-overlaping) decom-
position of the boundary (MEAS OQuspiacement > 0, MEAS OQconmacr >0). Then, we
have

V(Q) :{U € H? (Q) : Mov = 0 on Iyspiaceven

A1v =0 on OQpgpiacement D sense of traces},

Moo is the restriction of v to OQpispracements #1v = Ov/On is the normal deriva-
tive on OQpispLacevents Where [y, #1] are trace (or boundary) operators.

On the part 0Qconmer 0f the boundary 92 we have displacement with friction
on points of conmer. If the reaction force |V,X, (v)| is below a certain value, the
friction is not overcome and there is no displacement v, above this value, there
is a displacement in a direction opposite to the force. This means that on the
part 9Qconmacr We prescribe a slip limit .# and the following friction conditions:
either the surface force |V, (v)| is less that the slip limit .# and the plate
remains in its original position, or |V,*,(v)| equals .# and the plate can slip into
a new equilibrium position in the opposite direction to the friction force. As a
consequence, we have the following condition on OQconmact

|V7:<z(v)| < 7, |VJZ(”U)| < Z =v=0,
|Vx (v)] = & = There exists A > 0 such that v = —AV*, (v).

Let us recall some connections between continuous functionals and the Radon
measures. We denote by Ceoueacr(£2) the space of all continuous functions with
compact support in Q. A sequence {0, }nen, 0n € Coompacr(€2) converges to
0 € Ceompnct(€2), if the supports of the functions 6,, belong to a compact subset
of Q and {60, }nen converges to € uniformly on Q. Due to the representation
theorem every continuous linear functional ¥ over Ceowpacr(§2) can be represented
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Figure 2.

by the integral

<%7 9>CCOMPACT (Q) = /Qdu for any 6 € OCOMPACT(Q)a (2'5)
Q

where 1 belongs to the set .Z () (the set of all measures defined on ). A linear
continuous functional ¥ on Ceoymer(€2) is said to be positive, if ¥ > 0 for all 6 €
Ceowpact(2), 8(z,y) > 0. Positive functionals on Ceopecr (£2) possess an important
property: linear and positive functional ¥ on Cioupacr(€2) is continuous and can
be represented in the form (2.5) with a nonnegative measure p.

The thickness O will be sought in the following set of admissible functions

Uoa() :={0 € CVN(Q) : Oray < O(x,y) < Oninx
|00/0x| < constant(yy, |00 /0y| < constant
(or [00/0¢| < constantg, |00/0n| < constant,)},

where C(0)1(Q) denotes the set of Lipschitz functions Oy, Onax and [const 1y,
const gy, constyey, const<,]>] are positive parameters, [§ , 77] some skew coordinates.
Due to Arzela theorem (Litvinov, 2000), %9 (Q) is a compact subset of % © ()
(= C().

Taking into consideration the relations (2.1) to (2.4), we get the following
expression for the strain energy of the orthotropic plate as a functional of v(z, y)
say

1 v\ > 9%v Ov?
Q

+ Doy (0) (gi;;) 2 +2D33(0) (5%)2 ) Q. (2.6)

The convex function £(0,v) is weakly or Gateaux differentiable on V(£2),
the corresponding element from 2*(€2) will by denoted by grad,£(0,v). We
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have (the main variation of the strain (internal) energy)

(grad,€(0,v),w)y () = ;ii%[E(O,v + dw) — E(0,v)]/A
/ {8622 (Du(O)gﬂZ) 8522 (DQQ(O)%) + aa—;(Dlg(O)gi;Q)> (2.7)
Q

0? 9*v 0? 0%
o (P(0)53) + 255 (P 5, ) [

for any w € 2(Q).

Thus, according to (2.6) and (2.7), the following bilinear form on [V () x
V()] corresponds to the strain energy of the ortohotropic plate (the variation
of the intenal energy or virtual work equation)

a(0, v, 2) Q/ {DH(O) <%> <%) + Das(0) (gi;;) (g%) +
puo)((5) (57) + (5) (3))+ oo

2000 ((22) (2)) a0, o e v

Moreover for fixed v € V(£2) we consider the application: z — a(0,v,2),
2(Q2) — R (the linear continuous on Z(£2)). Then there exists the element
Q(0)v € 2*(9) such that

(Q(0)v,2)p() = a(0,v,2) for any z€ P(Q), or z € HJ(Q). (2.9)

Here the relation (2.9) defines the linear continuous operator Q(0) : V(Q2) —
7). If 2(Q) is dense in V() the operator Q(0O) coincides with the operator
2/ (0): V(Q) — V*(Q) defined by the equation

(e (O), 2)v () = a(0,v,z) for [v,2] € V(Q), O € Z3(). (2.10)

(It is advantageous to consider the equivalent formulation when <7 (0) is gen-
erated by a bilinear, control dependent bounded functional a(O,-,-) : V(Q2) x
V() — R.)

In the following we denote by A(O) the restriction of Q(0) to: D(A(O))
{v e V(Q) : QO)v € La(Q),a(0,v,2) = (QO)v, 2) () for any z € V(Q)
{v € V() there exists the element H(O)v € L2(2)} such that: (FH(O)v, 2)1,(q)
a(0,v, z) for any z € V() }. Thus, D(A(O)) is the set of the elements v € V(2
such that the linear form: z — a(0O,v, z), which is defined on V() can b
prolonged to the linear continuous form on Ly(€2) consequently: D(A(O))
D(A(0)) and the operator A(O) coincides with the operator A(O) which is
defined by the triplet [V(2), L2(€2), a(O, v, 2)].
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The loading of the homogenous orthotropic plate (e.g. a concrete plate rein-
forced by welded ribs) is given by

1°  The surface (traction) forces p(x,y).
2°  The body forces (within the plate) 2[w; H gy + w20],

where w; = constant (i) i =1,2 is a given specific weight.

Let us consider the following virtual work of external loading
<L(e)7U>V(Q) = / [p - 2(w1H<0> + wQO)] vdQ2.
Q

Here, the mapping e — L(e) from %,q(2) into V*(Q) is continuous.
We define the friction functional ®([0,.Z],v) : V(Q) — RL by the formula

B(0,#],0)i=  [Flolds + Lo (v) (2.11)
OconTacT

where

F € %a(?(aQCONTACT) :{ﬁ S C(O)’l(a_QCONTACT) :0< 5‘\(5) < yMAX?
|d.Z|ds| < constant gy, a.e. in OQconmer}s

with given positive constants [.Fyax, constant 4)] and I ¢ (0, q)(-) is the indicator
function of the set .2 (0, Q).
In what follows, we set e = [0,.%] and define

Ua, (Q) = %a(?i(Q) X %a(g (6QCONTACT)-

Further, we introduce the function . € C (Q),ito be given, describing a lower
unilateral obstacle. The obstacle function . : 2 — R fulfils the condition:

(HO)  MAX [xyjean -7 (X,¥) + (Omax + Hygy) < 0.

Let us use the virtual displacement principle to establish a variational for-
mulation of the problem. To this end we introduce the set:

%(O,Q) - {U € V(Q) : U(Zay) > y(l',y)+ (O(Iay)+H(0>) for [x,y] € Q}

On the basis of the virtual displacement principle, we introduce the following
STATE PROBLEM: Given any e € %,q(1?), find u(e) € 2 (0, ) such that

((0)u(e),v—u(e))v(a)+P(e,v) -~ P(e,u(e)) > (L(e), v—u(e))v (), (2.12)

holds for all v € £ (0, Q).
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Later on, we shall prove that the variational inequality has a unique solution
for any e € %a ().

This is a mathematical model of an elastic orthotropic plate in the state of
static equilibrium, interacting with an obstacle (the obstacle shape is defined
by the equation z = . (x,y), [z,y] € Q). Furtermore, due to (2.9), from (2.12)
(here inserting v = u(e) + 6, 6 € Z(Q) and 6 > 0), we immediately deduce that

p(le,u(e)], Q) = QO)u(e) — (p — 2wi1 H gy — 2w20),

is a positive distribution on €2, and consequently, a nonnegative Radon measure
in ©. This measure describes the work of interaction forces between the plate
and the obstacle.

Let a specific weight w; € Lo () be given, w; > 0, ¢ = 1,2. Thus, the weight
of the orthotropic (three-layered) plate is determined by

gWEIGHT(e) =2 / [W1H<0> + WQO]dQ
Q

Moreover, the following constraints will be considered (the Norris strength cri-
terion)

(A1) S(e,M(e)) <0, Q=1,2,...,Ng, Ng(< +00),

where

1

(e, M(e)) =9/4 MEAS QO / o 7O

*

Q

x [M7,(e) + My, (e) + (or/Tr)* M7, (e)]dQ — oF,

Qy C Q) are given subdomains, o, Tr are given positive constants and M(e) are
the bending moment and torque, derived by the relation (2.3) from the solution
u(e) of (2.12).
Let us introduce the set of statically admissible control variables:
Ng

Gad(Q) = {0 € Uaa(Q) : Y (L) (e, M(e))]T) = 0}.

=1

where [a]T = max{0,a} denotes the positive part of a.
Here, we assume

Z.a(Q) #£ 0. (2.13)
Now, our main task is to solve the Optimal Control Problem:

(Z) e = ArgMin Ziecur(e).
e€Y,q4(Q)
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In the following, we remove the constraints (Al) by means of a penalty
method. To this end we introduce a penalized cost functional

Na
-4(5),WE|GHT(97 M(e)) = gWEIGHT(e)+ (1/5) Z ([y(@ (ea M(e))]Jr)a e>0
e=1
and a penalized optimal control problem
(9(@) €)= ArgMin -4(5),WE|GHT(97M(9))- (2.14)

e€Uaa (Q)

3. Existence of a solution to the optimal control problem

We shall consider a class of abstract optimal control problems and prove their
solvability. Then, we shall apply the general result to our optimal control prob-
lem (&22).

Let U(2) be a Banach space of controls, Ugq(2) is a subset of admissible
controls. We assume that U,q(Q2) is compact in U(2). Let reflexive Banach
space V() be endowed with a norm ||.|[y () and let V*(€2) be its dual with a
norm ||.||y+(q), the duality pairing between V(€) and V*(£2) being denoted by

<'a >V(Q) .
DEFINITION 3.1 We say that a sequence {K,, () }nen of convex subsets of V()
converges to a set K(Q), i.e. K(Q) = Lim K,,(Q) (convergence in the sense of

Mosco) if the following two conditions are satisfied:

1° For any v € K () a sequence {vp tnen exists, such that v, € K, ()
and lim v, = v in V(Q).

2° If vy, € Kp(Q) and vy, — v weakly in V(§2), then v € K(Q).

DEFINITION 3.2 Let #;, : V(2) — [0,00], n = 1,2,... be a sequence of func-
tionals. We say that

W = Lim Wy,

n—oo

if the following conditions hold:

1° For each V() there exists a sequence {v,}nen such that v, € V(Q),
lim v, = v in V(Q),limsup #;,(v,) < # (v).
n—oo

n—0oo
2° For each sequence {#,, }ren and each sequence {vg}ren, vk € V(Q),
weakly convergent tov € V(Q), the inequality
# (v) < Uminf %, (vn,)
ng— 00

holds.
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In view of Definition 3.2, # = Lim %, implies that for each v € V()

n—oo
there exists a sequence {v,}nen such that v, — v strongly in V(Q2) and

lim #,(vn) = # (v).

Let us consider a system {& (e, Q) }nen, en € Uad(2), of closed convex sub-
sets, K(en, ) C V(Q) and a family {A(e,)}nen of operators A(e,) : V() —
V*(Q), satisfying the following assumptions
N R £,

eeUad(Q)
2° e, — estrongly in U(Q), e, € Uaa(?) = (e, ) = Lim K(e,, ),
3° There exist constants: 0 < aq < M4 independent of e € U,4(Q)
(H1) and such that

aallo = 21 < (Ale)o — A(€)z,0 — v,
[[A(e)v — Ae)z| Vo) S Mallv — Z||V(Q),

4° e, — e strongly in U(QQ), en € Uaa(2) = Alen)v — Ale)v

strongly in V*(£2) holds for all v € V/(Q).

Moreover, we consider a system of functionals {®(e,.)}, e € Uga(Q), ®(e,.) :
V(2) — [0, o0], lower semicontinuous and convex on V' (€2) and such that
en € Uga(Q), ey, — e strongly in U(Q) = ®(e,.) = Lim P(e,, .),
n—oo
1° dom ®(e,.) ={v e V(Q): P(e,v) < +oo} =Z(e, Q)
for all e € Ugq ().
(H2) Additionally we suppose that there is a bounded sequence {ay, }nen with

an, € K(en, ) and limsup ®(e,, a,) < +oo for each sequence
20 n—00

{entnen, en € Uaa(Q2) such that e, — e strongly in U(Q).

Finally, let a functional f € V*(2) and a continuous mapping B : U(2) —
V*(Q) be given.

For any e € Uyq(f2) let us consider the following state variational inequality:
Find u(e) € K(e, Q) such that

{<A(€)U(€), v —u(e))v(a) + (e, v) — (e, ule)) = (f + Be,v —ule))v(q)
for all v € (e, Q). (3.1)

Here, we note that there exists a unique solution u(e) € (e, Q) for any e €
Uad(2). In fact, we may employ the general theory of variational inequalities
(see Cea, 1971; Duvaut, Lions, 1972).

Next, let a functional £ : U(Q)) x V(2) — R be given such that

en — e strongly in U(Q), e, € Uaga(R2) and v, — v weakly in V(Q) =
liminf .Z(en, vn) = ZL(e,v). (3.2)

n—oo
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Let us introduce a functional J : U,q(2) — R by the formula J(e) =
Z(e,u(e)), u(e) is the solution of the state problem (3.1). Here we shall solve
the optimization problem

(%) ey = ArgMin J(e).
eeUad(Q)
THEOREM 3.1 Let the data of the state problem (8.1) satisfy the assumptions
(H2). Let ey € Uaq(Q), €n — e(sy strongly in U(Q). Then one has: u(e,) —
u(es) strongly in V().
Proof. Let us consider the state inequality (3.1) for any e,,, n = 1,2,.... Next,

set v = a, (see ((H1),2°), adding the term (A(e,)an,u(e,) — an)y(q) to both
sides, we derive the inequality

{ (Alen)ulen) — Alen)an, uen) — an)v(a) + ®(en, ulen))
< <f + Benau(en) - an>V(Q) + <A(en)ana Apn — u(en)>V(Q) + q)(ena an)'

Hence in view of ((H1),3°,4°), (H2) and the continuity of B, we deduce:
[lu(en)|lv (o) < constant for all n.

Thus there exists a subsequence {u(en, )} ren C {u(en)}nen and element
uy € V(Q), such that

u(en,,) — ugy weakly in V(). (3.3)

The assumption ((H1),2°) implies that: ) € K(e(,)2). From here, taking
into account (H2), we have

<I>(e<*>,u<*>) < 400 (3.4)

By virtue of Definition 3.2 we can find a sequence {0 }ren, such that 0 €

& (ex, ) and
0k — u 4 strongly in V(§2),
{ k (%) gly ( ) (3.5)

kh—{go D(en,,0k) = (I)(e<*> , u<*>).

Here 6, € (e, Q) follows from (H2) and (3.4), (3.5).
Further, we consider again the inequality (3.1) for e = e,,, , inserting v := 6y,
and adding term (A(ey, )0k, u(en, ) — Or)v () to both sides of (3.1). We obtain

lim sup(A(en, Ju(en,) — Alen, )0k, ulen,) — Ok)v ()

k—o0

< limsup(A(en, )0k, O — ulen,))v (o)

k—o0

+ hllcn Sup<f + Benk ) u(enk) - 9k>V(Q)

+ limsup ®(ey, , 0x) — liminf ®(e,, , u(en, ) < 0. (3.6)

k—o0 k—o0
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The last inequality follows from the weak convergence of {u(en, ) tren, (3.5),
the continuity of B and the following assertion

ex — e strongly in U(Q2), ex € Uaa(€2) and vy, — v strongly in V(1)
= [|A(er)vr — A(e)v||y+(a)
< Mgllve = vllv() +[[Alex)v — Ale)v]

ve) — 0, (3.7)

which is a consequence of ((H1),3°,4°).
Moreover, due to the uniform monotonicity of [A(ey, )] ((H1), 3°) and in
view of (3.6), we may write

T [fu(en,) — Ohlv ) = 0. (38)

Thus, taking into account (3.8) and (3.5), we have
u(en,, ) — sy strongly in V(€2). (3.9)

Then the relations (3.7) and (3.9) give
Alen, Juen,) — Aley)uy strongly in V*(Q). (3.10)

Further (due to (H2) and Definition 3.2) for any v € K(e, ) there exists a
sequence {Uy}ren such that 9, € R(ep,, ), ¥ — v strongly in V(Q) and we
may write

q)(enkvﬁk) - <I>(e<*>,v). (3.10*)
Hence, passing to the lim sup on both sides of the inequality:
k—o0
<A(enk )u(enk)ﬂ u(enk) - ﬂk>V(Q) - <f + Benkﬂu(enk) - ﬂk>V(Q)
< (I)(enkvﬁk) - q)(enk ) u(enk))a

we arrive at (by virtue of (3.9), (3.10), (3.10). and (H2))
(Aleq)ugy, wiy —v)vie) = (f +Bepy, u —v)ve) < (e, v) = P(ew, ug))-

Then, from the uniqueness of u(e(,y), we deduce ug) = u(e(). Hence, the
whole sequence {u(en,)}nen converges weakly to u(e,y) in V(£2). [

THEOREM 3.2 Let the data of the state problem (8.1) satisfy the assumptions
(H1). Let the functional £ satisfy the condition (3.2). Then there exists at
least one solution of the OPTIMAL CONTROL PROBLEM (£).

Proof. Since the set U,q(€2) is compact in U(£2), there exists a sequence {ey, }nen,
such that e, € Uaa(S2), en — ey strongly in U(Q), ey € Uaa(), J(en) —

Inf J(e). Then, (3.2) and Theorem 3.1 imply that
eeUad(Q)

ZL(ey,uleny)) <liminf Z(e,,u(e,)) = Inf L(e,ule)).

n—00 e€Uqyq(Q2)
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As a consequence, e, is a solution to the problem (%). [ |

n

on ¢, > 0. Here we apply a penalty method for the existence of an optimal
solution (&7).

LEMMA 3.1 For any O € %5(Q) the set 2 (0,9Q) defined in (2.9), is a non-
empty closed and convex subset of V() and O,, € Z5(2), O, — O strongly in
w°(Q) = #(0,9Q) = Lim H(0,,9Q).

We now consider the family of optimization problems (£, ) which depend

Proof. The condition (H0) ensures that the set (0, {2) is nonempty for any
0 € UMy =0 € Nk (0,9Q) for all O € Z9(Q). Let v, — v strongly in
V (), where v, € £ (0,Q). Next, due to the embedding theorem for the space
H?(Q) we get: nllngovn(x,y) = wv(z,y) for every point (z,y) € Q. Here, as
vn(z,y) =+ (0+ Hyy) for all (z,y) € Q, we obtain v(z,y) > .74 (04 H(q)
in © and hence v € ' (0,) as claimed.

For any v € (0, ) there exists a sequence {vy, }nen, such that:
vp, € V(Q), v, € #(0,0) for n sufficiently great and v, — v
strongly in V(Q), as n — oc. (3.11)

Indeed, let us define: 0 = v — (% 4+ O + H ) so that @ € C(Q), 0 >0 in O
and
Y, = (On—O) — 0= On—v-i-(y-i-H(O)) S C(Q),
I, = {[z,y] € Q:Vp(z,y) > C/2},

where

_ H
e [xﬁzgéQY(x, Y) 4+ (Omax + Higy) <0

due to the assumption (HO). _
Next, there exists an open set II C II C €2 such that

I1,, C II for any n. (3.12)

To see this, we realize that: ¥,, = % + (0, + H ) < € on the boundary 0.
Hence, the continuity of ¥, (x,y) and the constraints [00,/dz| < constanty)

o0
and |00, /0y| < constant oy imply that |J II, CC Q and (3.12) follows. Obvi-
n=1

ously, there exists a function % € C°°({2) such that %(z,y) = 1 for [z,y] € II
and %Z(x,y) = 0, 0%(x,y)/On = 0 for [z,y] € ONoispracement,; 0 < Z(x,y) < 1 for
[z,y] € Q. Let us set: v, = v+ [|0n — O] ()%. Then, v, € V() and

v = vnllve) = ||0n = Ol|Leo(e) ([|%l|v () — 0 as n — oo.
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On the other hand, we may show that there exists 1,y > 0 such that
n>ney = v =S+ (On+ Hyy) in Q= v, € 4(0,,9). (3.13)
Indeed, let

1° [z,y] € II. Then one has
vp =0+ [|0n — o||Loo(Q) v+ (0, -0) > 7+ (0, + H(O))'
2° Let [z,y] € 2\ II. Then we have
v =S+ (0+ Hy) +0+ 10, — O|7. (3.14)

Taking into account that [z,y] ¢ II, [x,y] ¢ II, for any n and 9,, < C/2 one
has: (0, —0) —0 < (€/2), —C(7%2/2)+ (1 —7)0 <0+ |0, — O|7%.
Hence (inserting into (3.14, 2°)), we obtain

vp = + (0 + Hyy) + 4 where 4 = —2%(C/2) + (1 — 7)0.

The function 4 is continuous and attains a positive minimum in the compact
set O\II : 2 = A([zo,Yo]) = minA > 0. Notice that, if %2(xo,yo) = 0, then
Q\II

[an yo] € 0oispLacement and we have
A(7o,Yol) = O([20, Yo]) = — [ (20, Yo) + (0(20, Yo) + H(gy)] = —€ > 0.

Next, taking into account: %(xo, yo) > 0 one has A(zo, yo|) = —C%(xo,yo)/2
> 0. On the other hand there exists no(#) such that: n > no(%%) =
[10n — Ol|lL_ (@) < 7. Hence, then we have: A([z,y]) > Alro,yo]) = [|On —
OllLo() = [On(z,y) — O(x,y)], so that: vu(z,y) = .7 (2,y) + [On(z,y) + H )]
for n > no(?) = v, € #(0,,9Q). This means that the condition 1° in the
Definition 3.1 is verified. Next we verify the condition 2°. As v, € J#(0,,),
O, — O strongly in Z°(Q) and v, — v weakly in V (), then v, — v and
O, — O strongly in C(Q) and the inequality for the limit remains valid.

The form of £ (0, Q) follows directly from its definition. Since: .4 (Oyax+
Hypy) < 0on Q and due to the assumption (HO), the zero function belongs to
H(0,Q) for any O € Z9(Q). As a consequence ((H1),1°,2°) are satisfied. m

The subspace 2(Q) := {v € V(Q) : (Z(0)v,v)y@) = 0} is the set of
rigid body motion of the plate. Let Py () be the subspace of all possible
(virtual) rigid body displacement of the middle plane, ie., Py(Q2) = {v €
V() : (0%v/022)? = 0, (0%v/0y?)? = 0, (0%v/0xdy)? = 0}.

LEMMA 3.2 Letv € H%(Q) and (0%v/022)? = 0, (0%v/0y*)?> =0, (0%*v/0x0y)* =
0. Then Py (2)= {0}, i.e. Py(Q) reduces to the zero element.
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Proof. The regularization of the displacement v gives an element v{" e €(Q)
for which
0?1922 = [0%v /02| = 0,
O*vM [9y? = [9%v /0y = 0, (3.15)
0?0 1920y = [0%v/0x0y]M = 0,
holds for every domain €,y such that Q(*) C Q, provided h is sufficiently small

(h < dis (Q(),09)). Then from the conditions (3.15) we conclude that v is
a linear polynomial. Since v{"») converges to v in Ly(Q) as h, — 0 and finite-
dimensional subspaces are closed in Ly(Q), we conclude that v~ is a linear
polynomial in every interior subdomain €2y, Q<*> C 0 and thus throughout in
Q. Thus, the homogeneous boundary condition of 0 spiacement, NOWever, yields
v=0. ]

LEMMA 3.3 The system {®(e,.)}, e € Ya(Y) of functionals defined by (2.11)
satisfies the assumptions (H2).

Proof. Since the integral is continuous on V(£2) and the indicatrix lower semi-
continuous, their sum is lower semicontinuous on V() for any O € %,9() and
F € U7 (Q). The convexity is immediate. For any e € Z,q4(), v € #(0,Q),
the integral is finite and the indicatrix vanishes.
Let us verify the assumption (H2). In the following we set
P(e,v) = ¢ ye,v) + P (e,v)

where

bolen)= [ TS, Bple) = Leoa ()
Ocontact
From this we conclude that
|P(en,vn) — (e, v)| <[P o) (en, vn) — Do) (e,v)]
+ [P0y (en, vn) — P(g)(€,v)| = |2(0)| + |25 -
Next we shall verify the conditions (1°) and (2°) of Definition 3.2. First let

v € #(0,) . Then by virtue of Lemma 3.1 there exists a sequence {vp, }nen
such that v, € #(0,,9Q), and v, — v strongly in V(). Then we have

120y < |0y (€nsvn) — Po)(€,0n)] + |P(c) (€,0n) — Do) (e, )]
< / (%0 — | |vn| + F|v, — v])dS

O2conTacT

< constant (||yn_y||Lw(6Q)||Un||H2(Q) + yMAXHUn_UHH?(Q)) — 0.
26y = Lx(0,.9)(n) = Ly (0,0)(v) = 0.
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Hence, we may write

lim ®(ep,vy) = P(e,v). (3.16)

On the other hand, let v ¢ #(0,)). Here we set v, = v foralln =1,2,....
From this we deduce that

lim sup ®(e,, v,,) < limsup /Jn|v|dS+ lim sup I ¢ (0, ,0)(v)
n— 00 n—oo n—oo
OQconTacT

< / F|dS + 00 = @) (e,v) + 5y (e,v) = (e, v), (3.17)
OQconTACT

since I ¢ (0,0)(v) = +00. Then we would have (due to (3.16) and (3.17))
limsup ®(e,, v,) < P(e,v) for any v € V(Q).

n—oo
As a consequence, condition ((H2),1°) is satisfied.
Next let v, — v weakly in V(). From this follows

liminf ®(e,,v,) > hmlnfCI)(O) (€n,vn) + liminf @5y (e, vn),

n—oo n—oo

so that in view of the compactness of the trace mapping H(Q) — L(99), we
may write

|P (o) (en, vn) — Py (e, v)] < / (| Fn — F| |vn| + F v —v])dS — 0.
OQconTacT

Hence one has

lim (I)(O> (enavn) = (I)(O> (ea U)'

n—oo

Further, one has

lim inf @ ) (e, v,) = hmmf Iy 0,0 n) =11,

n—oo

where II is either 400 or zero. As II = 400, then obviously

II > Iy (0,0)(v). (3.18)

If II = 0, there exists a subsequence {vi}ren C {vn}nen such that: vy €
H (O, Q) for all k — oo. Then by virtue of Lemma 3.1 the weak limit v belongs
to #(0,9Q) so that I, (9 qy(v) = 0 and (3.18) holds again. As a consequence,
condition (H2,2°) is fulfilled, as well. Hence we conclude that

®(e,.) = Lim P(e,,.)
holds, provided e,, — e strongly in % (2).

Finally, we can set a,, = 0, n = 1,2,..., since 0 € # (0, Q) forall O € Z5(Q)
(due to (HO)). Then one has: ®(e,,a,) = 0 for all n. [ |
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LEMMA 3.4 The family of operators {7 (0n)}tnen, On € Z5(RY), defined by
(2.10), satisfies the assumption ((H1), 3°, 4°).

Proof. 1t is readily seen that

2
{(,Q{(O)v,wv(g) 2 OédHU”V(Q)’ (3.19)

(e (0)v, 2)v ()| < Malv]lv@llzllves

for any O € Z9(Q), for any [v, 2] € V(), with the positive constants [ae, M|,
independent of [0, v].

Indeed, due to the Sylvester criterion and the assumption ((2.2),2°) we de-
duce the quadratic form

E, 2, 2u1 By Ey 2

§162 + &
1—paopor >t 1 — pyopon 2Ty paafior 2

for all [&1,&1] € R to be a positive definite. Hence, we have

a(0,v,v) = ag /[(821)/8332)2 + (0%v/0y?)? + (0%v/0z0y)?|dQ,
)

where v € V(Q), O € Z9(%), aoc = constant > 0.

On the other hand, the definition of Z(12), the present estimate for a(6, v, v)
and Lemma 3.2 imply that () = {0}.

Then, by Corollary 1.6.1 (Litvinov, 2000) the formula

1/2
{ /[(82v/8z2)2 + (0%v/0y?)?* + (82v/8x8y)2]dﬂ}
Q

defines a norm in V(§2), which is equivalent to the original one, i.e., to the norm
of H%(Q).
Further, we may write:

(< (0)v, w)y () —((0)z,w)v )| = |/[(DH(O)(62(U—z)/@xQ)(GQw/é)xQ)
Q

+D23(0)(0*(v — 2)/0y*)(0*w/Dy?) + D12(0)((0%v(v — 2)/027)(0%w/Dy?)
+(8(v — 2)/0y?)(0°w/0z?)) + 2D53(0) (8 (v — 2) /0xdy)(0*w/Dxdy)] dqQ|
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< D11(Opmax) / |(82(’u — z)/8x2)| |82w/8:£2|dQ
Q
1 Da(Orunx) / (02w — 2)/0y?)] |90/ 0y? 1A
Q

D12(Ouunn) [ (1020 - 2)/0%)| |02/ 00
Q
H(E (0 2)/00)] 107070

+2D33(Omax) / |(0%(v — 2)020y)| |0*w/02zdy|dQ
)

max [DII(OMAX); D22(OMAX); DIQ(OMAX); 2D33(OMAX)]||w - Z| |V(Q) ||w| |V(Q)

<
< constant [Oimx + OiIAX + OMAX]HU - Z”V(Q)”wHV(Q)

As a consequence, the assumption ((H1),3°) is satisfied.
Next, in order to to verify ((H1),4°), we write

(e (0n)v — & (O)v, whv (o) | = | / [(D11(0n) — D11(0))(9%0/02%)(9%w/0x?)
Q

+(D22(0n) — D22(0))(9%0/0y”) (9*w/0y?)
+(D12(0n) = D12(0))((9%0/02%)(0*w/8y?) + (9°0/9y?) (8%w/D?))
+2(D33(0,,) — D33(O))(82v/8x8y)(02w/8$8y)} dQ‘
< constant (]|0F — 0%, () + 107 — 0% ()
+H0n = Ol @) [[llv @ llwllv )

Then one has

|7 (On)v — %(O)UHV*(Q)
< constant (||03 — 0% ) + 1|07 — 0?1 (@)
107 = Ol @)l|vllv @ — 0, (3.20)
as 0,, — O strongly in % °(Q).
We may introduce the state variational inequality (2.12) for u(0,,) € #(0,, Q)
(A (0n)u(en),v — u(en)>V(Q) + ®(en,v) — (e, ulen))
> (L(en),v — u(en))v(a) (3.21)
for all v € £ (0,, Q).
Consequently, by virtue of Lemma 3.1, we may write (inserting the sequence

{an}nen (with v = a, due to Lemma 3.3 into the variational inequality for
en € Ua(Y))
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(A (On)u(en), an — u(en)>V(Q) + ®(en, an)

— (I)(en,u(en))
2 (L(en), an — u(en))v(a)

(3.22)
for n > no.

Hence in view of ((3.19,1°) and Lemma 3.3, we deduce that (we can set a,, =
0,n=1,2,..., since the zero function belongs to .# (0, Q) for any O € Z.5(Q))
04%”“(%)”%/(9)‘*“1’(%7“(en)) < (L(en),v—u(en))v (o) < constant||u(e,)||v(q)
and

|[u(en)||v () < constant, for any n.

This means that there exists u¢ € V() and a subsequence {u(e,, ) }ren C
{u(en) fnen, such that

u(en, ) — ue weakly in V(Q). (3.23)

The functional v — (&7 (0)v,v)y (@) is weakly lower semicontinuous on V'(£2)
for any O € Z9(Q). Consequently,

1inniior01f(4a7(0)u(enk),u(enk)>v(g) > (A (0)ug, ue)v(q), since € € %q(Q).

Moreover, we have

(7 (O, )u(eny ), u(en,))v () — (& (0)ulen,), ulen,))v ()l
< constant [ |0} — O%|L_ ) + |05, — O%|[L. @)

HO0n, = Ol (@] Nlulen)ir @) — 0. (3.24)
as e, — e strongly in % ().

From the above argument, we conclude that

ligl_li%ﬂﬂ(onk)u(enk)v u(en,))v() = lirg%f((%(@)u(enk), u(en,))v@)

+[( (O, Julen,), ul(en,))v @) — (7 (0)u(en,), ulen,))ve)])

> lim inf (o (0)u(en, ), u(en, vy > ((0)us, o)y (a)- (3.25)

Further, we may write (using the decomposition:

<'Q{(Onk)u(enk)5 Q>V(Q) - <’Q{(O)u<>a Q>V(Q)

[( (On Julen, ), Qv (e) — ((O)u(en,), Qv (a)]
+( (0)(u(en,) — uo), Qv (a)

and the weak convergence of {u(en, ) }ren)

Tim (/(0, )u(en, ), Q)v (o) = ((0)ug, Qv (o for any Q € V(Q). (3.26)
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Taking into account (3.11), we obtain

(A (O Julen,), vk — v)v ()| < constant|[u(en,)||v @ |lvk — vllv@) — 0,
as k — oo. (3.27)

Then due to (3.26) and (3.27), we arrive at

|<d(onk)u(enk)vvk>‘/(ﬂ) - <JZ{(O)U<>7'U>V(Q)|
< U (Ony Julen,), vk — v)v ()|
+{ (On, )u(en,), v)via) — (Z(0)ue, v)y @] — 0. (3.28)

Furthermore, weak convergence of {u(en, )}ren and (3.11) yield that

(L(en); vk — ulen,))v (o) — (L(e), v — uo)v(a), (3.29)

when e,, — e strongly in % ().
On the other hand, from the inequality (3.21), we deduce that

<'Q{(Onk)u(enk)’ u(enk)>V(Q) + q)(enk7u’(enk)) + <L(enk)7 Vi — u(enk)>v(ﬂ)
<A (O, Julen,), vi)v(e) + P(en,, vi)- (3.30)

Passing here in (3.30) to the limit inferior on both sides with k — oo, using
(3.25), (3.28), (3.29) and Lemma 3.3, we obtain

(A (0)ugy, ue)v oy +®(e, ug)+(L(e), v—ug))viq) < (F(0)ue, v)v)+P(e,v).

Consequently, u¢ satisfies the inequality (2.12). Since the solution u(e) of (2.12)
is unique, u¢ = u(e) follows and the whole sequence {u(e,)}nen converges to
u(e) weakly in V(£2).

Finally, it remains to verify the strong convergence. By virtue of (3.30),
(3.28) and (3.29), we can write

lim sup (7 (O )u(ey), u(en))v (o)

n—oo

< ( (0)u(e), v)y (@) +B(e,v) ~ (e, ule)) + (L(e) u(e) ~vhvey,  (3.31)

for any v € £ (0,9Q).
Hence (we put v := u(e) in (3.31)) due to (3.25), we get

((O)u(e). u(e)) vy < Imint(e/ (0, Jufe,) ulen)vien
< limsup(e (O )u(en), u(en))v (o) < (Z(0)u(e), u(e))vq)-

n—oo

This means that

lim (&7 (0,)u(en), u(en))v (o) = (Z(0)ule), ule))y(q)- (3.32)

n—oo
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Taking into account (3.24) and (3.32), we arrive at

lim (o (O)u(en), u(en))v o) = ((O)u(e), u(e))v (o). (3.33)

n—oo

Further, we equip the space V(Q2) with the scalar product
(7 (0)u(e),v)v ) = (u(e),v)q.

Hence (3.33) implies that the associated norms ||u(ey)||le tend to ||u(e)||sw .

Since the norms || - || and || - ||y (q) are equivalent, we are led to the strong
convergence

l[u(en) — u(e)l[v) — 0. (3.34)

|

LEMMA 3.5 Let e, — e strongly in % (Q) as n — 0o, € € %,q(). Then one
has M(e,) — M(e) strongly in [La(Q)]3.

Proof. We may write

[ Mzz(en) — Moz(e)|| L)

<1(D11(0n) = D11(0))0%u(en) /02 +(D12(0n) — D12(0)) 0 ulen) /0y?|| L (o)
+ || D11(0)(8%u(e,)/02* — 0*u(e)/dx?)

+ D15(0)(0%u(en)/8y” — 0*u(e)/0y*)|| L, (o)
= M1y + M2n).

Next, in view of (3.34) we have: M1,y — 0, M3,y — 0 as n — oo. Equally, we
obtain

1My, (en) = Myy(e)l|Lo@) = 0, ||May(en) = May(e)||L,) — 0. -

LEMMA 3.6 Let e, — e strongly in % (2) as n — oo, € € Uq(Y). Then for
any =1,2,..., Ng

([Falen, M(en))]") — ([ale, M(e)]T).
Proof. Due to the estimate: |[a™ — b"| < |a — b|, we may write:
| ([Fa(en, M(en))]") = ([Fa(e, M(e))] )| < |Salen, M(en)) — Fa(e, M(e))]

<(36/ meas Qé/l(l/(H<o>+0n)4)(Mfz(en)+M§y(en)+(Uo/To)QMﬁy(en))
2
—(1/(H oy + 0)) (M, (e) + My, (e) + (o0/70)* M, (e))|dQ2
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< Constant/ |(1/(Hoy + 0n) ) (M7 (en) — MZ, ()] + [My, (en) — My, (e)]
2
+(00/70)*[MZ, (en) — Mz, (e)]) + (1/(H(g) + On)*)
—(1/(H gy + 0))[MZ,(e) + My, (e) + (00/0)* M, (e)])|dL

<constant (1/(H o) + OMIN)4){ /(|Mm(en)+Mm(e)||Mm(en) — My, (e)|
Q3
+|[Myy(en) + Myy(e)|[Myy(en) — Myy(e)| + (UO/TO)2|sz(en) + Myy(e)]
X|Mgy(€n) — Majy(e)|)dQ} + constant (e)||(1/(H oy + 0,))

—(1/(Hoy + 0)) Lo (2) — O,

as n — 00, due to Lemma 3.5. ]

LEMMA 3.7 The penalized optimal control problem (2., y) has a solution for
any €, > 0.

Proof. Note that the functionals .#(e) and ([.%4(e, M(e))]") are continuous in
Uaa(SY) and %,a(82) is compact in % (§2) . Hence, there exists a minimizer e, )
of Z..y(e,M(e)) in %,4(52). [ |

THEOREM 3.3 Let the condition (2.13) be satisfied. Let {en}nen, €n — 04 be a
sequence and {e .y} nen a sequence of solutions of the penalized optimal control
problems (Zc,y), {M(e(,)) }nen the sequence of corresponding moment fields.

Then there exists a subsequence {en, tren C {en}nen and an element €0y €
Y4a(Q) such that

{e<enk> — e(o) strongly in % (Q), (3.35)

M(e<ank>) — M(e<o>) strongly in [Lo(2)]>
where eoy is a solution of the optimal control problem ().

Proof. There exists a subsequence {ey, }ken C {entnen (here, %q(Q) is com-
pact in 7 (§2)) such that ((3.35),1°) holds with ey € %,4(£2). In view of Lemma
3.5, we obtain ((3.35),2° ).
Further, the definition yields
Nag
iﬂwaem(e(enkﬂ + (1/en) Z([y@(e(enk)aM(e(enk)))]Jr)
a=1
Ng
< EWEIGHT(E) + (1/€nk) Z([fy@(ea M(e))]+)7 (336)
a=1

holds for any e € %,4(Q2).
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On the other hand, for an arbitrary element e from ¥,4(2), we have

Ng
gnkg\NElGHT(e(Enk>) + Qzl([y@(e(enkwM(e<ank>))]+) < e, e (@),

Ng
0< 3 ([Fale,, ) Mle, )T < en,Luecn(e).

a=1
Hence, passing to the limit with ¢, — 0 and by virtue of Lemma 3.6, we arrive

at

Ng

3 ([ Fale). M) ) = 0.

Q=1

This means that the element ey € Z,a(€2).
Then, on account of (3.36), we obtain

Ng
Lwwor(€(c,,)) < Lamor(ee, )+ (1/en) Y ([Fale,, )y, Mle, ))IT)
Q=1
< gWEIGHT(e) (3-37)

for any e € Z,4(Q).
We deduce form (3.37) the estimate (passing to the limit with e,, — 0 (or
k — o0) and we use ((3.35),1°))

gWEIGHT(e(O> ) < Leicr (e),

for any e € 4,4(2). [

LEMMA 3.8 For nonempty set 9,q4(Q2) there exists at least one solution of the
optimal control problem (2 ).

Proof. The proof follows immediately from Lemma 3.7 and Theorem 3.3. ]

4. Penalty method-cost functional with norm

We now investigate the technique in which the functional to be minimized is
augmented by a so-called penalty functional. The penalty functional is designed
so that it grows in magnitude as the amount by which the constraint is violated
grows, in other words, we pay a penalty in our optimization process for violat-
ing the constraint, and the more we violate it, the larger the penalty paid. We
remark that the penalty method is much more general than the Lagrange mul-
tiplier method (neither convexity for the functional or kinematically admissible
set need be assumed).
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For any e € %,q4(f2) consider the following variational inequality:
Find u(e) € ¢ (e, ) such that
Ae)u(e)—u(e))y ) = (L(e),v—u(e))y(q) for all ve 7 (e, Q) (4.1)
where V(Q) = H3(Q), L(e) € Ly(2), ¥ € H?(Q2) and e = [0,0]%.
Consider now the optimal control problem (Z):

Find an element eg such that
Z(eo) < Z(e) for any e € %q(Q), (4.2)
where .Z(e) = ||u(e) — ,zad||%2(m7 and the element z,4 € L2(Q) is given.

Further, we consider a family of optimization (%.) problems depending on
e >0 . For a fixed € > 0, an approximate problem is of the form

Inf Z.(e)= Inf e(@) = Zadl 1)) &
eE%?d(Q)g(e) ee%?d(ﬂ)[”u (e) — = d||L2(Q)] (43)

Here, u.(e) € V() is a solution to the nonlinear equation (the penalized prob-
lem)

us(e) € V() : A#(e)uc(e) + (1/)2(e, uc(e)) = L(e), (4.4)
where
[uc(e)(z,y) — (" + (e + Hyp))) (@, )],
2(e, uc(e))(z,y) = if [uc(e)(z,y) — (L + (e + Hy))(z,y)] <0,
0, if [uc(e)(z,y) — (" + (e + Hg)))(z,y)] > 0

For any € > 0 problem (4.3) is solvable. Next, we introduce the notations:

0= inf & A0, = inf €.%(e) 45
cedltl g Zle) and Oy = inf =€ Zle) (4:5)

Since the penalty operator 2(e,.) is a Lipschitz continuous, monotone op-
erator in Ly(2), the penalized problem (4.4) is uniquely solvable. Moreover,
uc(e) € V(Q) N HA() holds.

Indeed, the penalizator 2(e,.) : V(Q) — V*(Q) is of the form

(2(e,v), 2)y (o) = — / ([v = (& + (e+ Hyy))] " )2dQ, (4.6)
Q

with ([a]7) = inf(a,0).
The linear form: z — [ ([v — (& + (e + H(gy))]~)2dQ is continuous on V(2)
)

and defines the functional 2(e,v) € V*(Q).
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Next, in view of the inequality (([a +¢]7) — ([b+ ¢]7))d < |a — b||d], for
arbitrary real numbers, we can write

<2(e7 'U) - 2(6, Z)a w>V(Q)

= /{([v — (L H(e+Ho))") = ([z = (F + (e + Hy))] ) JwdQ
Q

< /|v — 2| |w|dQ < constant ||[v — 2|y o) ||w||v()- (4.7
Q

Hence, from it follows the Lipschitz continuity of penalizator 2(e,v). More-
over, we have

—2(e,2),v — 2)y ()

(2(e.v)
:*/{@Pﬁy+®+H@DF%H%%Y+@+H@»rﬁ@f¢m
Q

= */{([’U* (& + H)l") = ([ = (& + H)l ")}
Q

{lo = (" + (e + Hip))] = [z = (7 + (e + H(py))]}dQ2

>/ﬁwwf+@+H@M*fvwf+@+HMMﬁ%Q
Q

where we have used the relations:

> (([a]7) = (b))%,

for any [a,b] € R.

Note that 2(e,v) =0 ([v— (< + (e+ Hyp))] ") =0=v € % (e, Q).

Here the hemicontinuity is a consequence of Lipschitz continuity of the op-
erator 2(e, .), i.e. for [v, z,w] € V(2) the function A — (2(e,v + Az), w)y (@) is
continuous on R.

Hence, due to the theory of monotone operators (Lions, 1969) we obtain
a unique solution u.(e) of the penalized equation (4.4).

LEMMA 4.1 Let {u., (€)}nen be a sequence of solutions of the penalized problems
(4.4) for fivred € € a(Y). Then there exists a subsequence {e,,} C {entnen
such that ue,, (e) — u(e) weakly in V(R2), where u(e) is a solution of the state
problem (4.1).
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Proof. The operator #(e) + (1/¢)2(e,.) : V() — V*(2) is bounded, hemicon-
tinuous, monotone and coercive and due to Theorem 2.2.1 (Lions, 1969) for
every € € %,q(12) there exists a solution uc(e) € V() of the penalized equation
(4.4).

Let vg € # (e,Q) be an arbitrary element. Then, by inserting v = [u., (e) —
vp] in the equation

W(e)us (e)a U>V(Q) + (1/5)<2(e)a Ug (e)a U>V(Q) = <L(e)a U>V(Q) (49)

and since 2(e,vp) = 0, we arrive at

(#(e)uc, (e),uc, () — vo)v(a)
+(1/en)(2(e, uc(e)) — 2(e, vp), uc(e) — vo)v(e)
= (L(e), uc(e) —vo)v(a)-

Then, using the monotonicity of 2(e,.), we have
(A (e)uc, (€), ucn)(€) —vo)v(a) < (L(e),us(e) — vo)v ()
Hence, the estimate (3.19) yields

aglluc, (€)[[(q) < constant (|uc, (e)|lv ) lvollv«)
Hlue, (@)[lv ) + [lvollv@))-

Thus, we obtain the estimate
e, (€) < constant (does not depend on &y,). (4.10)

This means that there exist the element u¢ and the subsequence {u.,, . (e)}ren
such that

Uey, (€) — ug weakly in V(€). (4.11)

Further the equality (4.4) and the estimate (4.10) imply
12(e; uey,, (e))]
+(L(e), v)v@)l/IIv]lve) = 0(e). (4.12)

In view of (4.10) and (4.12) we may write

Ve(Q) = Silg[* (fi’(e)umk (e),v)v(a)

Jim (2(e, ue,,, (€)), ey, ) (€) = v)y(e) = 0.

Next, we take into account the monotonicity of 2(e, .) and the weak convergence
(4.11). Hence, we arrive at

(2(e,v),u¢, —v)y (o) =0 for all v € V(Q). (4.13)
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Let v = ue + Az, A > 0, z € V(). Then from the inequality (4.13), we
deduce that

(2(e,u¢ + Az), 2)v(q) = 0 for any A > 0. (4.14)
By using the hemicontinuity of 2(e,.) we get after A — 0

(2(e,uq ), 2)y () = 0 for all z € V(Q), (4.15)
which implies 2(e, u¢) = 0 and ue € 7 (e, Q).

Now take in (4.9) [v —ue, (e)] instead of v € £ (e,2), so that we can write

(E(e)ucy, (),v — ey, (€))v(o)
—(1/en)(2(e,0) = 2(e, ey, (€)), v = ey (€)@
= (L(e),v — Uey, (e)v)-

Hence, one has
b(e)ue, ()0 — ey, (D) > (L(€),v — ey, ())v(n)- (4.16)

We note that w — (#(e)w,w)y (o) is a lower weakly semicontinuous func-
tional on V(€2) and due to (4.11) we obtain

(A (e)ug, 1o vy < lim inf b (@)uc,, (€), ten, (€))v (e, (4.17)

Taking into account (4.17) the state inequality (4.1) follows immediately
from (4.16). Hence we have u(e) = u¢. This concludes the proof. [ |

LEMMA 4.2 For any ¢ > 0 there exists a solution {(e;) of the optimal control
problem (AB:). If {en}nen is a sequence with the property e, > 0, €, — 04,
then there exists its subsequence {eyn, tren such that

€cpy — €(x) strongly in w(Q),
Uep,, (egnk) — u(ey) strongly in V(£2), (4.18)
1% L 0,

&n

where ue,, (e, ) € V(Q) fulfils the penalized equation (4.4) and u(e(.)) €
H (4, 82) solves the state variational inequality (4.1) with e = e(,y.

Proof. Let {€(y)fnen C %aa(S2) be a minimizing sequence for the functional
Z.(.). The set %,q(?) is compact in the Banach space % (£2) and hence it
contains a subsequence {e.,,)}ren such that

€c(ny) — €y (€ Yua(S2)) strongly in % (). (4.19)
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Let u(e.(n)) be the corresponding sequence of solutions to the penalized
problem

ﬂ(ee(nﬂus(ee(n}) + (1/€<n>2(ea(n)aue(ea(n))) = L(ee(n>) (420)

Making use of the inequality

(2(ec(ny; Us(c(ny))s Ue(€c(ny) — (L + (€c(ny + H(0)))) Lo ()

= /2(ea(n)aUs(ee(m))(UE(ee(n)) - = Ce(n) — I{(O))dQ 2 0,
Q

and the uniform coercivity of the family of operators {#(e.(,))}nen We obtain
the boundedness of the sequence {u.(e.(n))}nen in the space V(2). Hence,
there exists the sequence {uc(ec(,,))}ren such that

Ue(€c(ny)) — Ue(xy weakly in V(Q),
or (4.21)
Ue(€c(ny)) — Ug(xy strongly in La(€).

Further, we introduce the penalty functional by the relation

2(6,2) = — ([Z - —e— H<0>]7)
1

= 5= —e—Hg ~ |z =7 —e— Hy)).

Hence, we conclude that it is continuous as a function 2(.,.) : Z (2) x L2(Q) —
Ly (€2). On the other hand we have

A(ec(n))uc(€c(ny) — #(€c)uc(yy weakly in V*(€).
Thus, from (4.20), we conclude that
ﬂ(ee)u€<*> + (1/5)2(657166(*)) = L(ee).

So, we have u.(,) = uc(e:). Simultaneously, one has #(e.)u.(e:) € L2(Q)
and

ﬂ(ee(m)ua (ee(n>) — A(e:)uc(e:) strongly in Lo(€2). (4.22)

We note that (4.22) is a consequence of the weak convergence of the same
sequence in the dual space V*(£2), its boundedness in L2(2) and the density of
the space V() in L2(92).

Then, we can write

hn;o Ze (ee(nk> ) Ue (ee(nk))) =% (ef:‘) Ue (ee))

k—



248 J. LOVISEK, J. KRALIK

and e. € %,q(f2) is a solution of the optimal control problem (%) for fixed
e > 0.

Let €, > 0, n =1,2,... fulfil &, — 0. The sequence {e., },ecn of penalized
optimal thickness is bounded in %,4(f2) and contains a subsequence {e:, }ren
fulfilling the convergence ((4.18),1°). Consequently, one has

e, — e weakly in V(Q). (4.23)
Next, we consider the variational equality

#ecn, Juen, (€2, ) tiep, (€cp, ) — (17 + (2, + Hio))))vio)
—(1/en ) (([ten, (€cn, ) = (" + (€cp, + Hio))] ™), tep, (€cp, )
—([ + €cpy T H(O)]+)>L2(Q)

= (L(€eny )s ey, (€2, ) — ([ + (€cn, + Hig))]"))v(e)- (4.24)

Here, the penalizing number of (4.24) is non-negative and the sequence
{ten, (€<, ) ren of solutions to the penalized problem (4.20) is bounded in
V(€2). Therefore, we can choose from the sequence {ue,, (€cy, )}ren & subse-
quence {uc, (ec, )}nen such that

{Uann (ec,,) — u(x weakly in V(Q), (4.25)

Ue, (€c, ) — Uy strongly in Lo(92).

On the other hand from the boundedness of the sequence {u., (e, )}mnen
in the space V() we deduce

[12(ec, ey, (€=, Dlve(a) < Meng, (4.26)

where M >0 and II=1,2,....
Taking into account (4.26) and ((4.25),2°, ((4.18),1°) we get

Hence, one has
U () € <%/(e<*>,ﬂ) (427)

Let u(e(.)) € A (ewy, ) be a solution of the variational inequality (4.1).
Then one has

(HA(ey)ulen ), upy —ulew))vi) = (Llewy), uwy — ulew ) vy (4.28)
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Further, we have simultaneously the identity

(A(ec, Jue, (ec, ), ue, (e, ) —ulew) e, —ewve
+(1/5nn)<([“6nn (eenn) - = ey T H<0>]_), Uep (eenn)
- = Cenpy — H(O)>L2(Q)
+(1/en)(([ue,, (€c,,) = —ec,, — Hip] ™), ulew))
— — ey — H)) L, (o)
= (L(eEan ) Ue,, (eenn) —u(eny) + e, — €())V(Q)- (4.29)
From here and from the relation (4.28), we get the inequality

<’4(e€nn )[uenn (eEnH) - u(e<*>)] Uep (eenn) —u(ew))ve)
+(A# (e uleny), ue, (€, ) —ulew)) v
+(H(ec,,) —Ale)lule), ue, (e, ) —ulew))v
<L‘4(e€nn)u( ) eenn e<*>>V(Q)
+(#(ee,, ) Ue,, (€, ) —ulew)], e, —ew)ve
< (Lee, ) ue, (€, ) —ulew))vi)
+(L(es))s Ue,,, (e, ) — ulew))) v + (Llec, ) e, —ew)v). (4.30)
Next, taking into account that the members with coefficients (1/e,_) in
(4.29) are non-negative, we can omit them. Moreover, the uniform coerci-
vity of the family of operators {#(ec, )}nen, the relations ((4.18),1°, (3.24),
(4.23), ((4.25),1°) and the continuity properties of the operators #(.) : Z (Q) —
L(V(Q),V*(Q)), imply: usy = u(er,y) and the convergence ((4.18),2°). Thus,
by (4.25) we have

lim mf O., > Z(ew))

En—

and (4.31)
Z.. (e) — ZL(e), for any e € %,a(Q).

Here u., (e) is a solution to equation (4.4) and u(e) denotes a solution to
(4.1). Therefore one has

Oe, < Ze,(8()) = ZL(&(s)), (4.32)
where €,y is a solution to (4.1) and (4.2). Consequently
limsup 0., < Z(&)). (4.33)
en,—0

Then, from ((4.31), 1°) and (4.33) it follows that e, is a solution to (4.1), (4.2)
and

hm O.,=Z(eu)=0.

En—

This concludes the proof. [ |
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5. Approximate optimal control. The numerical solution
by the finite element method

We shall propose approximate solutions of the optimization problem for an elas-
tic three-layered plate by the finite element method. We restrict ourselves to par-
ticular domains (namely we suppose that €2 is a parallelogram) and introduce the
convex set given by formula () = {v € V(Q) : Aov(0Qconmer) = 0}, respec-
tively. Here ¢ (€2) is the closure of K(Q) = {v € C®(Q), Mov = 0, M1v = 0
on Ipispuacevent and v > 0 on OQconmer } in the space H2(Q).

Let 9, denote a uniform partition of §2 into a finite number of small (open)
parallelograms 3(;, by means of two systems of equidistant straight lines paral-

N(h

lel to the sides of Q. Then, we may write Q = L(J)J'C  HpyNHjy = 0 for i # j

and denote h = diam H;y. Assume that 9;1 is consistent with the parti-
tion of the bouniiary 00 = 0Qconmacr U OQoispLacement, 1.€. the number of points
Opispiacement N Oconmaer 18 finite and every point of this kind coincides with a
N(h)
A*

node of 7. Thus, we may write: 9Qconmer = Z A’{J wAne We introduce
J=

the spaces Q (3() of bilinear (k = 1) or bicublc (k = 3) polynomials defined
on the parallelogram J(. If } is not rectangular, the spaces Q) (3{) are defined
via the affine mapping

[x1,22) = V(y1,y2) : 21 = y1 + Y2 cOs @, T2 = Y2 sina, (5.1)
which maps a rectangle H,) onto H. We set
v E Q<k> (g‘f) SvoV=0¢€ Q<k> (9‘C<*>).

Let Xj, be the set of all vertices Ag, 1 < 2 < M(h) (nodes of %,) of
parallelograms. Let V4, () be a finite-dimensional subspace of V' (€2) defined by

Vi(Q) ={veV(Q): ”U|{}(0 € Q3(Hp), 1 <O N(h)},

i.e. V5,(Q) contains those functions, which are continuous and continuously dif-
ferentiable in  and piecewise bicubic in each Hyp. Then, () is defined be
following way:

%l(Q) = {U S ‘/}l(Q) 0 < ’U(A(j)h), 1<5< N(h)}
Let us take notations:
ep = [Ohvyh] d(h ( ) x U ad(h) (6 conmaet) (= Wad(n) (),

where

Uy () = U (9) N2k (52)
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and
%aLdQ(h) (8QCONTACT) = %‘g(anoncT) n 2(h> , CONTACT(Q)

where
2(h> , CONTACT(Q) = 2(h> (Q)|BQCONTACT
21y (Q) = {vn € C(Q): Unlgc, € Q1(Hp) for all parallelograms He € I, }.
In what follows, we shall consider any families {Z},, }nen, hn — 07 of parti-
tions, which refine the original partition 7}, ,,. We say that a family {}, fnen

is regular if there exists a positive constant such that (h,/p) < € for any
He € }LLJ T, and Xp, C Xp, if hy > ho, where p denotes the diameter of

the maximal circle contained in H.
Here the approximate friction functional has the form

Py (en,vn) = Z /§h|vh(Fﬁ)|dS + L, () (), (5.2)
O COQcontacT 7

where & denotes the edge of rectangle H € 7}, adjacent to 9Qconmer and I'p is
the midpoint of &. Now we may define the following APPROXIMATE STATE
PROBLEM:
Given any ey, € Zq(r) (), find up(en) € A5 (0r,2) such that
(@ (On)un(en),vn — un(en))v, @) + n(en,vn) — Pnlen, un(en))
> (L(en),vn — un(en)))v(a), (5.3)
holds for all v, € ().

Observe that we shall employ some simple formulas of numerical integration:
Thus instead of (<7 (Op)un(en),vn)v (), we introduce the form

N(h)
(# (On)un(en),vn)v(q) = Z{Dll(oh(r(j>)) /(32uh(eh)/3z2)(82vh/8x2)dﬂ

3

+ Dan(O4(T(5))) / (0%un (en) /D) (0%vn /Oy2)d02

3
£ D1a(04(Ty)) / (0Pun(en)/022)(0Pon | y?)

H;

+(32uh(eh)/ayQ)(é)th/é)xQ))dQ

12D1(0n(T ) / (0%un (e1)/0:xdy) (0, | Dx0y) A} (5.4)

3

where Oy, € ?/a(zw (), [un(en),vn] € Vi(2) and T'(;) is the centroid of Hy.
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Finally, let us define the penalized cost functional:

No
Liormeniny = 2 / (Wi H gy + ws0nJdQ+ (1/) 3 (7o (en, Mi(e))]*) = 0.
Q O=1

Here the approximate optimal control problem consists in finding a function
€. (n) weieir Of the approximate optimal control problem such that

(fgzs(h)) €c(h),weiGHT = ArgMin  {ZLeenr(en)

en€Uaa(ny(Q) No

+(1/e) Y ([Lo(en Ma(en))] )}

0=1

Further, we shall prove the solvability of the problem (). To this end
we first establish the following lemmas.

LEMMA 5.1 For any Op, € ?/a(Z(h) (), un(en) € Vu(Q), v € H2(Q) there holds
|(n(On)un(en), v)v;, ) — (' (On)un(en), v)v (o)l
< constant h|[up(en)||v ) [|v]|v () - (5.5)
Proof. We may write

[(h (On)un(en),v)v, ) — (Z(On)un(en), v)v )l
N(h)

S [{Du(Onre) - Dua(©)) @ unen)/05*) @/ 0a?)
i=lg¢,

+[D22(0n(T (jy)) — D22(04)](0%un(en)/dy*)(8*v/dy?)
+[D12(0n(T () — D12(04)]((0%un(en)/0y*)(8>v/0a?)
+(0%un(en)/02%)(0%v/0y?))

HD(OMT') ~ Das(On)}(0un(er) /020000201 Y

(h)
< /{|D11(Oh(F<j>)) — D11(04)[|(8%un(en)/02?)(0%v /02|
Lgt,
+[Da2(0n(T (jy)) — Da2(04)[|(8%un(en)/0y*) (0°v/0y?)|
+[D12(0n(T (3y)) — D12(On)[|(8*un(en)/0y*)(9°v/0z7)
+(0%un(en)/07)(0%v/0y?)|
+|D33(On(L(5y)) — D33(Oh)||(32%(eh)/awy)(a%/awyﬂ}dﬁv
|D11(On(T5y)) — D11(On(z,y))| < (3[|07gradOn|o(a)
+4H 0y||0ngradOsl|c () + H<20>||grad0h||c(g))(h/2) < constant h

2

<.
Il
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and we obtain the same estimates for [Da2(0p), D12(0n), D33(0)]. Thus, the
estimate (5.5) follows by inserting and summing. [ ]

LEMMA 5.2 For any Op, € ?/a(Z(h) (Q) and [v, z] € V(Q) there holds

[(h (On)v, 2)v;, (0| < constant 1) |[v][v (o) |[2]lv (o).
(2 (On)v, v)v, () = constant<2>||v||%,(m,

where [constant,;y, constant o] are independent of [h, Op, v, z].

Proof. The estimates (5.6) follow immediately from (5.4) and the bounds for
Oyp,. ]

LEMMA 5.3 The set () is a closed and convex subset of V3, (2) and & () =
Lim 6, () (convergence in the sense of Glowinski).

n—oo

Proof. Let {vp, tnen, Un, € Jh, (1) be the sequence such that vy, — v weakly
in V() for n — co. We can show that v € Z (). Indeed, we have v € V()
and

Tim_{[on, — oll) = 0. (5.7)

Here, we take into account the fact that the embedding of V(Q) into C(Q)
is compact (Adams, 1975). Assume that .#yv < 0 in an interval 9 C 9Qconmcr-
Then ¢ > 0 and a subinterval ¥,y C ¥ exist such that .Zyv(z,y) < —¢ for all
[z,y] € ¥(y. For sufficiently small h there exists always a node Ay, € 9y,
Aiyn € T and we may write

[vn(Agiyn) — Aov(Ayn)l = vn(Ayn) — Aov(Apyn)
> —Mov(Auyn) 2 €,

which contradicts (5.7). Hence we have .#Zyv > 0 on 9Qconmcr-
Next, we consider v € £ (). Then functions vy € K () exist such that

Jim |lvg —vllv@) =0. (5.8)

Denote by 05, = Ry, vg the V,(Q)-interpolate of vy over the partition 7, .
Then 60, € J#,,(2) holds, since the nodal parameters involve all the values

vp(A(j)). On the other hand ||Rj, vg — ve||v (o) < constant h2||vgl|ms(q) holds
for any regular family {},, }nen and therefore

Jim |05, —vllv(e) =0, (5.9)

which concludes the proof. [ |
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LEMMA 5.4 The system of functionals ®p(n)(€n(nys Vnin)), hin)y € Yad(ny(§2)
defined in (5.2), satisfies the assumptions (H2).

Proof. Let us write

Qp(en,vn) = Ppemy(en, vn) + Prigy(€n, va),
where

Spy(en,vn) = > [ Fulon(Te)|dS,
O CONcontacT O (5.10)

ey (ensvn) = Ly, @) (Vn)-

Further, we consider a sequence {eh }nEN, €h(n) — €h, aS T — 00, €p(p) €

Uadny (D).
Let vy, € H#3,(€2), then, due to Lemma 5.3, there exists a sequence {vy,(n) fnen,
Vn(ny € H#n(§2), such that vy(,) — vi as n — oo. Hence, we may write

|Prh(€hiny, Vniny) — Prlen, va)| < [Aimynl + [A@nl, (5.11)
where

IAimyn| = [Py (€hinys Vhiny) — Pry (en, vn)]
< Ppy (€n(nys Vhiny) — Primy (€45 Vn(ny)]
+[@n 11y (€n, Viny) — Py (€n, vn)|
< %(h}h(n) (Fﬁ)|£|¢gzh(n> — FnldS (5.12)

Honmy(Te) —vn(To)] [ FpdS) — 0 as n — o,
o

|A(Q)n| = |I%L(Q) (Uh(n)) - I;gh(g) (Uh)| =0 for all n.

Thus, from (5.11) and (5.12) we conclude that
lim @y (en(n), Vain)) = Pr(en, vn). (5.13)
n—oo

On the other hand, let v, ¢ J£3,(€2), setting vy, = vy, for alln =1,2,..,
we obtain

lim sup @5, (€ (n), Vi (n)) hmsupZ/ﬂh(nﬂvh(n) (Tw)|dS + oo

n—oo n—o0

= Z/ﬁhwh(FﬁﬂdS + (I)h(Q) (eh,vh) = @h(eh,vh). (514)
o

Now in view of (5.13) and (5.14), we obtain

lim sup ®1,(€p(ny, Vn(n)) < Pn(€n, vn).

n—oo
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Let v (ny — vn as n — oo. We may write

lim inf @y, (€5 (), U (n) ) = BN @ 11y (€1 () U (ny ) +1im inf D, gy (€ (n), Va(ny)-

Here, by the same arguments as in the case of Ay, we obtain
Jim @y, g (€n(ny> Vn(ny) = Pu(my(€n, vh)-
Next, we may write

lim Ifh(ﬂ) (Uh<n)) = Q7

n—oo

where Q is either 400 or zero. If Q = 400 then obviously

Q 2 I%L(Q) (’Uh). (515)

If Q = 0, then there exists a subsequence {vj(n,)}keN C {Vn(n) fnen such
that vyn,y € 4 (Q) for all & — oo. The limit v; belongs to J£;,(€2), so that
Iy, (o)(vr) =0 and (5.15) holds again.

As a consequence, hnnlio%f @1 (q)(@h(n), Vn(n)) = Ph(ay(en,vn) and the condi-
tion ((H2),1°) is fulfilled. To satisfy condition ((H2),2°), we can choose a,y = 0
for all n, since 0 € %3 (2). Then one has ®p(ep(n),a(,)) = 0 for all n. [ |

LEMMA 5.5 The approvimate problem (P.y) has at least one solution for any
fized rectangulation I, and any € > 0.

Proof. For fixed 7, and for e,y — e, strongly in V(Q), ej,(n) € %ad,n(52),
n=1,2,..., we may prove (paralleling the proof of Lemma 3.5) that

My, (n) (€h(ny) — Mp(en) strongly in [L2(Q)]3.

Then, taking into account this relation, we prove that the functions ([ (€ (n),
M(ep,(ny))]T) are continuous in %q,,(€2) (see the proof of the analogous Lemma,
3.6). Thus we have proved the following: the cost functional in () is
continuous, as well. Obviously one has: ep € %q.1(Q) & {eh(A<2>h)}g=(}ll) €
P, ¢ RM()  where A2, are the vertices of . But here the set &7, is
compact in RM(") | being bounded and closed. Hence the cost functional attains
its minimum in %,q 5 (£2). [ ]

LEMMA 5.6 Assume that a sequence {€n, }nen, €n, € %an) (Q)(= %a(?ﬂh) (Q) x
%a‘zh) (09)) converges to a function e([O, . F]) in C(Q) x C(0Qconmer) for hn —
0.
The following state variational inequality for up,, (en, ) € Jh, ()
(., (On, Jun, (€n,), v, = tn, (€n,))v, () + Pnl€n,; vh,) = Pr(€n,, un,(€n,))
> (L(en,), vn, = un,(€n,))v (), (5.16)
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for all vy, € K, () has a unique solution up, (en,) for any en, € Uuqm)(S2)
and for any h.
Let u(e) € J (Q2) be the (unique) solution of the variational inequality

((0)u(e),v—u(e))y ) + (e, v)—(e,u(e)) = (L(e),v—u(e))yw), (5.17)
for allv € (). Then one has
Jim ||un, (en,) = u(e)|lv) = 0.
Proof. Take the zero function for vy, in (5.16). Hence, we obtain

(“h,, (On, )un, (€n,), un, (€n, ) v (@) + Pn, (€n, un, (en,))
< (L(en, ), un, (en,))v(q)-

Next, due to the estimate (5.6),2°) and in view of (2.11), we may write

constant g [[un,, (en, )||F ) < [1L(en,)llv+@lun, (en,)llve)-

Hence, we conclude that
l|tn, (en, )||v (o) < constant, for all h < h) (5.18)
Thus a subsequence {up,, (en,, )}ren exists such that
un,, (€n,, ) — uo weakly in V/(€2). (5.19)
Since the embedding H2(Q2) C C(f) is completely continuous, we have

up, (en, ) — ug strongly in C(€). (5.20)

Moreover, by inserting: vy, = 6, into inequality (5.16) we obtain
(“h,, (On,, ), (€n,, ), 0h, — Un,, (€n,, Vi) + Ph,, (€n,, 0n,)
—®p,,, (€n,, , Un,, (€n,,)) = (L(€n,, ), On, — tn,, (€n,, ))v ()

Next we can show for h,, — 04 (or k — 00)

liminf(a, (On,, Jun,, (€n,, ) un,, (€n,, ))ve) Z (Z(0)ue, us)v(a). (5.21)

k—oo

In fact, since O € Z9(), w — (' (O)w, w)y () is a lower weakly semicon-
tinuous functional on V(£2) and from (5.19) we conclude that

lim (7 (0)up,, (€n,, ), un,, (e, ))ve) = (Z(0)ug, us)v(a)-

k—o0
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Due to the relation

(' (On,, Jun,, (€n,, ) vun,, (€n, )ve) = (Z(O)un,, (€n,, ) un,, (€n, )v@)l
< constant[||(‘)%nk - OSHLOO(Q) + ||Oink - 0%

L ()
+[[On,., = OllLo@)llun,, (en, )T @ — 0,
we may write
lim inf ({7 (O)un,, (en,, ), Unn, (€n,, ))v (o)
+[{((On,, Jun,, (en,, ), un,, (en, ))v e
—((O)un,, (en,, ), un, (en, vl = (F(0)ue,ue)v ),

which is the estimate (5.21).
Next from Lemma 5.1 and in view of (5.21), (5.18) we obtain

liggg}f“ﬂ{(ohnk)uhnk (ehnk), Uh,,, (ehnk Nv)
+[{“h,, (On,, Jun, (€n,, );un, (€n, )vi(©)
—((On,, Jun,, (€n,, ) Un,, (€, ))veyl) = (Z(0)ue,ue)v ) (5.22)
Further, for any v € V(Q), we have
klinc}o <JZ/(Ohnk )uhnk (ehnk ), U>V(Q) = <¢Q{(O)u<>, ’U>V(Q). (523)
In fact, we may write
I{< (On,, Jun, (€n,, ), v)ve) — (Z(0)ue,v)v @l
< |[((0n,, un,, (en,, ) v)vi) — (Z(O)un,, (en,, ),v)ve)ll
+[{(0)(un,,, (en,, ) —uo) v)veyl — 0

in view of boundedness of {un,, (en,, )}ren, (5.19), (3.20).
Thus, due to (5.23) and by Lemma 5.1, we derive that

i (, (On,, Jun,, (€, ), 0)vi(9) = (#(0)us, v)v(e)- (5.24)

Moreover, taking into account Lemmas 5.2, 5.3, (5.18) and (5.9), we conclude
that

|(“h,, (On, )un,, (€n,, ):Oh, —V)v, (@l
— U||V(Q) — 0. (5.25)
Then combining (5.25) with (5.24), we arrive at
l(“h,, (On,, Iun,, (€h,, ),0h, v, — (Z(0)ue,v)v el
< [, (On,, un,, (€n,, ):On —v)v, ()]
+{(“h,, (On,, un,, (€n,, ) V)vi (@) — (' (O)ue, v)vyl — 0. (5.26)

< constant(yy |[un,, (en, )lv@)llfh,,
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Consider the estimate

)ds|

v, (Le)| = |,

- ¥ /ff(

O COcontacT i

< Fune Y [ 100, (T0) = wnlds.
7 v

|Phn, (€h,,,vn,) — ®(€n,,vn,)

We may write

|vp, (Te) — vn, (s)| < (1/2) MEAS O|0vy,, /Os|
< (1/2) meas Ol|grad vp, ||, (3¢,)
< constant MEAS Opyhac(MEAS Hg) ™ YD |op, |1 (9¢,)
< constant<*>hi/2|vhn | (36)
using the estimate MEAS Hp < constantﬁh?}c.

Here, Hy is the parallelogram adjacent to the edge ¢ and pg¢ is the radius
of the largest circle inscribed in Hs. Thus, we obtain

Z/ [vn, (Te) —vp|dS < constant<*>h£l3/2) Z MEAS Olvp, | g1 (3¢,)
7 o

o
(1/2) (1/2)
< constant<*>h513/2) <Z MEAS ﬁ’) <Z |vn,, %rl(z}cg)>
o o

< constant<*>h(3/2) MEAS 8QCONTACT)(1/2)|vhn | ) — 0.

As a consequence
A(H)h = |(I)hn (ehn,vhn) — @(ehw,,vhnﬂ — 0. (527)

Since v € £ (), we have

Aayn = |®(en,, vn,) — Blen,,v)| = | / P (lon,| — | Mov])dS
OQconTacT
< Fruax (MEAS 0conmacr) V2| |Vn, — 00| | Ly (00conmer) — 0- (5.28)
Finally, we may write
Aoy = [®(en, , v) — B(e,v)| = | / (T, — F)| Myo|dS]
OQconTaCT
< Fh, = F Lo (09conmer) | #ov|dS — 0. (5.29)

O2conTacT
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Hence, by virtue of (5.27) to (5.29), we arrive at
|Pn, (€n,, vn,) — (e, v)] < Aanyn + Agyn + Aoy — 0 as by — 0. (5.30)
On the other hand, in a parallel way, we can deduce that
|®y,,, (en,,un, (en,)) — Ple,ue)| — 0 as h, — 04, (5.31)

using the boundedness of {uy, (en, ) }nen and compactness of the trace operator
M.

Here, state inequality (5.16) can be rewritten as follows
(“h,, (On,, Jun,, (en, ),un,, (€n, ))v, @) + Pr(en,, ,un,, (en, ))
k

< AP, (On,, Jun,, (€n,, ), 00 )vi ) + Prlen,, , On,)
+(L(en,, ) un,, (€n,,) — On,)v (- (5.32)

g

Hence, passing to the likm inf on both sides of the inequality, we deduce that the
— 00

left-hand side is bounded below by

(A (0)ue, ue)v (o) + (e, ue), due to (5.22) and (5.31). (5.33)
At the same time, the right hand side has the following limit
(' (0)ug, v)v () + P(e,v) + (L(e), ue — v)v(q)

as follows from (5.26), (5.30) and the continuity of L(e).
Thus, we arrive at

(' (0)ugy, uey — v)y () + P(e,ue) < (L(e),ue — v)v ) + (e, v).

Now, since v € J (€2) was arbitrary and the inequality (5.17) has a unique
solution (see (3.19)), u¢, = u(e) and the whole sequence {up, (en,)}nen tends
to u(e) weakly in the space V().

Finally, we have to prove the strong convergence. Here, referring to the
variational inequality (5.16) and passing to limes inferior or limes superior as
hn — 04, we apply (5.22), (5.24), (5.30) and (5.31), and deduce that

(o (0)u(e), u(e))v () < liminf(, (On, Jun, (en, ), un, (€r,))vi, (@)
< lim sup(@h, (On, Jun, (€h, ), un, (€n,))v, ) < (Z(0)u(e), v)v @)

n—oo

+®(e, v) — (e, u(e)) + (L(e), u(e) = v)v (), (5.34)

for all v € £ (Q).
We may set v := u(e) in (5.34) to obtain

lim (&, (On, )un, (en, ), un, (en, v, (@ = (Z(O)u(e),u(e))v (). (5.35)

n—oo
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Next, we have

(< (O)un, (en,), un, (en,))v ) — (Fh,(On,)un, (€n,), un, (€n,))v, @
<[ (0)up, (en,), un, (en,))v ) — (Z(On,)un, (en,), un, (€n,))v @)l
+(< (On, )un, (€n, ), un, (€n, ) v (@)~ (Zh, (On,)un, (€n,), un, (€n,)) v, @)l
< [« (0)un, (en,) — & (On, )un, (en,)|[v-(@)l|un, (er, )V
lv@llun, (€n )L, — 0, (5.36)

making use of (3.20), (5.18) and (5.5). Thus, from (5.35) and (5.36), we conclude
that

+constant hy||up, (e, )

lim (<7 (0)up, (en, ), un, (€n,))v(q) = (Z(0)u(e), u(e))v(q)- (5.37)

n—oo

Next, from (5.37) and (2.10), it follows that

lim a(O,up,, (en,, ) Un,, (en,,))

= lim (/(O)un,, (€n,, ), un,, (€n, ))v )
= (Z(0)u(e),u(e))v ) = a(0,u(e), u(e)). (5.38)

But, the bilinear form a(0O,.,.) can be taken for a scalar product in V()
(in view of ((3.19),1°). On the other hand, by virtue of (5.38) and the weak
convergence of {up, (en, ) }nen, we conclude that

lim a(0, (up,, (en,,) —ule)), (un,, (en,, ) —ule))) =0,
n—oo
which in turn implies that up,, (e, ) — u(e) strongly in V(). [ |

LEMMA 5.7 Let {en, fnen, hn — 0T be a sequence of e, € Uuamny(Q) such
that ey, — e strongly in % (), as hy, — 0T.
Then one has

M, (en,) — M(e) strongly in [Lo(2)]>. (5.39)

Proof. By using inclusion: %,q(p,)(2) C %a(2) and Lemma 3.5, we conclude
that

|M(en,,) — M(e)||[r, )z — 0.
Further, from Lemma 5.6, we see that

[[My,, (en,) — M(ep, )

|[L2(Q)]3 — 0
Then, in view of the triangle inequality, we obtain
|[M4, (en,,) — M(e)l|[L,(o)
< My, (en,) — M(en, )|z, + |[M(en,) — M(e)|[(z @)z — 0

as h, — 0F. [ ]
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LEMMA 5.8 We have
‘4(5),WE|GHT(eh,L;Mh,L (ehn)) - ‘4(5),WE|GHT(e7 M(e))a as h, — 0+-

Proof. Proof is analogous to that of Lemma 3.6, being based on Lemma 5.7. ®

LEMMA 5.9 For any e € %,qa(QY) there exists a sequence {en, tnen, hn — 0T,
such that ep,, € Ugqqn,) () and ey, — e strongly in % (), as hy, — 0T

Proof. Here, we introduce the parallelogram 2 and use the skew coordinates
([¢,n]) via the mapping (5.1). Let Q = Z#(Qy), Qo) = (0,La) x (0,Lp),
hgy = (La/m), hey = (Lp/n). Further, denote by H};; the grid points with
coordinates: & =ih(y, n = jhgy, 1 =0,1,2,...,m,j=0,1,2,...,n

05 = 16 = Dhqy,ihw] x [( = Dheys b)), 05 = Z(0F),

o) = ((i- (1/2>>h<1 (i + (1/2))hey) % (G — (1/2))hy,
(J + (1/2)hy) N Q.
O, = (0§JQ>).

From this, we have that @;; is a neighbourhood of the point % (3{;;). Here we
set

On(F(Hyy)) = (MESOij)_l/O(x,y)dQ, 0<i<m, 0<j<n. (540)
O;;

Next, we interpolate the nodal values (5.40) by functions from Q;(0; ).
Hence, we obtain O, € %5 ad(h) (©). We may write

/ 0d2 = (1/4) MES O, Z On ()

61 k=1

where fHZ{J@ are vertices of the parallelogram O;;. Introduce the notation: .7
(the union of all parallelograms O;; which are adjacent to the node % (3;;)),
then we have

/oth ZZ/Ohd :sznj (1/4)MESO;; Y 04 (F(HP))
i=1 j=1 k=1

11]1

= On(F (Hi5))(1/4) MES Hi5
i=0 j=
i=0 j=0 O..

0df2, since MES.”(;;y = 4MESO;j,

I
O
&C
&‘

<
I
‘o)
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Further, we introduce the functions O = O 0 %, O, = Oy 0 Z. Then, we
may transform (5.40) into the formula

01.(305) = (1/ MBS o) / 0 dedn. (5.41)
o)

Next, take the system [£, 7] as a skew coordinate system, parallel with the
edges of 2. From this identification follows that

0/8¢ = 80/d¢, 00 /on = 00 /oy
and
80, /06 = 00, /0¢, 0Oy, /0n = 00y, /on,

for the corresponding points.

Let us extend O onto a rectangle (—h1y/2, Ly + h1y/2) x (=hy/2, Ly +
h(2,/2), so that the extension Oy = 0 in Q) and Oy is symmetric with
respect to the sides, namely: O (L, + 5,1m) = Oy (Ls — s,n) for any n €
(=hy/2,Ly + hy/2), for any s € (0,h1y/2) and similarly along the other
sides of 9§2py. Taking this into account, we may write instead of (5.41)

Oh(f}fij) = (1/h<1>h<2>) / O<0>d§d77, 0<t<m, 0<j<n, (5.42)

9]
55

where Sf;) ) denotes the (complete) rectangle with the center H;; and the lengths
of sides h<1>, h<2>
Further, we have

(/) IOn(F€is1.5)~On(3€5)] = (1/h2 by | /O<o>d§d77 - /O<o>d§d77|

5O, 560
= (1/hayh) | / (1/hy)[00) (€ + 1y m) — Oy (€,m)]dEdn|
58
< (1/hqyh(a)) constant ¢, MES Sfjm = constant g, (5.43)

where we use the fact that |00 /0¢| < constanty holds almost everywhere.
It follows from O), € Q;(O <0>) in Og» that the derivative 90, /0¢ attains its

maximum at the boundary 805j> Then, in view of (5.43), we get the estimate
|005,/0| < constant g for any [z, y] € .
Moreover, the upper bound constant,, for [00;/0n| can be derived in a

parallel way. Here we note that the maximum of (?)h in (f)z{?) is attained at some
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vertex of O<O Then, in view of (5.41), we easily verify that: Oy < On(z,y) <
Ouax for any [z,y] € Q. Hence, we have proven that O), € %, d<h>( )

Notice that in order to get a convergence of {Op, tnen, we consider an
arbitrary point [x,y] € Q and we may write (for [£,n] = .F 1(x,y) € O§JO»>)

1
1O, (2, ) — ‘Zohn Nwn(€,m) = 0 nwk(&,m)
k=1

where wy, are the shape functions of Ql(O§?>) (here one has wk(ﬂfgn)) = Opm at
the vertices).
Hence in view of (5.41), we obtain

4
|On,, (z,y) Z|Oh O(&,m)|wr (&)
) k=1
Z |(1/h1yhz )/ (0y(51,52)ds1dsz
k—1 o
(U hyhiay) / B(¢, n)ds1dsa|wn (€,m)

sf;’”“
4 ~
< (Uhuyhe) / 100y (51, 52) — O£, )| dsy s, (5.44)
k—1 s

where Sf;” denotes the rectangle with the center at U{k and MESS;; Ok _
hayhz)-

On the other hand, we get
O0y(s1,52) — O(&,m)| =[O0y (51, 52) — O0) (€,)]
100y (51, 52) — Oy (&, 82)| + 00y (€5 52) — 00y (€, 1)
(3/2)(h1yconstant ¢y + h(ayconstant ). (5.45)

<
<

Then, due to (5.45) and (5.44), we have
|On, (x,y) — O(x,y)| < 12h,, max(constant ¢y, constant ).

Let II;.% denote the Lagrange linear interpolant of .% over partition of
OQconmer, generated by F5,. Since .# € WL (0Qcowmer), interpolation theory
(Ciarlet, 1978) yields

[|# — 1y, Z||L constant h,||F||w1

o (0Qconmact) S (0QconTacT) *
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Obviously, 0 < I, # < Fuax everywhere. For any straight-line segment
PQ € H, where P, Q € 0Qconmer and H € F},, we have

|0T0n,, 7 /95| < (1) mBas PQ)|Z(Q) — F(P)|

Q
< (1/ MEAs PQ) / |0.F /0s]|dS < constant z.
P
Now, e, = [0y, I1,.%|T satisfies the conditions of the lemma. [ ]

THEOREM 5.1 Let {e.(n,) weiorr }neN, hn — 01 be a sequence of solutions of the
approzimate optimal control problem (P.,,)).

Then there ewists a subsequence {e5<hnk>,WEIGHT}'kEN C {ec(h,) weenr fnen and
an element e (. weonr € ad(S2) such that

{e8<hnk>,WEIGHT — €¢(x),wWEIGHT strongly n %(Q)a (5 46)

1\/Ihn,C (ee(hnk),wsleHT) - M(eE,WEIGHT strongly in [La (Q)P,
and e weenr 05 a solution of the penalized optimal control problem (2.). Each

uniformly convergent subsequence {e(n,y weenrfneN tends to a solution of (Z:)
and ((5.46),2°) holds.

Proof. Here we have %,q(n)(Q2) C %.a(Q2) and %,q(S2) is compact in % () (
= C(Q) x C(0Qconmer))- Hence, there exists a subsequence of {€c(h) weierr fne N
such that ((5.46),1°) holds with e. weenr € %a(?). Then, from Lemma 5.7 we
obtain ((5.46),2°). In the following, we prove that ey wecnr is a solution of the
problem (). Consider any e € %,4(f2) and we apply Lemma 5.9 to obtain
{en, tren, en, € Uaaqn,)(£2), such that e;, — e strongly in % (Q2).

Now, the definition () implies that

‘4(€>,WE|GHT<;L> (eE(hk),WEIGHT’ Mhnk (eE(hnk y 7WEIGHT))
< ‘4(E>,WEIGHT<;L> (ehk ; M, (eh;C ) (5.47)
for any hy, .

Taking into account (5.47) and passing to the limit with h,, — 04 and
applying Lemma 5.8 to both sides, we arrive at

‘4(5),WE|GHT(eaa M(ee)) - 4(5),WE|GHT(97 M(e))

Thus, the element e, weeyr is a solution to the problem (), what completes
the proof. [ ]
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6. Application to a circular plate with annular opening

We consider the case of an elastic circular plate with annular openings (the
midplane of the plate occupy a given bounded domain = {[x,y] € R?, R4 <
2?2 + y? < Rp}) subjected to the axially symmetric loads (concentrated load
at the curve (circle) O,y and Oy,). Let the boundary dQ be decomposed as
follows: 99 = Opispuacement U OQconmer, Where on OQpspuacewent (With radius R4)
homogeneous conditions are prescribed, whereas on 0Qconmacr (with radius Rp)
the plate is unilaterally supported and is subject to a contact with friction.
The transversal displacements (deflection of axisymmetric plate) v belong to
the space (on OQpspiacevent @ homogeneous kinematic conditions are prescribed)

V(Q) = {U S HQ(Q) s Myv = 0, M1v =0 on aQDISPLACEMENT}'

The investigated plate is circular, therefore we introduce the polar coor-
dinates by the transformation: x = rcosf, y = rsinf. Here we introduce
unilateral constraint imposed upon the deflection v on 9Qconmer (the plate is
subjected to a contact with friction)

H(Q) :={v e V(Q): Moyv >0 on dcoxmer}
or
H (Qapy) == {v € V(Qan)) : Aov = 0 at the point r = R4},
where
V(Q<AB>) ={ve H2(Q<AB>) : Mov = 0, A0 =0 at the point r = Rp}.

Due to the axisymmetric load and axisymmetric boundary conditions on
0} the state function depends only on the radius . We deduce the following
relations for the bending moments [M,,.(O,r), Myp(O,r)] and for the torque
MTG(Ov T)

M,r(0,7) = M. (0) = D11(0)(d?v/dr?) + D12(0)(1/7)(dv/dr),
Myg(O,7) = Mag(O) = Doy (0)(d?vdr?) + Doz (0)(1/7)(dvdr),
M.,9(0) = My, (0) = 0.

from which we conclude the isotropic material to be a partial case of the or-
thotropic one

E11 :EQQZE, Vig = V21 =V, G:E/2(1+l/)

Let us use the virtual displacement principle to establish a variational for-
mulation of the problem. To this end we introduce a bilinear form

(A (0)v, 2)v(Qapy) = a(0,v,2)
—on [ {0/, (U)o an KO a2, (1/r)dz/a) Trdr - (6.)

Qan)
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and the virtual work of external loads by the formula

(L, v)y) = — /p<1>vdS+ /p<2>vd5+27r/rp(r)vdr,
Or, 6r, Q
or
(£, 0)v(Qan,) = 21[=payRog, v(Rog, ) +p@)Rog, v(Rog, )| +27 /TP(T)UdTa
QaB)
where
D11(0) D12(0)

K(0)] =

[K(O)] D21(0) D (0)
and

) = Eo*30 -7 | |,

for isotropic plate, v is the Poisson ratio, and 20 is the thickness of the plate.

Here we assume that the thickness O of the exterior layers (or the plate half-
thickness) is not constant over the whole area 2. Now, let it be axisymmetric.
Then we can assume that it is possible to express the thickness of the plate by
a function O € %,a(2apy) where

?/ad(ﬂ(ABﬂ :{O S C(O)’l(Q<AB>), |dO/d7’| < constant<o>,
0 < Omin < O(T) < Omax,

T e Q<AB>, where constant, oy is a positive number}.
LEMMA 6.1 The set A (Qapy) N C"X’(Q<A3>) is dense in J (2 apy).

Proof. Consider a v € £ (). Taking into account the partition of unity such
that {R4} C supp 01, {Rp} C suppfs, suppby N{Rp} =0, supphoN{Ra} =0,
we may write

2
v= g v0;,v0; = v;
Jj=1

and solve the approximation of every v; separately.
If vo(Rp) > 0, we extend the function by its tangent at r = Rp for r > Rp
and regularize by the formula:

o0

Ao (0) = A7 [ e = .0 f(0)dp,

w(a, k) = exp(a?/(a* — k%)), for l[a] <k or w(a,r) =0, for |a| > &,

where A and k are constants.
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Since the extension Evs is positive in a neighbourhood of the point » = Rp,
its regularization Z, FEvy > 0 for k sufficiently small and

[[Zr,, Eva — v2|| g2 y — 0 for K, — 0. (6.2)

QaB)

If vo(Rp) = 0, we extend v in such way that Evy is antisymmetric with
respect to the point r = Rp, i.e. Eva(r) = —v2(2Rp — r) for r > Rp.

Hence we deduce that %, Evs(Rp) = 0 and (6.2) holds.

Next, the function v; will be extended by zero for < R4, then shifted to
the right and regularized (for « less than the shift). Here we obtain functions:
Uik, € C5°(Qapy) such that

||’U1 71)1||H2(Q<AB>)*>0fOI‘ Hnﬂo. (63)

Kn

On the other hand, making use of (6.2) and (6.3) we have

[[(v1 = vk, ) + (v2 = Zr, Evo)l |52 (9 a1y

< vt = vk, [lB2( Qg + [|v2 = P, Ev2llm2(Q 4 y) — 0,

which completes the proof. [ |
Let us use the virtual displacement principle to establish a variational formu-
lation of the problem (shape optimization of elastic axisymmetric plate). Then,

the general statement of such a problem is as follows:
Given any O € %,a(2apy) find u(0) € # (2 apy) such that

<JZ{(O)U(O),’U - U’(O)>V(Q(AB)) = <“4’ v u(o)>V(Q<AB))7 (64)

holds for all v € (2 apy)-
Now, we define the cost functional (desired deflection)

ZbESIRED DEFLECTION (U) =27 f [U - Zad]27’d7"

QaB)
and
ZNTENSITY OF SHEAR STRESS(O; U) =27 f [0'72«7- + 039 - UrrUGG]TdT;
QaB)
9
—(— 2 Vo Higy + O [M2.(0) + M2,(O
(T ) 27 ] (o + 0)E0) + 15,(0)

*MM(O)M%(O)]TdT

or

(187”) A0/ + (dofar (1)
(aB)

4MEAS Q 4By
x(1—v+v2) + [(dv/dr)(d®v/dr?](1/r)(—1 + dv — 1v?)}rdr

=Q [ 7(0(r)*¢([v,v])dr.
QaB)

(6.5)
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The choice corresponds to the minimization of the expression (the so called von
Mises equivalent stress) evaluated on the surface of the plate.

Now, we define the following optimal control problems
O(*),DESlRED oeriecrion =  ATgMin  Zoeqiren DEFLECTION(O7 U(O))
O0€%aa(QaBy)
and (6.6)

V) (%) ,INTENSITY OF SHEAR STRESS — ArgMin  Zrensiry or siear sress (O, u(0)).
O0€Xaa(aBy)

Approximation of the problem

Let N(h) be an integer and .7, a partition of interval [Ra, Rp| into N(h)
subintervals €; = [#j_1,%;] of the length h, j = 1,2,...,N(h), Zy = Ra,
Znny = Rp. Here we shall consider only h that lead to a uniform partition of
the interval. Let Py (€) be the polynomials whose order is at most k. We define

Uad(ny(Qapy) =10 € %a(Qap)) : Ole, € P1(0;), for any j},
Vi(apy) = {v € V(Qap)) : vlg, € P5(0;), for any j}, (6.7)
I (Qapy) = (Qapy) N Va(Qap))-

Approximate State Problem:
Given any Oy € %ad<h> (Q<A3>), find up,(0p) € %(Q(AB>) such that

(h (0n)un(On), vn = un(On)Vi (@ amy) = (45 0n — un(On))via, , . (6:8)

holds for all v, € %4 (Qam))-
Let the approximate Optimal Control Problem (47;) be defined in the fol-
lowing way:

Find O<*>h,DESIREDDEFLECTION € %ad(m (Q(AB))
and O(*)h,INTENSITYOFSHEARSTRESS € 02/ad(h> (Q(AB)) such that
O(*)h,DESIREDDEFLECTION = ArgMin  Ziesrenoeriection (U}L(Oh))
On€%aainy(Qany)

V) () h,INTENSITY OF SHEAR STRESS — ArgMin "ZNTENSITY OF SHEAR STRESS(h) (Oh y Un (Oh ) ) .
On€aa(ny(QaBsy)

(6.9)

Next, we introduce a numerical quadrate finite element approximation of
(6.1). Taking into account (6.7), we have

N(h)

(T (On)vn, 20) v, (@ ay) = 27T/(<d2vh/d7“27 (1/r)don /dr)[K(On(a;))]
=g,

x (d?zp, /dr?, (1/r)dzy, /dr) T )rdr, (6.10)

where a; = (1/2)(Z;-1 + %£;), On € Uaany(an))s [Vn, 2n] € V(Qap))-
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LEMMA 6.2 For any On € aa(ny(apy) and vn, zn € Va(Qapy) the following
estimate holds:

K (On)vhs 20)Vi (@ amy) = (On)Vh, 20) V(@ a5y
< constantyy h||Uh||V(Q(AB>)||2h||V(Q<AB>), (6.11)
where the constant iy is independent of h.

Proof. We may write

(@ (On)vn, z0)vi () — (Z (On)vn, 2n)v ()|

N(R)
—j2r S / (d2up /dr2, (1/7)dun /dr)
j=1 ﬁj
X ([K(On(a;))] — K(On(r)]){d® 2 /dr?, (1/r)dzn /dr) T rdr)|
N(h)
<27 Z /|7" 2op/dr?) (A zp, /dr®)[D11(On(a;)) — D11(On(r))]|dr
Jj=1 ﬁ
+ / I[(d2vn /dr?)(dzn /dr) + (dvp /dr) (d22n /dr?)]
]
x[D12(0n(a;)) — D12(Op(r))]|rdr
+/|(1/7“)(dvh/d7“)(d2h/d7“)[D22(Oh(aj)) — Daa(Op(r))]|dr). (6.12)
4

Further, taking into account the estimate

|05(a;) = O ()| < (3/2)]|03dOn/drl| ¢,
< (3/2)0 MAXconstant< yh = constantoyh, 1 € 0} (6.13)

for (6.12), we conclude that

)
|< (Oh)vhazh>Vh (Qay) — <'Q{(Oh)vhvzh>V(Q(AB>)|
N(h)
< max|[E11, Eag, F12] Z constant gy h( /|r (d2vy, /dr?) (422, /dr?)|dr
Jj=1 o,

+ / (@20, /dr2) (dz dr) + (don /dr) (A2 2 /dr?)|dr

0

+ / |(1/7r)(dvp/dr)(dzs /dr)|dr) < constant;, h||vh||V(Q<AB>)||Zh||V(Q<AB>).
Z
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Here the subspace V4, (Qap)) is finite-dimensional, V;(Qap)) is a closed
subspace of V' (€(4p)). Then, the bilinear form (#,(On)., )v;, (9 45) is bounded
and V;,(Qap))-elliptic on Vi, (apy) X Vi(apy) and (£, )y, (o) is continuous
linear form on V3, (2 apy)

The estimates

{l(ﬂfh(@h)vmZh>vh<9<AB>>| < constant () ||| [v(Q ) 120l V@ apy) (6.14)

(1 (OR)Vhs VR)Vi (2 ay) 2 cOmstanti,)l[onl[Tq, )

follow immediately from (6.10) and the bounds for O;,. Hence the following
variational inequality (6.8) has a unique solution uy(0Qp) for any h and any
On € Uaarny (). n

Furthermore, the problem that remains is to get an estimate

[[u(0) = un, (On,)llv ),

where ©(0) is the solution of (6.4) and up(0p) is the solution of (6.8). Next, we
may write (substituting the zero function for vy, in (6.8))

constant |Jup,, (Op,)

V@any) < (Do (On, )un, (On, ), th, (O, (@ 45)
|un,, (On,,)

< un, (O ))vQas) < €V @) V(Qam)
Hence, we conclude that

[[un, (On)|V(@ap) < constant. (6.15)
Then, a subsequence of {up,, (On, )}nen exists such that

up,, (On,, ) — u¢o weakly in V(Qag)). (6.16)

But the embedding of H2(Qapy) C C*(Qapy) is completely continuous, this
means that

Up,,, (Ohnk) — ug strongly in Cl(Q<AB>). (6.17)
Here, we may pass to the limit with h,, — 0% in the inequality

un,, (On,, ) = 0for r = Rp,
to obtain that

ugy = 0 for r = Rp.

Thus, we deduce that u¢ € # (Qapy)-
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Let us verify that u¢ = u(O) is the solution of (6.4). Given a function v €
A (Qap)y) (due to the Lemma 6.1 for any O € %a(apy) the set # (Qapy)N
C>(apy) is dense in (2 ap))) there exists a sequence vo, € # (2apy) N
C*(Qap)) such that v, — v strongly in V(Qap)). If we denote by 9, =
Hy, vo, the Hermite cubic interpolate of vg, over the partition %nk, the one
has Jp, € Vi, (Q) and even ¥y, € T, (apy)-
Furthermore, we have
[|Hp,vo — 'UOHV(Q(AB)) < CODStaIltuﬂlik||Uo||H4(Q<AB>) (6.18)
and therefore
[|9h, _U||H2(Q(AB)) — 0, for hi — 0F. (6.19)

In view of the inequality (6.8), we may write (inserting vy, = Un,)

G, (On, Jun,, (On,, )sOn = Uy (Oho )V (Qany)
> (L, Oy, — Uy, (O, DVi(Qam) (6.20)

Here we can show that for h,, — 0T

lim inf (<7 (O, Jun,, (On,, ) o, (On, )v(@iany) 2 (#(0)u0,u0)v (@ a5))-
(6.21)

In fact, since O € %ad(St(apy) — (F(0)ug, uo)v (9 ap,) IS a lower semicon-
tinuous functional on V(€2 4py) and from (6.16) we conclude that

lim (7 (O)un,, (On,, ), tn,, (On, Nv(@agy) = (Z(0)ue, o)V apy)-

k—o00

Further, since

|( (On,, Juh,, (On,, )sUny, (Oho, D)V (Qamy)
—((0)un,,, (On,, )sun,, (O, v (Qan)l

< constant (||Oink = Oll¢( y T ||O%nk - OQHC(

Qan) Qasy)

H10n,, = Ollo@ap ), (On ) B an) = 0 (6.22)
we may write
lim inf ({7 (O)un,,, (O, )s thn, (Oh, )V (Q(amy)

+[{ (On,, Jun,, (On,, ), un,, (On, Nv(©Qam)
—((0)un,,, (On,,)s un,, (Ono, DV (Qan)]) Z (Z(0)uo, uo) v ap):

which gives the estimate (6.21).
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Then due to the estimates (6.12) and (6.22), we conclude that

lim inf((« (On,,, Jun,, (On,, ) Wh,, (On,, )V (Qany)

k—oo

+[{ .., (On, Iun,, (On,, ) tn,, (On, )i (@)
—((0)un,,, (On,, )sun,, (On, )v(©@an)))

2 (A (0)uo, Uo) v (Qap)- (6.23)
For any v € V(2 apy)
lim (o (On,,, Junn, (Onn, ) V)V (Qap)) = (F (00, V)V (@ ) (6.24)

In fact, we may write
( (On,, Jtn,, (On,, ), 0)v(@am) — (Z(0)uo, V)v@um)l
< WA (On,,, Jun,, (On,, ) V)V(@up) = (Z(O0)tn,, (On,, ), 0)v(Qapy)l
+|<'Q{(O)(uhnk (Ohnk) —ug), U>V(Q(AB)) — 0,

since up,, (Op,, ) are bounded and (6.17) holds.
On the other hand, in view of (6.24) and Lemma 6.2, we derive that

lim <~<thnk (Ohnk)uhnk(Ohnk)av>Vh(Q<A5>) = <~Q7(O)U<>,U>V(Q<AB>)- (6.25)

k—o0

Further, due to the estimates (6.14) and (6.16), (6.19), we conclude that

(A, (On,, Yy, (Ony, ) Onn, = V)i (Qamy)|
< constant<nl>||uhnk (Ohnk)HV(Q(AB))”ﬁhnk - ’U||H2(Q<AB>) — 0. (626)

Hence (combining (6.26) with (6.25)), we arrive at

(“h,., (On,, )un,, (On, ) On Wi @amy) — (@ (O)uo, V) v p)l

< |<’Q{hnk (Ohnk )Uhnk (Ohnk), ﬁhnk - U>Vh(Q(AB>)|
(P, (On,, Y, (On,, )s VIV (2 amy)
—((O)ug, ’U>V(Q<AB>)| — 0. (6.27)

Finally, we can write

[(€, i, (On,, DV (Qamy) — 5 U0)vQap)| — 0 (6.28)

making use of (6.16)
Now, the inequality (6.20) can be rewritten as follows

(“h,,, (On, Jtun,, (On, )sun, (Onh, )i @am)

<A“h,,, (On, Jun,, (On,, )y Vn)vi(as)
+(<, Uh,,, (Ohnk) - ﬁhnk>vh(Q<AB))' (6.29)
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Let us pass to the liminf on both sides of (6.29). Here, due to (6.23), the

n—oo

left-hand side is bounded below by (7 (0)uc, ue)v (@ ap)-
Moreover, the right hand side possesses the following limit

<"Q{(O)u<>vv>V(Q<AB>) + (L, uo — U>V(Q(AB))’

as follows from (6.27), (6.28) and (6.16), (6.19). Thus, we arrive at the inequality
(A (0)ug, uo = V)v(Quup) S U6 = V)V (@ap)-

Since u¢ € (1) was arbitrary and the inequality (6.4) has a unique solu-
tion, u¢ = u(0) and the whole sequence {up, (On, ) }nen tends to ue weakly in
V(Qagy)-

Finally, it remains to prove the strong convergence. Note that due to (6.20)
and (6.4), we may write

(“h,, (On, )un, (On, ), un, (On, )i, @amy) — (Z(0)u(0), uw(O)v(Q ip)l
< |<‘47 Uh, (Ohn) - ﬁhn)‘/h(Q(AB)) < ( U>V(Q(AB) |
+|<"Q{hn (Ohn)uhn (Ohn)5’l9hn>‘/h(Q(AB)) <'Q{(O)U(O)7 > (Q(AB>)|'
But, the first term on the right hand side has the zero limit (by (6.28) and

(6.19)), the second term has the zero limit (due to (6.27)).
Hence, we conclude that

lim (%, (O, Jun, (O, ), tuh, (On, )i (@) = (Z(0)u(0), w(O)v (e apy)-

o (6.30)

Then, taking into account (6.30), (6.11) and (6.22), we have
(< (0)un,, (On, ), tn, (On,))v(©an,) — (& (0)u(0), w(0))v (9 )]
< (< (0)un, (O o) Uh ORIV (@ amy)

< ( (Oh ) Up, (Ohn)>V(Q(AB))|

+[{ (On ) 2 (On,)s n, (On )V (@ amy)

—(h,, (O, ) o (On) i, (On, )i (2 amy)|

|< ( (Oh ) (Ohn)>Vh,(Q(AB))

—((0)u(0 ) U(O)>V(Q<AB>>| — 0, (6.31)
for h, — 0.

Next, we define the scalar product (.,.)o = (&7 (0)., .>V(Q<AB>) on V(Qapy).
Then (6.31) implies that the associated norms ||up,, (Op,, || tend to ||u(O)]| .
Since the norms ||.|[o and [|.[|y (o, ,) are equivalent, we are led to the strong
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convergence by the following estimate:

awlun, (On,) = w(O)|[r () < llun, (On,) —u(O)[Z,
= (un, (On,) — w(0),un, (On,) — u(0))

= [un, (O ) + [[u(O)]1% — 2(u(0), un, (On,))er — 0, for hyy — 0.
(6.32)

Here, we have used the weak convergence up,, (Op, ) — u(0), the convergence
of the norm ||up, (O, )||%, and the continuity of the linear functional (u(0),.) .

Let the appropriate optimal control problems (6.5) be defined in the following
way: Find O*<h> € %ad(m (Q(AB>) such that

D%DESIRED DEFLECTION (Uh (O x(h) )) gDESlRED DEFLECTION (Uh (O (h) ) )

= min
On€Uaainy(Qasy)

or

<]INTENSITY OF SHEAR STRESS(h) (uh (O* (h) )) = XNTENSITY OF SHEAR STRESS () (O* (h)» Uh (O* (h) ))

= min ‘]INTENSITYOF SHEAR STRESS, (h (O h )a
On€Uaa(ny(Qasy) ()3 (R

(6.33)

where uh((‘)<h>) solves (6.8) and the functional Zrensiry oF shear stress (O, w(Q)) is

approximated by the functional N

XNTENSITYOFSHEARSTRESS(h)(Oh7u’h(oh)) =Q Z O%(aj)/Ty(uh(oh)vuh(oh))dr-
j=1

%

LEMMA 6.3 The optimal control problems (6.33) have at least one solution for
any sufficiently small and positive h.

Proof. Here we employ Theorem 3.2 for the operator «7,(0) with (h) fixed. Let

us choose %(Q(AB>) :C(Q<AB>), V(Q(AB)):Vh(Q(AB)) The set %ad,(m (Q(AB))
is closed. Then %,q,n)(Qap)) C % (Qapy) is compact set and the form
2, (0p) fulfil ((H1),3°), (see the proof of the relation (6.14). Let us verify
((H1),4°). Let us assume [On, Opiny] € Zaa(aBy), Onmy — On in % (Qan))
and up(ny(Oneny) — un(On) in Vi (Qapy) for n — oo. Then, we may write
(analogy to (3.20))

(A (On(ny ) unn) (Oniny)s On) Vi (2 am)) = (Zh(On)un(On), On)vi, (2 apy)l
< H@h (O (ny) v (ny (On(ny ) On)vi (@ amy) — (Zn(On)uniny (Oniny)s On)viy (@)
U@ (On)un(n) (On(ny)s On)vi (2 amy) — (Zh(On)un(On), O0n)vi, (2 apy)| — 0

for n — oo, for any 0, € Vi (Qan)),

(2, un(ny (Onm)Wi(@asy) — s un(On))v(Qam)-
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Moreover one has

Loesren DEFLECTION(Oh(n> y Uh(n) (Oh(n) )) — Loesireo oerLection( O, un (O )
zNTENSITY OF SHEAR STRESS(Oh(n> ) uh(n} (Oh(n))) - zNTENSITY OF SHEAR STRESS(Oh7 uh(oh))~

Then (6.8) coincides with (6.4) and since all the assumptions of Theorem 3.1
are fulfilled, the existence of a solution of (6.33) follows. [

LEMMA 6.4 Assume that a sequence {On,, }nen, On, € Uaainy(2(aBy) converges
to a function O € Uua(2apy) for hn — 04. Then one has

lim gDESIRED DEFLECTION (Oh (Oh )) = «iﬂDEsmED DEFLECTION (07 U(O))7

n—oo

lim Z\rensiy or shear STRESS, (hn ) (Ohn , Uh,, (Oh )) = L NTENSITY OF SHEAR STRESS (O, U(O))

n—oo
(6.34)
Proof. Due to (6.32), we obtain the assertion (6.34,2°). Indeed, we can write

|$NTENSITY OF SHEAR STRESS, (hy, ) (Ohn , Uh,, (Ohn )) - XNTENSITYOF SHEAR STRESS(O) U(O)) |
N(h)

<la Z 02 (a; / P (un, (On, ) un, (O1,)) — 7 (u(0), u(0))]dr|

J
N(h)

O
+Ha > [ (0%, @) = 0201 (u(0). u(©))ar]

]10

< constant 4y (||un, (On,,)

V(©@am) TNV (@ as) | [tn, (On,) —w(O)]|v (9 apy)
+ constant () (| On,, — Ollc@ 14T (@ 4m) — 0

for n — oo, since the sequence {|lun,(On, )|V, (@5, nen is bounded and
On, — O strongly in C(Qap))-
Next we have

|$DESIRED DEFLECTION(Ohn , Uh,, (Ohn )) - oE/ﬂDEsmED DEFLECTION(O) U(O))|
< un, (On,,) +w(0) = 22adl| Lo (2 ap)) | [Uhn (On,) — w(O)[lv (@ apy) — O
]

LEMMA 6.5 Let {Oyp,) tnen, for hn — 04 be a sequence of solutions of the
approzimate problems (6.9). Then there exists a subsequence {O*<hnk>}k€N such
that for hn,, — 04, Oun, ) = Ox in C(Qap)), Un,, (Oxn,,)) — w(Ox) strongly
in V(Qapy), where O« € %,a(2(aBy) is the solution of the optimization problem
(6.6) and u(0.) € X (Qapy) is the corresponding solution of (6.4).
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Proof. Let us consider a function # € %q(Q(ap)). There exists a sequence
{Hh,, fnen, hn — 04 such that 74, € Uyany(Qap)) and 4, — H strongly
in C(Q2apy). Here, we denote by up(#7,,) the solution of (6.8) where Oy, is
replaced by J,,. Further, since %,q(n)(Qapy) C %a(Qan) and Z.a(2apy)
is compact in C(€2ap)), hence we conclude that a subsequence of {Op, }nen
exists such that O*<hnk> — Oy uniformly in Qapy for h,, — 04, so that
Oy € %aa(apy). Next, in view of the definition of the problem (6.33), we
conclude that

XNTENSITYOF SHEAR STRESS, (hp, ) (O*(hn> y Uh,, (O*(hn) ))
< zNTENSITY OF SHEAR STRESS, { h.p, ) (%ln y Uh,, (%Ln ))7
aE/ﬂDESIRED DEFLECTION(O*UL") y Uh,, (O*(hn) )) < aE/ﬂDESIRED DEFLECTION (%Ln y Uh,, (%Ln ))
(6.35)
Let us pass to the limit with h,, — 04 in (6.35) and apply Lemma 6.4 and

(6.32) to the sequences {O.(, )} ken and {4, tren-
Thus we come to the inequality

ZNTENSITYOF SHEARSTRESS(O<*>7u(o<*>)) < XNTENSITYOF SHEAR STRESS(%) u(ji”)),
D%DESIRED DEFLECT|0N(O(*>;U(O(*>)) < D%DESIREDDEFLECTION (%a U(%))
(6.36)

On the other hand from (6.36), we conclude that

<O () ,INTENSITY OF SHEAR STRESS 3 V) () ,DESIRED DEFLECTION>

are a solution of the problem (6.36). Moreover, due to (6.32), we may write
[un, (Ouinny) — WO )llvQagy) — 0, for by — 04.

and each uniformly convergent subsequence of {0}, },ecn has the same property.
|
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