Control and Cybernetics

vol. 34 (2005) No. 2

Approximate gradient projection method with general
Runge-Kutta schemes and piecewise polynomial controls
for optimal control problems

by
I. Chryssoverghi

Department of Mathematics,

School of Applied Mathematics and Physics
National Technical University
Zografou Campus 157 80 Athens, Greece
e-mail: ichris@central.ntua.gr

Abstract: This paper addresses the numerical solution of opti-
mal control problems for systems described by ordinary differential
equations with control constraints. The state equation is discretized
by a general explicit Runge-Kutta scheme and the controls are ap-
proximated by functions that are piecewise polynomial, but not nec-
essarily continuous. We then propose an approximate gradient pro-
jection method that constructs sequences of discrete controls and
progressively refines the discretization. Instead of using the exact
discrete cost derivative, which usually requires tedious calculations,
we use here an approximate derivative of the cost functional defined
by discretizing the continuous adjoint equation by the same Runge-
Kutta scheme backward and the integral involved by a Newton-Cotes
integration rule, both involving maximal order intermediate approx-
imations. The main result is that strong accumulation points in L?,
if they exist, of sequences generated by this method satisfy the weak
necessary conditions for optimality for the continuous problem. In
the unconstrained case and under additional assumptions, we prove
strong convergence in L? and derive an a posteriori error estimate.
Finally, numerical examples are given.
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1. Introduction

The numerical solution of optimal control problems has been studied in the lit-
erature using various approaches. Discretization methods have been treated in
Dontchev (1996), Dontchev, Hager and Veliov (2000), Veliov (1997), using Euler
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or Runge-Kutta schemes, and error estimates were derived. Abstract results on
approximations to generalized solutions, error estimates, and application to fi-
nite difference schemes for control-state constrained problems have been given in
Malanowski, Buskens, Maurer (1998). In Dontchev et al. (1995), second order
sufficiency conditions were proved and applied to the convergence of methods
based on SQP and to penalty/multiplier methods. In Dunn (1996), the con-
vergence of the gradient projection method in an infinite dimensional setting is
analyzed. Mixed discretization/optimization methods using polynomial para-
meterizations and matching Runge-Kutta schemes were considered in Schwartz
and Polak (1996). Optimization methods for discretized nonconvex optimal
control problems using relaxed controls have been studied in Chryssoverghi,
Coletsos and Kokkinis (1999), and in Chryssoverghi, Coletsos and Kokkinis
(2001) where non-matching trapezoidal schemes were used.

In this paper, we consider an optimal control problem for systems described
by nonlinear ordinary differential equations, with a (not necessarily bounded)
control constraint set. In order to solve this problem numerically, we propose an
approximate gradient projection method that constructs sequences of discrete
controls and progressively refines the discretization during the iterations. The
state equation is discretized by an explicit Runge-Kutta scheme of maximal
global order m and the controls are approximated by vector functions whose
components are piecewise polynomial of degree [ < m — 1, but not necessarily
continuous. Since the matching adjoint of the discrete state equation and the
derivative of the cost functional usually involve tedious calculations of partial
derivatives of composed functions, we use at each iteration an approximate cost
derivative defined by discretizing the continuous adjoint equation by the same,
but nonmatching, Runge-Kutta scheme backward and the integral defining the
cost derivative by a Newton-Cotes integration rule with nodes equal to the [+ 1
polynomial interpolation points, both schemes involving maximal global order
approximations of intermediate values of states and adjoints. Since the discrete
adjoints are nonmatching here, the exact derivative of the discrete cost is not
defined in the adjoint form, and one must necessarily use a progressive refining
procedure, with the adjoint matching only in the limit. This approach also
reduces computing time and memory and generates a single infinite sequence of
controls. The main result is that strong accumulation points in L2, if they exist,
of sequences generated by this method satisfy the weak necessary conditions for
optimality for the continuous problem. In the case of the coercive unconstrained
problem and the discrete gradient method, we prove strong convergence in L2
and derive an a posteriori error estimate. Finally, several numerical examples
are given.

2. The continuous optimal control problem

Consider the following optimal control problem, with state equation

y'(t) = fty(t),w(t)) inI:=[0,T], y(0)=y"
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where y(t) € RP, constraints on the control w
w(t) eU inl,

where U is a convex, closed, but not necessarily bounded, subset of R?, and cost
functional to be minimized

G(w) == g(y(T)).

If the problem involves an additional integral cost

T
G(w) = g(y(T)) + / gty u)dt,

we can classically transform it into a problem with final cost only by adding to
the system the scalar differential equation

¥ =gt y,u), y0)=0,

and setting

G(w) := g(y(T)) +y(T).

n

For any integer n > 1, we denote by |jv| := (3 1;]24)1/2 the Euclidean norm
j=1
and by |v]| := max |vj| the max norm in R™, by (-, -)2 and |- ||, the usual
<j<n
inner product and norm in L? := L*(I,R"), and by || - ||, the usual norms in

L := L*>*(I,R") and C(I,R") corresponding to the norm |- | in R™. We define
the set

W={weL*(I,R)|w:I—-U},

endowed with the relative norm topology of L2, and the set of admissible con-
trols Wee = W N L™, also endowed with the L? norm. Let Bj denote the
closed ball in R™, with center 0 and radius p. Setting D,, := I x RP x R, we
make the following general assumptions:

f, fy :=0f/0y, fu:=0f/0u are continuous on D ,

[ fy, fu ave Lipschitz continuous w.r.t. (y,u) on I x RP x Bf, for every

p > 0, with Lipschitz constant independent of ¢ but depending on p,

g, Vg are Lipschitz continuous on BY, for every p > 0, with Lipschitz

constant depending on p.

In the case of an additional integral cost, we suppose that
s Gy, Gu are Lipschitz continuous w.r.t. (y,u) on I x BY x B, for every p,
with Lipschitz constant independent of ¢ but depending on p.

The above assumptions concerning f, fy, fu, G, Gy, Gu can be relaxed to the
same properties, but finitely piecewise in ¢, i.e. for ¢ belonging to each interval
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of a partition of I into a finite number of intervals. Then, in particular, for
every w € Wy, the state equation has a unique absolutely continuous solution
Yy = Y. Moreover, for every given by > 0, there exists by > 0 such that
9wl o, < b1, for every w € W, with |Jw||, < bg (or ||w]||, < bp). The following
results are standard.

PRrROPOSITION 2.1 Under the above assumptions, the mappings w v Y, from
W to C(I,RP), and w — G(w), from Wy to R, are continuous.

Since optimal control problems may have no classical solutions, they are
also reformulated in the relaxed form, and the relative theory and methods
have been developed using this formulation (for such nonconvex problems, see
Chryssoverghi, Coletsos and Kokkinis, 1999, 2001, and the references there).

PROPOSITION 2.2 Given controls w,w’ € Wy, the directional derivative of the
functional G is given by

DG(w,w' — w) = Tim S —w)) = Gw)

a—0t «

=AdN%ﬁw@w@Wﬂﬂ—MM%

where y 1= Yy, and the adjoint state z := z,, is defined by the equation

Z(t) = —fy(t,y(t),w(t))"2(t) in I, 2(T)=Vg(y(T)).

Moreover, the mappings w — zy,, from Wy to C(I,RP), and (w,w’) —
DG(w,w" —w), from (Wx)? to R, are continuous.

THEOREM 2.1 If the control w € W4 is optimal, then w is extremal, i.e.
DG(w,w" —w) >0, for every w' € W,
and this condition is equivalent to the weak pointwise minimum principle

2(0)" fult y(8), w®)w(t) = min[z(t)" fult,y(t), w(t)ul, in L.

Conversely, if G is conver and w € W is extremal, then w is optimal.

For example, if f is affine in (y,u) and g convex, then G is clearly convex.
Also, in the case of the additional integral cost, if f is affine in (y,u), g convex
in (y,u), and g convex, then G is convex.

3. Discretizations

Let (Ny)n>1 be a sequence of positive integers. We suppose that N,, — oo as
n — oo and that for each n, either N,,41 = N,, or N,11 = M N,,, where M > 2
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is a positive integer. For each n > 1, we define the discretization A,, by setting
N :=N,, h,:=T/N, tn=ih, i=0,.. N,
Ini == [tn,i—1,tni), t=1,..,N—1, I,n:=[tnN—1,tunN].

For simplicity of presentation, the intervals I,; are chosen here of equal
length; in fact the subintervals I7; of the initial discretization could be of non-
equal length, in which case each discretization A, ;1 would be obtained by
dividing the length of the subintervals of A,, either by one or by M. We suppose

that h,, <1, for every n.
For given [ 4+ 1 (I <m — 1) interpolation points ¢

th=tnic1+ha/l, k=0,..1,

k

»i in each I,; of the form

(note that the t&, must be equidistant here), define the set of discrete admissible
controls

Wy = {w, € Weo | wy € (1) on Lys, wpi(tF,) = wk, € U,
k=0,.,0, i=1,.,N},

where II;(1,,;) denotes the set of g-vector functions whose components are poly-
nomials (simply called polynomials) of degree < [ on I,,;, and where it is under-
stood that the values at the possible interpolation jump points tf”» =tn,i—1,tni
are right /left limit values, on each I,,;. Consider the (vector) divided differences
(abbreviated by DD in the sequel) of order 1, ...,1, relative to the interpolation
points ¥, k = 0, ...,1, of a discrete control w,, for each i = 1,..., N,,. Clearly,
the values w¥, of the discrete controls are bounded by some constant b indepen-
dent of k,i,n (we shall say uniformly bounded) if and only if the corresponding
piecewise (vector) Lagrange interpolation polynomials w,, are bounded by some
b' independent of i,n (uniformly bounded). Using the Lagrange interpolation
polynomial in Newton form, we can see that if the DD of order 1,...,I" <1 of
the wy, (i.e. of the wk,, k=0,...,1, for each i = 1,..., N,,) are bounded by some
L independent of k,4,n (uniformly bounded), then the piecewise (w.r.t. the ;m)
derivatives of order 1, ...,1’ < [ of the w,, are bounded by some L’ independent of
i,n (uniformly bounded). Conversely, if the piecewise derivatives of order 1, ..., 1
of the w,, are uniformly bounded by some L', then, by the Mean Value Theorem,
the divided differences of order 1, ...,1 of the w,, are uniformly bounded also by
L’'. Note that we have W,, C W,,s, for every n’ > n. Note also that W,, ¢ W in
general, except if [ =0, or if | =1 and t0, = tni-1, tl. = tn;. If the first order
DD of w,, € W, are bounded by some L, then |w!/,(t)] < L’ for a.a. t € I, and
we have

d(wn(t),U) = Hli[IJl|wn(t) —u| < L'h,, foraa.tel,
ue
hence w,, belongs to the set

W, ={we LX(I,R)| w:I—U,}>W,
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where the convex L'h,-neighborhood U,, of U is defined by
U, ={veRd(,U)<L'h,} DU.

In the sequel, for a given Runge-Kutta or integration scheme, we shall say
that the mazimal global order of this scheme is m if this scheme has been
constructed so as to yield a global truncation error O(h™) for f sufficiently
smooth (e.g. f € C™ in (¢,y,u)); the effective global order will then be p,
p < m, with global error O(h#), depending on the smoothness of f. The
mazximal (resp. effective) local order is then m + 1 (resp. p + 1).

Next, we discretize the state equation by an explicit Runge-Kutta scheme
of maximal global order m, and with m intermediate points (not necessarily
distinct), which can be written in the form

j—1
d)fu = f({zua Yn,i-1 T hnzaisgbfzivwrsn’)a ﬁ’fu‘ = wnl(t_fu)v J=1..,m,
s=1
B =tnic1+0hy,, with’ €[0,1], j=1,...m, ' =0, " =1,
m ) m
Yni = Yni1+hny Fh, with) #=1, >0, j=1,.,m,

Jj=1 j=1

yno = 4.
This scheme can be written in the general form
Yni = Yn,i—1 + hnF(Enza Yn,i—1> Wni, hn)a t=1,..,N, yno = yO,

with €, = (£L,,...,t™), Wp; = (0},,...,w™). Setting t = (t},....t™), u =
(ut,...,u™), and

Eoo = {(t,y,u,h)| tEIm, yERpa UEUma h e [071]}7

we can see that the function F' is continuous on E.,, Lipschitz continuous w.r.t.
(y,u) on Eu, and satisfies

F(t,...t,y,u,..u,0) = f(t,y,u) in De.
In the sequel, L denotes various Lipschitz constants, independent of n.

PROPOSITION 3.1 Let b/ > 0 be giwen. There exists by > 0 such that, for every
Wy, € Wy, with ||wy||, <V, the corresponding discrete state ypn = (Ynos s YnN')
satisfies ||ynil| < b2, i =0,...,N.

Proof. The Lipschitz continuity of F implies that for (t,y,u, h) € Ex

< C+H+L|yl-
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The discrete scheme yields by summation

[
Yni = yO + Z hnF(EHJa Yn,j—1, V_ana hn)v

j=1
hence
i—1
lymill < [[0°]] + CT + Lhn Y llyn; -
j=0

It then follows form the discrete Bellman-Gronwall inequality (see Thomee,
1997) that there exists ba such that ||yn;|| < ba, ¢ =0, ..., N. [

For w,, € W,,, with corresponding state y,,, we define the discrete cost

Gn(wn) := g(ynn),
the continuous piecewise affine functions

Gn(t) = Yni—1+{E—tni—1)F Cni, Yn,im1, Wni, hn), for t€ 1, i=1,..., N,
and the piecewise constant functions

Y (t) = yni-1, Y (t) == ypi, fort € Ly, i=1,..,N.
Let b’ > 0 be given. We set

b := max(by, ba),

E:={(t,y,w,h)| t €I, |yl <b, ueU™, [u <V, hel0,1]},

B:= mgm||F(t,y,u7 h)ll.

THEOREM 3.1 (Consistency) Let (w, € W) be a sequence with |[wy]|| ., <V and
first order DD of the w,, uniformly bounded. If w, — w in L?, then y, — v,
yr — y, uniformly, and Gy (w,) — G(w), as n — oo.

Proof. Let € > 0 be given. By our assumptions, wy, is Lipschitz continuous
w.r.t. t with some constant L’ (independent of ¢ and n) on each I,,;. Since F' is
uniformly continuous on the compact set F, there exists § > 0 such that

||F(t17y17u17h/) _F(t27y27u27h”)|| S &,

for [t1 —t2| <0, [ly1 — 42/l <4, |B' — 1| <0 and [u; — ug| < §. Now choose n
such that h,, < min(d,§/B,d/L’). By construction of g,,, we clearly have

9 (t1) = Gn(t2)]| < Blts — ta|, t1,t2 €1,
|9 (t) = °|| < BT, fortelI,
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which show that (g,,) is a bounded sequence of equicontinuous functions on I.
We have also

||:gn(t) — yn,ile < Bh, < 5, fort € Iy, i=1,...,N.
By the definition of g,,, we can write

Un(t) = f(t, Gn(t), wn(t)) + an(t), oneach I, i=1,..,N,

Oén(t) = F(Enu yn,iflvv_vnia hn) - f(tvgn(t)a wn(t))
- F(Enhyn,i—luv_vnia hn) - F(t7 7t7gn(t)7wn(t)7 7wn(t)7 0)7

fort € I,;,1=1,...,N, and we have
lan ()] <e, fortel,, i=1,..,N.

Therefore a,, — 0 uniformly on I. By integration, we get

t

Inlt) = 4° + / (52 9n(), wn(s)) + o (5)]ds.

0

By Ascoli’s theorem, there exist a subsequence (§,)nes and a continuous func-
tion y such that g, =Y uniformly. We write
ne

Bnt) = 40+ / (529 (5), wn(3)) — F(5, 4(5), wn(s))]ds
b [ ) wa()  Fs.y(s)w(s)lds

t

0
+ [ s, us), w(s))ds + / o (5)ds.

0 0

Since f is Lipschitz continuous w.r.t. (y, ) on D for bounded y,u, and w,, — w
in L2, hence in L', passing to the limit for n € .J in this equation, we obtain

y(t) =0 + / £(5,y(s), w(s))ds,

which shows that y = y,,. Since y is uniformly continuous, it follows easily that
also y, — y, y — y. The convergence of the original sequences follows then
from the uniqueness of the limit. Finally, by the continuity of g, we have

Gn(wy) = g(ynn) — 9(y(T)) := G(w). u
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THEOREM 3.2 (i) (Lipschitz continuity) Let (wn, € W), (w0, € Wy) be se-
quences with ||wy|| < V', |[Wn]l <V, and first order DD of the wy,wy
uniformly bounded, and let yn, §n be the corresponding discrete states. Then

orgnz%)%r”ym - gm” < CHwn - w"”oo’

|Gn(wn) = Gu(Wn)| < cllwn — Wp |,
where the constant c is independent of n.
(ii) (Equicontinuity) Let (u, € W), (v, € W,,) be sequences with |u, ||, <V,
lonllo <V, and first order DD of the wy,v, uniformly bounded. For given
a € 10,1], set wpa = Up + (v, —uy) and let y,,, be the corresponding discrete
state. The discrete states y,,, and costs Gp(Wne) are Lipschitz equicontinuous
w.r.t. «

o0ax [Ynio = yniall < | —al,

|Gn(Wna) = Gn(wna)| < |a —al,
where the constants ¢ and ¢ are independent of n, (u,) and (vy,).
Proof. (i) We write

Yni = Yn.j—1 = hnF(bnj, Yn j—1, Wnj, hn),
for j =1,...,4, and summing over j, we get

i
Yni = 4" =Py F(Enjs Ynjo1, Wngs hn),
j=1

and similarly for w,,, y,. Hence

i
Yni — gnz = hnz [F(En_]u yn,j—luv_vnju hn) - F(Enju gn,j—lu":vnja hn)]
j=1
i
= hnz [F(tnja Yn,j—1, V_an7 hn) - F(tnjv gn,jflv V_an7 hn)]
j=1

+hnz [F(E’ﬂ]7 g’ﬂ,j—luv_v’nju hn) - F(Enja gn,j—lu V:an, hn)]u
j=1
therefore

77{} =
max (|0, — ;)

i N
lymi = Gnill < hnLd Yn 1 = Gnjall + LhnZ; .
iz

j=1

[
yni = Gnill < Lo N1 = Gnj—1ll + LT |Jwn — ]| o -
=1
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It then follows from the discrete Bellman-Gronwall inequality that
”ynz - gnz” S C”wn - ’J}n”ma 1= 07 "'7N7

and the second inequality follows from the Lipschitz continuity of g.

(ii) Since the controls w,, v, belong to a bounded subset of L, the Lipschitz
equicontinuity of y,,,, and G, (wy ) follows by setting wy, := wWpa, Wy, := Wps. WA

The following theorem gives the discrete error estimates relative to a fixed
discrete control.

THEOREM 3.3 For w, € W, with ||w,||, < b and DD of order 1, ...,min(l, n),
uw < m, of w, bounded by L, let y, be the corresponding discrete state and 3,
the corresponding solution of the continuous state equation. If f is sufficiently
smooth (e.g. f € C") w.rt. (t,y,u) (w.r.t. (t,y) if l=0), then

(Z) Orgnfg%nym - gn(tnz)H < Chﬁ,

(it)  |Gn(wy) — G(wn)| < chiy,
(i1i) |Gp(wp) — Gu(wy)| < ch¥, n’ > n, and N,, # N,, where ¢ denotes
various constants, independent of n and w, .

Proof. The control w,, and its derivatives of order < min(l, u) are bounded by a
constant independent of n and w,,. The first estimate follows from classical error
estimates of the Runge-Kutta method (see e.g. Hairer, Norsett and Wanner,
1993). Next, since g is Lipschitz continuous, we get

G (wn) = G(wn)| = [9(ynn) = 9(Gn(T))] < Llynn — Gn(T)| < chi,.

Now let n’ > n with N, # N, and let ¢,, denote the continuous state cor-
responding to w,, considered as an element of W,,,. Then obviously ¢, = ¢,
and

|G (wn) — G (wn)| = ‘g(ynNn) - g(yn’Nn/)
<1g(ynn,,) = 9@ ()| + |9(Gn (T)) = 9(yw'n,,)

< (bt + ")) < chi.

Remark. Note that if we suppose that f is Lipschitz continuous w.r.t. (¢,y,u)
on I x RP x B{, for every p > 0, with Lipschitz constant independent of ¢ (but
possibly depending on p), then the inequalities in Theorem 3.3 hold with p = 1.

Next we define, for given w, € W,, with corresponding discrete state y,,
the approximate discrete adjoint z, as the solution of the initial Runge-Kutta
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scheme applied formally backward to the continuous time adjoint equation
) ) ) ) J+1
ni = Fo(this Ui wfn)T(Zn,i—l + hnz istyi), J =, 1
s=m

1
Zn,i—1 = Zni + hn Z ﬂngn‘v

j=m
i=N,.,1

3

and using (instead of the exact values) intermediate state approxzimations gfu.
at the points t_f”-, of mazimal local order m (hence inducing, at best, a local
error O(h"*!) in the adjoint scheme, and a global one O(h?")), which can be
computed as linear combinations of the intermediate function evaluations ¢,
of the Runge-Kutta scheme for the state equation, with some additional func-
tion evaluations, if m > 5 (for such Runge-Kutta approximations, see Enright
et al., 1986, Hairer, Norsett and Wanner, 1993, Chap. II-6, and Papakostas
and Tsitouras, 1997). These evaluations require much less computations than
the direct calculation of the matching adjoint of the discrete state equation,
which requires the computation of Jacobians w.r.t. y of multi-stage composed
functions.

Now let (as above) y¥,, zK, be approximations also of mazimal local order
m of the state and adjoint, and wk; the exact control values, at the interpola-
tion points tf”-. For given w,,w] € W,, and y,, 2, corresponding to w,, the
approzimate discrete deriwative of the cost functional G is defined by apply-
ing formally, on each I,,;, some Newton-Cotes integration rule (recall that the
points tF, are equidistant), with nodes t*, and of maximal global order m’, to
the continuous time cost derivative, and using in this rule the approximate val-
ues y¥,, 2k, (instead of the exact values), and the exact control interpolation

values wk, = w, (tF,)

l
ZZ k(. k k ok .k k k
DnG(wn,w; - wn) = hn C'l (an)Tfu(tnwynmwnl)(w/nz - wnl)
i=1 k=0

l
The Clk are the coefficients of the integration rule, with > Clk =1, Clk >0,
k=0
k=0,...,1, and it is understood, in the calculation of D, G, that the polynomial

pieces are extended by continuity, at the two end-points, to each closed interval
I,;,i=1,...,N. Here also the computation of Jacobians w.r.t. u of composed
functions required for the calculation of the discrete cost derivative using the
matching adjoint is thus avoided. In order to simplify the minimizations of the
augmented Hamiltonian in the Algorithm of Section 4, we have chosen here
integration nodes that coincide with the interpolation points. The procedure
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can often be further simplified if we can also choose the interpolation points to
coincide with some of the Runge-Kutta intermediate points, since we have less
function evaluations in this case.

Define the I,;-piecewise constant functions
wk(t) =wk, in I, i=1,.., N,

n nt

k

and similarly for ¥, zE.

LEMMA 3.1 For 0 <k <1 and any sequence (w, € W,,) with first order DD of
the wy, uniformly bounded, w, — w if and only if wk — w, in L? strongly or
weakly.

Proof. Since the functions w,, are piecewise Lipschitz continuous with some con-
stant L’ independent of n, we have, for any sequence (w,, € W,,) as above

o~ k], < VAT [~ v < VaTL'hy 0

where ¢ is the dimension of the control space, and the lemma follows. [ |

THEOREM 3.4 (i) (Consistency) Let (wy, € W,,), (wl, € Wy,) be sequences with
wall, <V, [whl., <V, and first order DD of the wy,, w!, uniformly bounded.
If w, — w and w!, — w' in L? strongly, then y* — y = y,,, 28 — 2 = 2,
uniformly, and

D, G(wp,w,, —wy,) — DG(w,w" —w).

(it) (Error estimates) If f, f, are sufficiently smooth (e.g. f,f, € C*) w.r.t.
(t,y,u) ((t,y) if 1 =0), and the DD of order 1,...,min(l, ), u < m, of the wy
are uniformly bounded, then

022%%\,||2ni — Zn(tni)|| < chy,

where Z, denotes the exact solution of the continuous adjoint equation corre-
sponding to wy, and §n. If the DD of order 1,...,min(l, u, p’), p < m, p’ < m,
of the wy,, w), are uniformly bounded, and f, fy, fu are sufficiently smooth, then

| DG (wp, w), — wy) — DG (wy, w!, — wy,)| < ch’, with i = min(u, 1').

Proof. (outline) (i) The convergence of the sequences (y¥), k = 0..., 1, to y follows
from the convergence y,; — y (Theorem 3.1) and the construction of the yf”»,
which are O(h,,) approximations of y, ;—1. The convergence of the sequences
(21), (27), (2¥) to z is proved similarly to Theorem 2 and using the convergence

of the states. The convergence z¥ — z follows then from the convergence 2, — z
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and the construction of the z*, which are O(h,,) approximations of z, ;1. Next,
define the I,;-piecewise constant functions on [

up(t) = fultn (), yn (), wh (D)) 25(t), k=0,...0

Since w, — w (hence w* — w, by Lemma 3.1) in L2, tF — ¢t y* — y, 2% — 2

uniformly, ||waHOO <V, and f, is uniformly continuous in (¢,y, u) and Lipschitz
continuous in u, it follows easily that

ub = fu(-y,w) 2 in L2 k=0,..,1

l
Since also w';, — w’ in L? and . CF = 1, we obtain
k=0

D,,G(wp,w,, —wy) — DG(w,w" —w).

(ii) The error estimate concerning the adjoints follows from the construction
of the Runge-Kutta scheme, which contains here (in the worst case) O(h¥)
approximations of the exact state values at the ¢,; (Theorem 3.3) and of the
intermediate exact values at the # . (which both induce a O(h/*1) local error),
instead of the exact values. The last estimate follows from the O(h#™1) Runge-
Kutta local errors on the state and adjoint values at the ¥, and the O(h# +1)
local error due to integration. [ |

_ The following control approximation result is proved in Polak (1997). Let
W, denote the set of discrete piecewise constant controls. We have W,, C W,
for every n.

PROPOSITION 3.2 For every w € W (or w € Wy), there erists a sequence
(w, € W,,) such that w,, — w in L.

4. Approximate gradient projection method

We describe now an approximate discrete gradient projection method that pro-
gressively refines the discretization during the iterations, thus reducing comput-
ing time and memory and avoiding the tedious calculation of the exact discrete
adjoint and the derivative of the cost functional for higher order schemes.

For a given constant L’ € [0, +0c0], define the projection subset of admissible
controls

W) = {w, € W, | the first order DD of w,, are bounded by L'} C W,,
(with W) = W, if L’ = +oo, i.e. if there are no DD constraints), and for
wy, € Wy, the discrete norm

N 1

l
hwnlly o i= 1 D2 S~ O [lufill” = 3 [l
k=0

i=1 k=0
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Algorithm

Step 1. Choose an initial discretization Aj, an m-point Runge-Kutta scheme,
an integer [ € [0,m — 1], an (I + 1)-node Newton-Cotes integration rule, an
integer M > 2 (if U = R%, or U # R? with I < 1), or M =1 (if U # R? with
I1>1), L €[0,+)], b,c € (0,1), s € (0,1] (s € (0,400) if U = R?), v > 0,
wy € W/, and set n:=1, Kk := 1.

Step 2. Find v,, € W/, such that
en = DpG(wy, vn — wy) + (7/2)||vn — wn”g,n
= min [DuGluwn, v, — wa) + (4/2) 0}, = wall3, ).

v, €W/,

and set d,, := D, G(wy, vy — wy).
Step 3. (Armijo step search) Set and o = s. If the inequality
Gn(wy, + al(vn —wy)) — Gp(wy) < albe,,

is not satisfied, set successively o!T! := ca! and find, if it exists, the first
ol € (0,1], say @, such that it is satisfied. [Optional: Else, set successively
al*! := al/c and find the last o! € (0,1], say @, such that this inequality is
satisfied.]

If & is found, set o, := @, Wy, = wy + an(vy —wy), N :=n, k:=rK+1. Else,
set Wy, = Wn.

Step 4. Define wy, 41 by:

(a) U =R%, 0or U # R?with < 1: Set Npy41 = N, or N1 = M N, according
to the chosen refining procedure. In both cases, set w41 := Wy,.

(b) U # RY? with | > 1: Set N,y1 = N, or Ny1 = [N, (refining proce-
dure). If Npy1 = Np, set wp41 := W,. If Nyy1 = [N, then, for each
i =1,..., Npq1, compute the multi-vector of new interpolation values Wy, 41, :=
(W) 41,45 Whyy) Of Wy on Inyy; for the discretization Ay, and find the
projection P41 ;Wy414 of Wyy1, onto UL subject to the (linear) first order
DD, 1 constraints (i.e. first order DD,,41 bounded by L’). Then define w,, 1 as
the piecewise polynomial function of degree < [ interpolating these projection
values on each I,,41,;, for the discretization A, ;.

Step 5. Set n:=mn+ 1 and go to Step 2.

Define the set of successful iterations K := (n").en (see Step 3).

THEOREM 4.1 We suppose that f, fy, fu are at least Lipschitz continuous w.r.t.
(t,y,u) ((t,y) if 1 =0). If K is finite (resp. infinite) and there exists a sub-
sequence (Wp)nercN (resp. (Wn)nercr) that converges strongly in L? to some
w, that is bounded in L if U is unbounded, and is such that the first order DD
of the wy, n € L, are uniformly bounded if L' = 400, then w is admissible and

extremal, and e, — 0, d, — 0, W,, — w.
nerl nelL nelL
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Proof. (i) By the construction of w,+1 in Step 4, we can see by induction that
wy, € W) for every n. Note that w, does not belong to the set W in general
(except if I = 0, or if | = 1 and 9, = t,;, th; = tn,it1), but to a larger convex
set W, (see Section 3). We shall first show that if a subsequence (wy)nes
converges strongly in L?, is bounded in L* if U is unbounded, and the first
order DD of the w,, are uniformly bounded, then the corresponding subsequence
(Un)nes constructed in Step 2 converges strongly in L? to some v. Define the
I,;-piecewise constant functions

uﬁ(t) = wi(t) - (1/'7)fu(tfz(t)7yﬁ(t)v wﬁ(t))TZZ(t)v k=0,..,L

These functions are also uniformly bounded by our assumptions. Now, one can
easily see (by completing the square) that Step 2 amounts to minimizing, for
each 7, the quadratic function (or each square separately if L' = 400)

l
Z ClkH”Ik - “fu||2
k=0

w.r.t. the vector v/ = (v'°,...,v"") on the convex set

Uy i={v = .. eu™

v, ..., v"" satisfy the first order DD constraints}

0

i.e. to finding, for each 4, the projection v,,; = (vy;, ..., vf”) = P14y, of the vec-

tor u,,; = (u?

nis

!
ul ;) onto U;11 w.r.t. the inner product ((-,-)) = > CF(-,-)
k=0

of (R?)!*1 or equivalently, the projection v,, = P (u,) of the corresponding
piecewise constant multi-vector function w,, with u(t) := (u%,,...,ul,) € U1

on each I,;, onto the convex set of piecewise constant multi-vector functions

Wi = {v € L*(I,R)"™ | v/(t) := (v"°,...,v") € Uy on each I,,;},

!
w.r.t. the inner product ((+,-))2 = > CF(-, )2 of (L?)"*!. Since the first
k=0

order DD of the w,, are uniformly bounded by our assumptions in the two cases
L' # 400, L' = 400, similarly to the proof of Theorem 3.4, we get

u, — (101, vy ’IZL) in (L% strongly, where u = w — (1/7) fu(-,y, w)T 2.

By the construction of the y¥,, 2%, which are O(h,) approximations of ¥, ;—1,

Zn,i+1, respectively, since the wf”», their first order DD, and the yﬁi, 2k are

ni’
uniformly bounded, and since f, is assumed Lipschitz continuous in (¢,y,u),
we can see that the u¥, and their first order DD are also uniformly bounded.

nt

Since the sequence of (discrete) projections (v, )nes is also bounded in L* and
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belongs to the weakly closed set Wt by Alaoglu’s Theorem there exist a
subsequence (v, )nerxcs and v € W1 such that (v,,) g in (L)1 weakly.
ne

Now let v, be the piecewise vector polynomial (of degree < [) interpolating the
values v¥, k =0, ...,1, at the points t*,, k = 0,...,1, on each I,,;. The first order
DD of the v,, are also uniformly bounded in the two cases L' # oo and L' = oo,
because: either (a) (L' # 00) vpi = Piy1un; € Upyy for each i, or (b) (L' = o0)
Vni = Pryiug; € Uy = Uit je. vf”- = Puf”-, k = 0,...,1, separately, where
the projection P onto U does not augment distances. Hence, by Lemma 3.1,
we have in the limit v = (g, ,1l)) Now let any ¢ € W, and let (¢, € W,,) be

a sequence that converges strongly to ¢ in L? (Proposition 3.2). Since clearly
(¢On, ,¢ln) € Wi, 1, we have
l l l
chk(vfu(bn)Q = Zolk(ufn(bn)Q; with chk = 15
k=0 =0 k=0

and passing to the limit, for n € K, we get

(Uv ¢)2 = (u7 (b)?

Since this holds for every ¢ € W, we have v = Pu, where P is the projection
operator onto W in L?, and clearly v € L. On the other hand, since v,, €
W1, we have

! !
2 ki k ok ki, k ok
vallls =Y CF(vh, i)z = D CF (ul, vh)2
k=0 k=0

2

(

l
n&Qme_ZWmm_H

k=0

Uy 1l)) 5
Therefore, v, —>K(g, . 1;) in (L?)"*! strongly, hence v, —v=Pu (by Lemma 3.1)
€

n

in L? strongly, and this holds also for n € J, since the limit Pu is unique.

(ii) Let ng be fixed and suppose that an Armijo step «, cannot be found for

n > ng, i.e. the set K is finite. Since by our assumption w, — w, we
neLCN

have v, — v, as in (i). Since the minimized function in Step 2 vanishes for
nel

vl = wy, € W/ we have e, <0, hence d,, < e, <0. By Theorem 3.4 (i)

n

en == DG(w,v—w) + (3/2) v — wl> <0,
dy ?Ld = DG(w,v —w) <e<0.

Let us show that e = d = 0. Suppose that e < 0. Let b',b” be such that
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b < b <b” < 1. By the definition of the directional derivative, we have
Glw+a(v—w)) — Gw) = a(d+¢cq) <b'ad <bad,,
for « € [0,0], n >ny >ng, n €L,

for some ny sufficiently large and § € (0, s| sufficiently small, where s is the
Armijo initial step. Since (a — G, (w+a(v, —w))—Gp(w) )ner is a bounded se-
quence (Proposition 3.1) of (Lipschitz) equicontinuous functions (Theorem 3.2)
that converges pointwise on [0, 1] to the function a — G(w+ a(v —w)) — G(w)
(Theorem 3.1), the convergence is uniform on [0, 1], by Ascoli’s Theorem. Hence

Gn(wy + a(v, —wy)) — Gp(w,) < abdy, +n,
= a('d,+ 1) < bad, < baen,
a
for @ € [¢§/2,6], n >ne >ny, n€ L,

which shows that the Armijo step «, can be found for n > ny, n € L, a
contradiction. Therefore, we must have e = 0 and e, —>LO. Next, by Step 2, we
ne
have
D, G(wp, v, — wy) + (v/2)||v], — wn||§n > ep, for every v, € W,.

Let v' € W, be any control and (v], € W,, C W) a sequence converging to v’
(Proposition 3.2). Passing to the limit in the above inequality, for n € L, we
clearly find, using also Lemma 3.1, that

DG(w,v' —w) + (v/2)[lv' —w]3 > 0.

Replacing w’ by w + A(v' — w), for arbitrary A € (0, 1], and dividing by A, we
get,

DG(w,v' —w) + (\/2)v" = wl >0,
therefore

DG(w,v" —w) >0, for everyv' € W..
Since, in particular, d = DG(w,v—w) > 0, and d < 0, we get d = 0 and d"n?LO'
It follows that ||v, — wan,nn?LO, hence ||v,, — wnHQn?LO (by Lemma 3.1), and
w=v = Pu € W. Since wnn?Lw and (wp )ner is bounded in L, we have also
w € L, hence w € W,. Therefore w is admissible and extremal.

(iii) Suppose now that an Armijo step «, can be found for each n = n", k € N,
i.e. for every n € K, where the set K is infinite. We have k — oo, and by our
assumption w, — w. Similarly to (ii), we obtain

neLCK

Gr(wy + a(vy, —wy)) — Gp(wy,) < abd, < abe,,
for @ € [¢§/2,6], n >ne >ny, n€ L,
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which shows that for n > no, n € L, the Armijo step satisfies a,, > ¢d. Therefore
(see definition of @, in Step 3)

G (W) — Gp(wy) = Gp(wn + an (v, —wy)) — Gp(wy)
< apbe, < cdbe, < cdbe/2:=a <0, for n>ng>ng, n€ L.

Consider now the case where N, 11 = N,, and w, 41 is defined by the N, ;1 =
I N,, discrete projections in Step 4. Since w,, v,, hence w,, satisfy the first
order DD,, constraints, the w, have uniformly bounded first derivatives. The
linear interpolant Wpn41, = Ly41,iWn+1,; of Wy on Ip,41,; w.r.t. the two points
t9 1.0 th 1, takes a multi-vector of intermediate values W := (@3, ;, ..., @ 1)
that belongs to Ut since U is convex and clearly satisfies the first order DD,, 1
constraints. It yields at most a (uniform in ¢,n) O(hy,41) discrete interpolation
error |Wy11,i — Wnt1,i ~on I,41,;. By the minimum norm property of the

oo,n+1,7
piecewise discrete projections in Step 4, we then have

A

[Pr+1Wnt1,i = Waavilla s < IWnt1,i = Wagilly g
< |Wng1 — ®n+1,i|m1n+17i < O(hp+1),

for each ¢ = 1,..., N4, hence |wy11 — 1DH|007"+1 < O(hp41). Since the first
order DD of the w, (see above) and wy4+1 (by the projections in Step 4, as
above for v,) are uniformly bounded, so are their first derivatives, and we have

|wn+1 - UN}n|OO S O(h/nJrl)
By Theorem 3.2 (i), we then get

|Gt 1(wng1) — Grgr (Wn)| < (w1 — Wnlo < O(hng1) = O(hy).

This trivially holds also in the cases where w, 41 = W, in Step 4.
Gathering our above results and using Theorem 3.3 (iii), with u = 1, we have
the three following cases:

GnJrl(wnJrl) - Gn(wn) = Gn+1(ﬁ’n) - Gn(wn) + O(hn) =
= Gy (W) — Gp(wy) + O(hy) < a+ O(hy), forn >n3, ne L C K,
Gnt1 (wn-‘rl) - Gn(wn) = Gn(wn) - Gn(wn) + O(hn)
< anbe, + O(hy) < O(hy), forn € K, andn <nsorn¢ L,
and since wy41 := wy, for n ¢ K (unsuccessful iterations)

Gri1(Wnt1) — Gp(wy) =Gr(wy) — Gu(wy) + O(hy)=0(hy,), forn ¢ K.

Since hp41 = hy, or hyq1 < hy,/2 anyway, we obtain
Gn+1(’wn+1) — G1 (wl) S Z Oh,{ + Z a
1<k<n n3<w<n,k€ L

2Chy + Z a — —00

ny<k<n,k€ L neN

IN
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which contradicts the boundedness of the sequence (G (wn):= g(¥nN)),en
(Proposition 3.1). Therefore e = 0 and e,, — 0. Similarly to (ii), d = 0, d,, —>LO,
nelL ne
and w is admissible and extremal. Finally, since w, = w, + a(v, — wy), for
ne KDL, w, — W, and [jv, — wn||2 - 0, we have also W, — W [ |
ne ne

One can easily see that Theorem 4.1 remains valid if e, is replaced by d,
in Step 2, but e, usually gives better results. If the limit extremal control w
is Lipschitz continuous, then the first order DD constraints are usually inactive
if the constant L’ is chosen sufficiently large, and we can then take L' = +o0
(i.e. W = W,), thus simplifying the projection procedures in Steps 2 and 4.
The control w, 41 constructed by piecewise discrete projections in Step 4 yields
actually a much more accurate approximation of w, than the piecewise linear
interpolate (see the above proof), if f and the boundary of U are piecewise
smooth and the control w is continuous piecewise smooth, with possibly a finite
number of discontinuity points of its derivative (folding points), which may be
either a priori known, or approximated with high accuracy (see the comments
to the Numerical Examples).

In the next theorem, we prove strong convergence in L? and derive an a
posteriori error estimate in the case of the approximate gradient method applied
to the unconstrained problem, without DD constraints.

THEOREM 4.2 We suppose that U = RY, that f, fy, fu are sufficiently smooth
to guarantee the error estimates of Theorems 4 and 5, and that the linear direc-
tional derivative of G

DG(u,v —u) := (G'(u),v —u)s, G'(u):=flz,
is Lipschitz continuous
|G’ (v) = G'(uw)|l, < Lljv — ul|,, forevery u,v € L>,
and strongly monotone (coercive)
(G'(v) = G'(u),v —u)y > Bllv —ull5, for every u,v € L*.

If the sequence (wy,) generated by the Algorithm is such that the w,, and the DD
of order 1,...,min(l, u, 1), p < m, ' <m’ (see Theorems 3.3 and 8.4), of the
wy, are uniformly bounded, then the sequences (wy) and (Wy, = Wp41) converge
strongly in L? to the unique optimal control w, the sequences (ey), (dy,), defined
in Step 2 of the Algorithm, converge to zero, and we have the a posteriori error
estimate

lwn = wll < (1/6%)(29|dn| + O(h)), with ji = min(p, ).
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Proof. Since here U = RY and there are no DD constraints, Step 2 reduces to
a projection onto R? for each i,k separately, hence we have the approrimate
values

/Ufll 7w (1/’-)/)fu( nl’ynl’ n'L)TZTk]il7 k:()"",l, Z: ]‘,"',N,
uk, = vkl —wk, = —(1 /) futE Wk )T 2E, k=0,..,1,i=1,..,N.

nt n n?

On the other hand, we have the exact functions

Un(t) = wn(t) — (1/7) fult, §n (1), wn(t))Tgn(t)v
Un(t) = Op(t) —wn(t) = _(1/7)fu(tagn(t)vwn(t))Tzn( )=—1/7)G" (wy),
where 9§, Z, are the exact state and adjoint corresponding to w,,. Let v,, (resp.

Up = Up — Wy be the piecewise vector polynomial (of degree < [) interpolating

the O(h”) approximate values vF, (resp. uf, := oF, —wk.)) k =0,....1, at the

points t*. k=0,...,1, on each I,;. We have

ni’

I
dn = DpG(wp, upn) = —(1/7)h chl Juril|” = =(1/7) ZCz’“Huiin
k=0

i=1 k=0

The sequence (@,) and the sequences of piecewise derivatives of order 1, ...,
min(l, i, p') of @, are bounded in L> by our assumptions. Taking then into
account the Runge-Kutta and numerical integration errors (Theorem 3.4, (ii)),
we have

dy, = DG (wn, tn) = (G'(wn), in)2 = _(1/’7)”&71”3 = dn + O(h}).

We shall first show that e, —>NO. We have d,, < e, < 0. Suppose that there
ne

exists 8 > 0 and a subsequence (e,)ner such that e, < —8 < 0 for every
n € L. Using the Mean Value Theorem, taking into account the Runge-Kutta
and interpolation errors, and setting

Wna = Wn + QUp, €ng = (1/9na)(G/(wn + enaaun)_G/(wn)a enaaun)%
we have

G(Wna) — G(wy) = (G (wy + Opactiy), atiy)2

= O‘(G/(wn)vun)Q + ena = O‘(Jn + O(h%) + O(hijl)) + ena

= a(d, + O(hH) + O(hﬁfl)) + ena = aldn +1n) + €na,

for some 6,4 € (0,1) ( which holds also for oo = 0, with 6,0 = 1).

Since the sequence (u,) is clearly bounded in L°°, hence in L?, and G’ is Lip-
schitz, we have

lenal < LOpac?®|unlly < La?|unll; < o®M,
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hence
G(wna) — G(wy) < aldy, + nn + aM).

Let 0/,b"” be such that 0 < b < b < b” < 1. Since d,, < e, < —f3 < 0, we then
have, for a € [0, 8], with 6 = (1 —=b")3/M,and n > ny, n € L

G(wna) — G(wy,) < a(dy, +9n + M) < a(dy, +nn + M)

< aldp+nu+(1-0")3) < a(dy+n,—(1=0")d,) = a(d"dp+n,) < ab'dp,

hence, by Theorem 3.3

Grn(Wna) —Gp(wp) <ab/d, +O(h) =ab'd,+(1/a)O ()] < abd,, < abe,,
for a € [¢6/2,6], n > ng, ne L.

A contradiction follows, similarly to the proof of Theorem 4.1, (ii) and (iii), in
both cases, i.e. when K is finite or infinite. Therefore e, 2= 0. We can
ne

easily see here that e, = d,, /2, hence d, —>Nd =0.
ne

Now, since G’ is strongly monotone, we have

Bllwn, — wn’”g < (G/(wn) - G/(wn’)vwn — Wn)2
< HG/(wn) - G/(wn’)Hznwn - wn'”zv

hence

2 2 k1
62”“}71 - wn’”i < 2(||Gl(wn)||2 + ”G/(wn’)Hz) = 2y(|dn| + |dw

= 27(|dn| + |dw|) + O(hy) + O(hfy) — 0, asn,n' — oo,

)

showing that (w,) is a Cauchy sequence, which therefore converges to some
w € L2. Since (w,) is clearly bounded in L>°, we have also w € L™, i.e. w is
admissible. We then show as in the proof of Theorem 4.1 (ii) that w is extremal.
Since our assumptions imply that G is strictly convex, w is the unique optimal
control. Finally, keeping n fixed and passing to the limit in n/, we obtain the
requested posteriori error estimate. [ |

For example, if f is affine w.r.t. (y,u) and the cost G is of the form

T
Gl(w) = go(y(T)) + / 91, y(0)) + gt w(t))dt,

where go, and g1, are Lipschitz and monotone w.r.t. y (the vector function ¢(y)
is monotone if (¢(y1)—d(y2), y1 —y=2)2 > 0, for every y1, y2), and ga,, is Lipschitz
and strongly monotone w.r.t. u, then it can be shown that G’ is Lipschitz and
strongly monotone.
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5. Numerical examples

Set I := [0, 1], and define the reference control @w = (wy, w2), where

) 0, te€l0,0) et -1
m={ e S a—

eT=o 1

with o € [0, 1), and the reference state y(t) := (e”%, e7%, 0), t € I

a) Consider the following optimal control problem, with state equations

Y1 = —Yy2 +wp — wy,

Yy = —Y1 + wa — Wa,

vy = [(y1 — 71)* + (y2 — 42)* + (w1 — @01)* + (w2 — @2)?]/2,
y1(0) = y2(0) = 1, y3(0) =0,

control constraint set U := [0,1]%, and cost to be minimized G(w) := y3(1).
Clearly, the optimal control here is w* = w, with optimal state y* = ¢ and cost
G(w*) = G(w) = 0.

The Algorithm was applied to this example using the 4*" order 4-point
Runge-Kutta scheme, with 2 = 1/3, § = 2/3, the 3/8-Newton-Cotes 4" order
4-point integration rule, and piecewise cubic controls (I = 3) with interpolation
points coinciding with the Runge-Kutta points

th = th = tniot, tio1 + /3, tnio1 + 2hn /3, ta.

We used the following successive step sizes

h, =377/60, for Kj+1<n<K(j+1), j=0,1,2,

with refining factor M = [ = 3, refining period K = 13, first order DD con-
straints constant L’ = 10, gradient projection parameter v = 0.35, Armijo step
search parameters b = ¢ = 0.5, s = 1, option skipped in Step 3, constant initial
control (0.5,0.5), and a priori known folding point of w: o = 0.5. The results
obtained at the last iteration of each period are shown in Table 1, where

— ~k ok ik
en = max [ meax [ — w" (t))]

with w,, as defined in Step 3 of the Algorithm,

Nn 1= Orgni;gv(@m—y* (tni)|), where g, corresponds to w,,,
Cn = Gn(u}n)a

and e,, was defined in Step 2 of the Algorithm. The last control and state curves
obtained are practically identical to the exact ones and are therefore not shown.
It turned out that the first order DD constraints were inactive in this example,
and this is due to the fact that here the first derivative of the approximated
control w* = w is bounded by = 1.54 << L’ = 10. Note that this problem has
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actually inactive control constraints, though active in the gradient projection
procedure. The known folding point ¢ = 0.5 is equal here to some point t,;
of the discretization for each n. The last control discrete max error found is
~ O(h*), where h := h; = 1/540 is the last step size, i.e. at the last iteration
7i. Note that here f (which contains @) and w* = @ are smooth on each of the
two intervals [0, 0.5], [0.5, 1].

Table 1.
n En MNn Cn —en
13 0.309-1073 0.139-1073 0.385-10~7 0.239-10~6
26 0.603-10~7 0.184.10~7 0.386-10~ 1 0.389-10~™
39 0.674-10~11 0.185-10~ 11 0.473-10~ 13 0.294.10~22

b) The approximate gradient method, without control constraints (U = R?),
without DD constraints, with K = 10, ¢ = 0 (no folding point of @), and
the rest of the parameters as in Example (a), was applied to the modified above
problem and yielded the results shown in Table 2, where the last control discrete
max error is also =~ O(h?). Here f and w* are smooth.

Table 2.
n En Nn Cn —en
10 0.519-10~% 0.512-107% 0.208-10°8 0.548-10~7
20 0.107-10~7 0.107-10~7 0.386-10~ 1 0.240-10~™
30 0.227.10~ 11 0.229.10~ 11 0.473-10~ 13 0.105-10~2!

c) With the inactive control constraint set [0, 1]? replaced by the active one
[0.2,1)2, K =9, 0 = 0 (no folding point of w), and the rest of the parameters
as in Example (a), we obtained the results shown in Table 3. The last control
discrete max error must probably be &~ O(h?) (comparing to ez). Figs. 1 and 2
show the two components of the approximate extremal control w; ~ w* at the
last iteration. Note that since the necessary conditions for optimality are also
sufficient here, the method actually approximates the optimal control w*. Here
f is smooth and w* has three folding points, as one can see in Figs. 1 and 2.

Table 3.
n Cn —ep
9 0.470258001785180-10~2 0.457-10~6
18 0.470246757760872-102 0.534-10~ 14
27 0.470246707328355-102 0.147.10~1°
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W1

0.2

B

0.5
Figure 1. Example (c), Approximate optimal control, 1¢ control component.

W2

0.2}

05 1

Figure 2. Example (c), Approximate optimal control, 2"? control component.

In the above applications of the Algorithm, only 0-2 search iterations in
Step 3 were sufficient to find the Armijo step, for each n. The above results
with progressive refining were found to be of similar accuracy to those obtained
with constant last step size h := hp = 1/540, but required here about half the
computing time.

We describe now a procedure for approximating with high accuracy the
possible folding points of the extremal control. Consider e.g. Example (c),
where f is smooth and the control w* is piecewise smooth with a finite number
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(3 here) of folding points 7; € I, j = 1,2,3, where w* reaches or leaves the
boundary oU of U. When applying the method as above, the first order DD
(resp. DD of order < I = 3) of the w,, are uniformly bounded near (resp. off) the
folding points, hence the schemes used are locally 2°¢ (resp. globally 4") order
near (resp. off) these points. Hence the last states, adjoints, costs, and cost
derivatives, hence w*, are thus approximated with an ~ O(h?) global discrete
max error. Using then, for each folding point 7, j = 1,2, 3, two computed values
of the last control wy in U at two consecutive discretization points £, nearest
from the left (resp. right) its guessed value, if w* is reaching (resp. leaving)
OU, we linearly extrapolate these values, i.e. we find the point TJ/» near these
two points where the linear interpolant w.r.t. these two points intersects OU;
in most cases, i.e. if the trajectory ¢ — wy,(t) is not nearly tangent to oU, 7; is
thus an ~# O(h?) approximation of ;. Then the 7; can be chosen as three points
t1;, of a new (uneven) initial discretization, and we can reapply the method.
The control w* is then computed with an ~ O(h?) error, due to the ~ O(h?)
perturbations of the exact points 7; and the finite number of these points. We

can repeat the above procedure, using now three new appropriate points t’fij and
a local quadratic extrapolation, to compute ~ O(h?) approximations ;" of the
7;. Finally, a third application of the method yields an ~ O(h*) approximation
of w*, with the method behaving now essentially as if the folding points were
known, as in Example (a). This approximation procedure can be generalized
to problems with sufficiently smooth f, and constraint set U with piecewise
smooth boundary, defined by a finite number of equations.

A priori known non-smoothness points of f w.r.t. ¢ should of course be
chosen to be equal to some of the points t1; of each first discretization used.

Now, given discrete control values computed with discrete max error ~
O(h*), using the above schemes and piecewise cubic polynomials, and after
the above procedure, if necessary, the last cubic interpolant w,, in Step 3 yields
then an ~ O(ﬁ4) continuous max error. Any piecewise quadratic (resp. linear,
constant) interpolant of some of these values would clearly yield an ~ O(h3)
(resp. ~ O(h?), ~ O(h)) continuous max error anyway.

Suppose that the data are sufficiently smooth (i.e. f is t—piecewise smooth
in (¢,y,u), with known discontinuity points in ¢, and the boundary of U is piece-
wise smooth) and that the extremal control w* is continuous piecewise smooth
with possibly a finite number of folding points, which are either a priori exactly
predictable, or approximated as above with high accuracy. Then an important
factor in obtaining such essentially maximal order discrete errors at the interpo-
lation points is the use of mazimal order approximate state and adjoint values
at all the intermediate Runge-Kutta and integration/interpolation points. On
the other hand, since here the method is progressively refining, where new inter-
mediate values of interpolating polynomials are used, say periodically, at each
new refining, the use of maximal degree polynomials contributes also to this
result.
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6. Final comments

A discrete, progressively refining, gradient projection method that uses approx-
imate adjoints and cost derivatives given by the general non-matching Runge-
Kutta and integration schemes, in conjunction with piecewise polynomial dis-
crete controls, which are not necessary continuous, has been applied to an opti-
mal control problem involving ordinary differential equations with control con-
straints. The use of approximate non-matching schemes avoids the heavy calcu-
lation of the matching discrete adjoint and cost derivative, and the progressive
refining reduces computing time and memory. This procedure seems to yield
very accurate approximations of the extremal control and of the correspond-
ing states, costs and cost derivatives, when this extremal control is continuous
and piecewise smooth with a priori known discontinuity points of the control
derivative (or even with unknown such points, after an additional approxima-
tion procedure), or piecewise smooth with a priori known discontinuity points.
In the unconstrained case, we prove strong convergence in L? and derive an a
posteriori estimate. It seems difficult to obtain an error estimate for the con-
strained problem, but some results could probably be obtained in this direction
under additional smoothness assumptions. Progressively refining methods using
exact or approximate cost derivatives can be applied to a broad class of classi-
cal or relaxed optimal control problems involving ordinary or partial differential
equations, and also to state constrained problems, via penalty functionals (see
Chryssoverghi, Coletsos and Kokkinis, 1999, 2001).
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