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1. Introduction

The complex polynomial f(z) = a,2™ + an_12" L + -+ + a12 + ag is called
Hurwitz (Schur) stable if all its roots are in the open left-half plane (in the open
unit circle).

Let F,(S,) denote the set all Hurwitz (Schur) stable complex polynomials,
whose degrees are less than or equal to n.

Consider the complex polynomials

filz) = aPz" + a1z a2+ o) (1)
for i =1,2,...,m, whose the degrees are equal n > 1.

We will use the notations:

Vm:{(al,ag,..., )ERmZ
a; >0 (i= m),a1 +ag + -+ apy = 1},
C(fi, far-  fm ):

{arfi(@) + aafo(®) + - + amfm () : (a1, 02, am) € Vin},
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Fo={f(x)=an 2" +ap_12" "+ - +a1z+ag =

an(z —21)(x —22) - (T —Y) :

Re(z;) <0 (j=1,2,...,n),a, #0, a; € C (=0,1,...,n)},
Sp={f(2) = anz" +an_ 12"+ F a1z +ag =

an(x —x1)( —22) -+ (T — T ¢

lzj| <1(j=1,2,...,n), an #0, a; € C (j=0,1,...,n)}.

We will assume that
oaal) + aza? + -+ apmal™ £0
for every (a1, az,...,0m) € V.

DEFINITION 1.1 The convex combination of the polynomials C(f1, fa, ..., fm) is
called Hurwitz (Schur) stable if and only if C(f1, fa,- -, fm) C Fn (C(f1, f2,- -+,
Jm) C Sp).

The literature, provides the known criteria for stability of convex combina-
tion C(f1, f2,--., fm) in the particular case, when the polynomials (1) are real
and the degrees of the polynomials are equal: deg(fi(x)) = deg(fa(z)) =--- =
deg(fm(x)) = n. In 1985 a necessary and sufficient condition for C(f1, f2) C F,
has been proved in Bialas (1985). In Bartlett, Hotlot, Huang (1988) and Acker-
mann, Barmish (1988) a necessary and sufficient condition for C(f1, f2, ..., fm) C
F.(C(f1, f2y---, fm) C Sp) has been given. The three papers cited concerned
the real polynomials.

This paper is the generalization of these three papers to the complex poly-
nomials.

At first, we will prove the lemma, which will be useful in the next part of
this paper.

Let P;(t) :< tg,00) — R? (i = 1,2,3) be continuous functions for ¢t €<
to,00), A C R% Let 9(A) denote the bound of the set A and let dist (xo, A)
denote the distance of the point zg to the set A, where zq € R2.

We will use the notations:

A= (R?\A) Ud(A),
T(f) = {alPl(t) + ang(t) + 043P3(t) : (al,ag,a3) (S ‘/3}
for t > tp.

LEMMA 1.1 If the functions P;(t) (i = 1,2,3) are continuous for t €< tg,00)
and

(0,0) € T(tp) and (0,0) € T'(¢) (2)
for every t > tg, then (0,0) € (T (to)).
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Proof. Consider the function ¢(t) = dist((0,0),T'(t)). With the assumption
that the functions P;(t) (i = 1,2,3) are continuous for ¢ > to and with (2) it
follows that

$(t)=0 for t>ty and lim ¢(t) =0.

t—t

Hence it follows that (0,0) € O(T'(t)). |

2. The necessary and sufficient condition for Hurwitz
(Schur) stability of the convex combination of polyno-
mials

At first, we will consider the case of m = 3.

Let f1(x), fa(x), f3(x) be the polynomials (1).
Let

R(C(f1, fa, f2)) ={z € C: \V  aifi(z) +aafa(z) +asfs(z) = 0},

(a1,02,03)€V3
Now, we prove

LEMMA 2.1 Assume that fi(z), fo(x), f3(x) are the polynomials (1).
1) 1 = a Re , =g + 10,
S0 = B gy R (b o= 00+
o f1(z0) + g f2(20) + 3 f3(20) = 0, where (o, oy, a3) € V3, then
20 € R(C(f1, f2)) or 20 € R(C(f1, f3)) or 20 € R(C(f2, f3))  (3)

2) Ifrg = max z|, z1 = rpe??0, Bl fi(z1) + By fa(z1) + B fa(z1) =0
) If ro zeR(C(fl)fz)fs)J l, 21 =10 Prf1(z1) + By fa(z1) + B3 f3(21)

where (81, 35, B) € V3, then
z1 € R(C(f1, f2)) or z1 € R(C(f1, f3)) or 21 € R(C(f2, f3)).  (4)

Proof. We first prove relations (3). Consider the set

A(z0 +€) = {a1fi(z0 + €) + aafa(z0 + €) + azfz(z0 +¢€) :
(041,042,(13) eVs, e€ R, €> 0}

We see, that the set A(zp+¢) is the convex combination of the points: f1(zo+
€), fa(zo+€), fa(zo+¢€), and A(zo+¢) C C, (0,0) € A(z) and (0,0) & A(zo+¢)
for every e > 0. Hence, by applying Lemma 1.1, we obtain (0,0) € 9(A(20)).
Thus, relations (3) are true.

The proof for relations (4) is analogous.
Let

B((ro +€)e?0) = {a1fi((ro + €)e’?*) + az f2((ro + €)e'??)
+asfa((ro +€)e¥°) : (a1, a2,a3) € V3, e € R, € > 0}.
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As seen, the set B((ro + €)e’#?) is the convex combination of the points:
F1((ro+€)ei%0), fa((ro+e)ei#0), f3((ro-+e)ei#0), and B((ro-+e)e#) < C, (0,0) €
B(rge#?), (0,0) & B((ro + €)e'°) for every € > 0. Thus, by applying Lemma
1.1, we obtain that relations (4) are true. This completes the proof of Lemma
2.1 |

Now, we will prove the theorem, which gives the necessary and sufficient
condition for Hurwitz (Schur) stability of the convex combination of the poly-

nomials f1(z), f2(z), f3(z).

THEOREM 2.1 If fi(z), fo(x), f3(x) are the polynomials (1), then the convex
combination

C(f1, f2, f3) = {ar f1(®) + az fo(w) + az f3(7) : (a1, a2, a3) € Va}

is Hurwitz (Schur) stable if and only if the convex combinations C(f1, f2),
C(f1, f3), C(fa, f3) are Hurwitz (Schure) stable.

Proof. The necessary condition is trivial because C(f1, f2), C(f1, f3), C(f2, f3) C
O(fla f27 f3)

Now, let us prove the sufficient condition for Hurwitz stability.

Assume that C(f1, f2), C(f1, f3), C(f2, f3) C F, and we will prove that
C(f1, f2, f3) C Fy.

We will prove the sufficient condition by reductio ad absurdum. Assume that
there exist a complex number 2y = ap+13 and a polynomial f(z) € C(f1, fe, f3)
such that

f(z0) =0 and Re(zy) >0

Re(z).

We can assume, without loss of generality, that oy = max
2€R(C(f1,f2,f3))

Hence, taking also into account Lemma 2.1 it follows, that

20 € R(C(f1,f2)) or zo€ R(C(f1,f3)) or zo€ R(C(f2,[3)).

This is a contradiction to the assumption: C(f1, f2), C(f1, f3), C(fe, f3) C
F,,. This finishes the proof for the sufficient condition for Hurwitz stability of

C(f1, f2, f3)-

The proof for the sufficient condition for Schur stability of C(f1, fa, f3)-

Assume that C(f1, f2), C(f1,f3), C(f2, f3) C Sn. We will prove that
C(f1, f2, f3) C Sn. The proof is analogous as for Hurwitz stability. For the
proof by reductio ad absurdum, we assume that there exist a complex number
20 = 1or"? and a polynomial f(z) € C(f1, fa, f3) such that f(z) = 0 and
ro > 1. We can assume that ry = |z|. Hence and with Lemma

max
z€R(C(f1,f2,f3))
2.1 we have

20 € R(C(f1,f2)) or zo0€ R(C(f1,f3)) or z0€ R(C(fz,f3))
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This is a contradiction to the assumption that the sets C(f1, f2), C(f1, f3) and
C(f2, f3) are Schur stable.
This completes the proof of Theorem 1.1. |

Now, we will prove the necessary and sufficient condition for the Hurwitz
(Schur) stability of the convex combination of polynomials C(f1, fo,. .., fm)-

THEOREM 2.2 If f1(x), f2(x), ..., fm(x) are the polynomials (1) then the convex
combination

C(f1, f2s -5 fm) = {ar fi(@)+ae fo(2) 4+ am fm(T) : (a1, 00, 00) € Vin}

is Hurwitz (Schur) stable if and only if the convex combinations C(f;, fi) are
Hurwitz (Schur) stable for j =1,2,....m; k=1,2,...,m; j <k.

Proof. The necessary conditions follow from the assumption that C(f;, fx) C
C(f1, f25- 5 fm)-

The sufficient condition for Hurwitz stability.

Assume that C(f;, fr) C F, (j,k=1,2,...,m;j < k) and we will prove that
C(f1, f2y- -+ fm) C Fn. We will prove the sufficient condition by reductio ad ab-
surdum. Assume that there exists a polynomial f(z) € C(f1, f2,- .., fm), which
is not Hurwitz stable. Therefore, for each p > 0 the polynomial pf(x) € F,, and
there exists pg > 0 such that pof(z) is inside the bound of C(f1, f2,. .., fm),
for example pOf(I) € O(fim fjm fko) - O(fla fa, .o, fm)

From the assumption C(f;, fx) C F, (4,k=1,2,...,m;j < k) and Theorem
1 it follows that the convex combination C(fs,, fj,, fr,) is Hurwitz stable. This
is a contradiction to pof(x) € C(fjo, fios fro) and f(x) & F,. This finishes the
proof for the sufficient condition for Hurwitz stability of C'(f1, fa,. .., fm)-

The proof of the sufficient condition for Schur stability is analogous.

From Theorem 2.1 and with the assumption C(f;, fx) C Ey (C(f;, fx) C Sn)
for j < k we see that C(f1, fa,..., fm) C Fn (C(f1, fo,-- -, fm) C Sn).

This completes the proof of Theorem 2.2. |

Now, we will prove the necessary and sufficient condition for Hurwitz (Schur)
stability of the convex combination of two real polynomials, whose degrees can
be different.

It is the generalization of Bialas (1985), where the degrees of the polynomials
were assumed to be equal.

Consider two real polynomials

f(x) = anz"+an_12" ' Farztao; g(x) = byt b1 4 F by 4-by,

where a, > 0, by, > 0, k < n.
Let

C(f,9) ={aaf(r)+ag(x): a1 >0, az >0, a1 +ag = 1},
g(z) = by 4 bp_12" 7+ - 4 by + by,
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where b; =0 for k < j < n.
We see that C(f,g) = C(f,9).
Let H(h) denote the Hurwitz matrix associated with the polynomial h(x) €

C(f,9), ie.

Ap_1 an 0 0 o ... O
H(f) = Ap—3 Qp_29 a'n'_'l a, O 0 ,

0 0 0 0 ao

bn,1 bn O O O O
= | e e e e 8

0 0 0 B | )

Moreover, let S(f) denote the matrix associated with the polynomial a,x™ +
12" L+t ayx +ag = f(x) € O(f,g) where

(079 Ap—-1 QAp—2 . as a2 — aop
0 Ap  Ap_1 .. a4 — ag as — ap
S(f) =
0 —ay —G1 ... Qp—Qp—4 Gp_1— Ap_3
—ao —ai —as9 e —Qn—3 Ap — Ap—2

We see that H(f) € R"*", S(f) € R®~1D*("=1) and it is known that

det(S(f)) =ap™" ] (1 —miay) (5)

where z;, z; are the roots of the polynomial f(z).

Hence, given that the polynomial f(x) is Hurwitz (Schur) stable it follows
that there exists the inverse matrix H~=1(f), (S~L(f)).

Consider the matrices:

W =H Y (HH(G), M=S"f)S).

Let A;(W) (i = 1,2,...,n) denote the eigenvalues of the matrix W and let
Xi(M) (i=1,2,...,n— 1) denote the eigenvalues of the matrix M.
We will prove the following theorem.

THEOREM 2.3 Assume that f(z) = ap,2™ + ap_12" ' + -+ a1 + ag, g(z) =
bk +by_12" 14+ 4+ bz + by are the real polynomials, where a,, > 0, by, > 0,
k <n.
19 If the polynomials f(x), g(x) are Hurwitz stable then the convex combina-
tion C(f, g) is Hurwitz stable if and only if

)\1(W) = /\Z(H_l(f)H(g)) ¢ (—O0,0) (Z =1,2,... 7”)'
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20 If the polynomials f(z), g(z) are Schur stable then the convex combination
C(f,qg) is Schur stable if and only if

)\i(M) = )\l(S_l(f)S(g)) ¢ (_0070) (z = 1,2,...,77,— 1)'

Proof. From the assumption f(z) € F,, (f(z) € Sy,) it follows that there exists
H7H(f) (STHS)-

The necessary condition for Hurwitz stability.

Assume that C(f,§) C F, and we will prove that A\;(W) & (—o0,0) (i =
1,2,...,n).

From ?che assumption C(f,g) C F, it follows that for every polynomial
h(z) = a1 f(x) + ag(z) € C(f, §) we have

det(H (k) = det(ar H(f) + az H(3)) # 0
for every (a1, as) € Vo and oy # 0. Therefore
det(arH(f) + (1= a1) H(G)) #0,

det(en] + (1= ar) H ™ ())H(3)) # 0,
- HTUf)H()) #0

det (

041—1

for every a1 € (0,1). Hence it follows that

)\z(H_l(f)H(g)) ¢ (_0070) (z =1,2,... 7n)'

The sufficient condition for Hurwitz stability.
We will prove that if A\i(W) = \j(H ' (f)H(g)) € (—00,0) (i =1,2,...,n)
then C(f,§) C F,. From the ssumption A\;(W) & (—o0,0) we have

a1

det (=T~ H ())H(3)) #0,

a1 — 1
det(an H(f)+ (1 —a1)H(g)) # 0 for every oy € (0,1),
det(H (h)) # 0 ©)
for all h(z) = aa f(z) + (1 — a1)g(z), an € (0,1).
Denote by D;(a1) (i =1,2,...,n) the leading minors of the matrix
H(h) = H(ew f(z) + (1 = a1)g) = en H(f (2)) + (1 — 1) H(g)

for a3 € (0,1). Hence, given that the polynomial f(z) is Hurwitz stable it
follows that D;(1) >0 (i =1,...,n).

We will prove by reductio ad absurdum that D;(aq) > 0 (1 = 1,2,...,n)
for every a; € (0,1). Assume that there exist of and ig such that o € (0,1),
1 < ip < n, D;jy(af) = 0. Hence, with (6) and the formula of Orleando’s
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it follows that there exists @3 € (af,1) such that D, (@;) = 0. This is a
contradiction to (6). So, the sufficient condition for Hurwitz stability is true.

The proof of the necessary and sufficient condition for Schur stability is anal-
ogous as for Hurwitz stability. We will prove only the sufficient condition. We
will prove that if f(z),g(z) € S, and \i(M) & (—00,0) (i = 1,2,...,n—1) then
C(f,g) C S,. From the assumption \;(M) ¢ (—00,0) (i = 1,2,...,n — 1) we
have

aq

det (11— 571(£)8(7)) #0,
det(a1S(f) + (1 - a1)5(9)) # 0,
det(S(arf + (1 —a1)g)) #0 (7)
for every ay € (0,1). Therefore, (7) is true for oy = 1.
For the proof by reductio ad absurdum we assume that there exists ag € (0,1)
such that the polynomial agf(z) + (1 — ap)g(x) is not Schur stable. Hence if
follows that there exists a1 €< ag, 1 > such that

a1 —

arf(1)+ (1 —a)g(1) <0 (8)
(=D)"eaaf(=1) + (1 —)g(=1)] <0 (9)
arf(B) + (1 —a)g(8) =0 and a1 f(B) + (1 —a1)g(B) =0 (10)

where 83 = 1, Im(3) # 0.

The inequalities (8), (9) are contradictions to the assumption f(x),g(x) €
S,.. From (10) and (5) it follows that det(S(a1 f + (1 — ay)g)) = 0 and this is a
contradiction to (7). Thus the sufficient condition for Schur stability is true. H

EXAMPLE 2.1 For the polynomials
flx)y=2>+222+3z+4 ; glx)=2>+22+1
we have:

G(x) = 02® + 2% + 22 + 1,

2 1 0 1 0 0
H(fy=14 3 2|, H(g)=[1 2 1|,
0 0 4 0 0 1
1 -1 —%
W=HT'(NH@=| -1 2 3 ] :
0 0 5
Al(W):i, Mo(W) = 23— V5), As(W):%(3+\/5)
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Moreover, the polynomials f(z), g(x) are Hurwitz stable. Hence and with
Theorem 2.3 it follows that the polynomial af (x)+ (1 —«)g(z) is Hurwitz stable
for all @ €< 0,1 >.

EXAMPLE 2.2 For the polynomials

1
flx)=a%4+222 + 3z +4 ; g(ac):Z:v—i—l

we have:

1
G(x) = 02® + 02 + 1° +1,

210 0 00
Hf)=|4 3 2|, H@=|1 1 0],
0 0 4 0 0 1
-1 _1 1
2
w-B(PHG=| 1 1 g
o o 1
MY =2 ) =0, Ay = -2
1 47 2 - 3 - 4
Because of A3(W) = —1 and from Theorem 2.3 it follows that the convex

combination C(f, g) is not Hurwitz stable. Indeed, the polynomial af(z)+ (1 —
a)g(x) for a = 0.01 has the root with positive real part.

References

ACKERMANN, J. and BARMISH, B.R. (1988) Robust Schur stability of a poly-
tope of polynomials. IEEE Trans. Automat. Contr. 33 (10), 984-986.

BARTLETT, A.C., HorLoT, C.V. and HUANG, L. (1988) Root locations of
an entire polytope of polynomials: It suffices to check the edges. Mathe-
matics of Control, Signals and Systems 1, 61-71.

Biatas, S. (1985) A necessary and sufficient condition for the stability of con-
vex combinations of stable polynomials or matrices. Bull. Polish Acad.
Sci., Tech. Sci. 33 (9-10), 473-480.



