Control and Cybernetics
vol. 33 (2004) No. 1

The stability radius of an efficient solution in minimax
Boolean programming problem

by
V. A. Emelichev!, V. N. Krichko', Y. V. Nikulin?

! Belarusian State University
Fr. Skoriny 4, 220050, Minsk, Belarus

2 Otto-von-Guericke University
Universitéats Platz 2
FMA/IMO, 39106 Magdeburg, Germany

Abstract: We consider a vector minimax Boolean programming
problem. The problem consists in finding the set of Pareto optimal
solutions. When the problem’s parameters vary then the optimal
solution of the problem obtained for some initial parameters may
appear non-optimal. We calculate the maximal perturbation of pa-
rameters which preseves the optimality of a given solution of the
problem. The formula for the stability radius of the given Pareto
optimal solution was obtained.
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1. Introduction

Stability theory is an integral part of any traditional section of mathematics.
J. Hadamard included the stability condition in the concept of a well-posed
mathematical problem on a par with conditions of existence and uniqueness
of solution (see Hadamard, 1902). In optimization the question of stability of
a problem arises in the case when the set of feasible solutions and (or) the
choice function depend on parameters, for which the area of change is known
only. The presence of such parameters in optimization models is caused by
inaccuracy of initial data, non-adequacy of models to real processes, errors of
numerical methods, errors of approximation and other factors. So, it appears
important to the classes of problems in which small changes of input data lead
to small changes of the result. The problems with such properties are called
stable. It is obvious that any optimization problem arising in practice can not
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be correctly formulated and solved without the use of results of the stability
theory.

The common presence of discrete optimization models in economy, manage-
ment and design caused a great interest of many specialists in the questions of
stability, sensitivity and postoptimality analysis of combinatorial optimization
problems (see, e.g., Sotskov et al., 1995, 1998; Sergienko et al., 1995; Libura
1996, 2000; Greenberg, 1998; Hoesel and Wagelmans, 1999).

A vector optimization problem is usually understood as the problem of find-
ing a set of efficient solutions, i.e. of choosing from the set of feasible solutions
the alternatives which satisfy a given optimality principle. In the case where the
partial criteria of the problem have an equal importance, the Pareto optimality
principle (see Pareto, 1909) is most often used. Investigation of the stability of
a vector optimization problem means usually the study of behavior of the set of
efficient solutions under changing problem’s parameters.

One of the methods of sensitivity analysis is related to the finding of the so
called stability radius (see e.g. Sotskov et al., 1995; Chakravarti and Wagelmans,
1999), defined as the limiting level of perturbations of problem’s parameters for
which the initially optimal solution remains optimal.

2. Statement of the problem

The problem of stability in the minimax Boolean programming problem can
be formulated as follows. Let C' = (¢;;) € R™™™, nym € N, m > 2, C; =
(Ci1, Ci2y ooy Cim), E™ ={0,1}™, and T be the non-empty subset of the permu-
tations set S,,, which is defined on the set N,, = {1,2,...,m}. On the set of
feasible solutions (i.e. Boolean vectors) X C E™, |X| > 1, we define the vector
criterion

f(z,C) = (fi(z,Cy), fa(x, Ca), ...y fr(x,Cp)) — min.

zeX

The components (partial criteria) are functions

fi(xu Cz) - ri{lea’j)’( C'Lt(j)7 1€ Nn7
JEN ()

where

N(z)={j € Np: zj =1}, 2= (21,29, ., Trm)" .

Suppose that C;[t] = (ci(1), Cit(2)s -+ Cit(m))- Then we can rewrite the partial
criteria in the following form

fi(z,C;) = max Ci[t]x, i € Ny,
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The problem of finding the set of efficient solutions (the Pareto set)
P*'(C)={xe X: n(z,C) =0}

is called a vector minimax Boolean programming problem and denoted Z™(C),
with

ﬂ-(Ia O) = {.I/ €X: q(.I,.I/,C) Z 0(n)7 q(iE,iEl,C) 3& 0(71)}7

q(Ia ZE/, O) = (ql(xv xlv Cl)v q2($7 xlv 02)7 aqn(xv xlv Cn))a

qi(:v,;v/,Ci) = fl(x,Cl) — fi(:v’,Ci), 1 € Ny, O(H) = (0,0, ,O) e R".

The number

nig0 oy = [ supQ i Q#0
P, C) { 0 otherwise

is called the stability radius of the efficient solution 2°, where

eQ={c>0: VC' € R(e) («” € P"(C+ ")},
R(e) = {C" € R™™ || €' [lw< e}

3. Basic results

For any 2° # 2 and any permutation ¢t € T we introduce the following notations:

T’ z) = {teT: V' eT (N@a°t)#N(xt))},
N(z,t) = {t(j): j € Ny, zj =1}, T(a",2) = T\T(2°, 2).

LEMMA 3.1 Assume that 2° # x, t° € T(2°,z). Then C;[t°]2° < fi(x,C;) for
any index i € Ny, and matriz C € R™*™.

The efficient solution 2V is called trivial if the set T'(z°, z) is empty for any
z € X\{2°} and non-trivial otherwise.

THEOREM 3.1 The stability radius p™ (2, C) of any trivial solution z° is infinite.
Proof. Let 2° € P*(C). Since x is trivial, the equality T' = T(z°, x) is true for
any z € X \{z°}. By Lemma 3.1, the inequality (C +C");[t°]2° < fi(z,C; + C})
holds for any = € X\{z°}, t° € T, i € N,,, C' € R™™™. Hence q(2°,2,C +
C") < 0(). So, the solution 2° € P™(C) preserves efficiency for any independent
pertubation of matrix C. Thus, p"(2°, C') = co. Theorem 3.1 is proved. |

LEMMA 3.2 Let 2° be non-trivial, ¢ > 0. Suppose that for any matriz C' € R(p)
and z € X\ {2z} there exists an index i € N,, such that q;(z,2°, C; + C}) > 0.
Then, 29 € P*(C + C") for any matriz C' € R(y).
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For any non-trivial solution z° put

Ci[t]lz — C;[tV]2°
¢"(x",C) = min max min max M,
z€Q(z0) iIEN, t9eT (2%,x) tET U((EO, to, x, t)

where
o(a®,1%,z,) = [(N(2%,t") U N (2, ))\(N (2°,t") 0 N(z, 1)),
Q") = {w € X\{a"}: T(a ) # 0}.
The following statements are true
Ci[t]x — Ci[t]2° + ||Cil oo (2%, %, 2, 1) > 0, i € Ny, (1)
e T(z,2%) — FHeT (o(2°1° 2,t) =0). (2)
It is easy to see that 0 < ¢" (2%, C) < oo.

THEOREM 3.2 The stability radius p"(z°,C) of any non-trivial solution z° is

expressed by the formula
p" (20, C) = " (20, 0).

Proof. First let us prove that p"(2°,C) > ¢ := ¢"(2°,C). For ¢ = 0, there is
nothing to prove. Let ¢ > 0. Then, for any x € X\{z°} there exists an index
i € N, such that

. Cz[t]di - Ci[to]xo
min @ max —— ———— < >
0T (20,2) teT  o(x9, 10, z,¢)

Using (1) and (2) we get the following statements

qi(2,2°,C; + C)) = I}leaTx(Ci + C)[t]x — max(C; + CH[t°)2° =

toeT
_ . ) _ 1407,.0 ! _ ! 01,.0 >
g{pelr%rglea%((cz[t]x Ci[t°)12° + C[t]lx — C{[t°]2”) >
> mi T — G020 — ||CH |0 (20,80, 2, 1)) =
> min max(Citle — 1" — |Gl (e 10, 2,1)

i . — (. 1491,:0 _ / 0 40
toel%l(lﬁv,z)ltneaz)‘((cl[t]x Ci[t"]z” = ||1Ci||co(z”, ¢, 2, 1)) >

i Ci[tlz — C;[t°)2° — 040 2, t)) > 0.
>t061;1(1;}))1)151€a72<( [tle — Ci[t"]z” — po(a”, 1, x, 1)) =

By Lemma 3.2, we obtain that any non-trivial solution x° preserves efficiency
for any perturbing matrix C’ € R(p) (i.e p"(2°,C) > ). It remains to check
that p"(2°,C) < ¢. According to the definition of ¢, there exists x € X\ {z°}
such that for any i € N,

Ci [t]l‘ — Ci [to]xo Ci [t]l‘ — Ci [E]LL‘O

2> min max-——————— = max =
t0eT(20,2) teT  o(x0,10, x, 1) teT  o(x0,t,z,t)

(3)
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Let € > 0. Consider the following perturbing matrix C}. Every row of this
matrix consists of the elements

. {a if j € N(2°,1)

Cij = .
— « otherwise

where ¢ < a < e. Using (3) we get the following expressions:
. 0 P . * _ . * 0 «
(.20, Ci+ F) = max(C; + )tk — max(C; + Ctla® <

max(C; + O[]z — (Ci + CH[Ha’ = (Ci + C))[Hlx — (Ci + C)[H]2” =
= Ci[f]z — Ci[t]2° — ac (2,1, z,t) < Ci[t]lx — Ci[t]a® — po (2,1, 2,) <
. (170
< Cilt)lx — Ci[t)a® — o (2,1, 2, ) max M <
teT  o(29,t,,t)

< Gt —CZE 0 _ O,E, = = =
< Gllle = Gl ot e D=

Hence, 2 is not an efficient solution of the perturbed problem Z"(C + C*),
where C* € R(y). It means that p"(z°,C) > ». That completes the proof of
Theorem 3.2. |

4. Supplementary remarks

1 2 ....m
1 2
vector Boolean programming problem with linear partial criteria:

In a particular case, when |T| =1, t = } , we have the usual

fi(z,C;) = Ciz, i € Ny.

Then, from Theorem 3.2 we conclude that the stability radius of any solution

20 is expressed by the formula (see Emelichev et al., 2003)
Cix — Ciz?
p"(x°,C) = min max u,
zeX\{z0}ieN, o(z0, x)
where

m m m
o(z°, x) :Z|x—x0| :Z|x| +Z|:170| —2<z,2>.
j=1 j=1 j=1

For the case of a scalar problem (n = 1), our formula for the stability radius
transforms into (compare with Libura, 1993)

CiiZ? — CZ'IO

n 0
C) = -
O = i =

(4)

At the end of this paper we give a small example.
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Let n =m =2, X = {x1, 22}, 71 = (0,1), z2 = (1,1), T = {t1,t2},

o-[t 2] em[3 3] - [3 1)
Then
fla1,C) = (1,2), f(x2,C) = (2,3),P*(C) = {a1}.

By applying Theorem 3.2 we get p*(z1,C) = % If we remove t5 from the set T',
then

f(z1,0) = (L,1), f(22,C) = (273)7P2(C) = {m}.
Using (4) we get p*(z1,C) = 1.
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