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Abstract. Let X be a Leibniz algebra with unit e, i.e. an algebra with a right invertible
linear operator D satisfying the Leibniz condition: D(zy) = zDy + (Dz)y for =,y belonging
to the domain of D. If logarithmic mappings exist in X, then cosine and sine elements C(z)
and S(x) defined by means of antilogarithmic mappings satisfy the Trigonometric Identity, i.e.
[C(x))? + [S(x))? = e whenever x belongs to the domain of these mappings. The following ques-
tion arises: Do there exist non-Leibniz algebras with logarithms such that the Trigonometric
Identity is satisfied? We shall show that in non-Leibniz algebras with logarithms the Trigono-
metric Identity does not exist. This means that the above question has a negative answer, i.e.
the Leibniz condition in algebras with logarithms is a necessary and sufficient condition for the
Trigonometric Identity to hold.

Let X be a Leibniz algebra with unit e, i.e. an algebra with a right invertible linear
operator D satisfying the Leibniz condition: D(zy) = xDy + (Dx)y for z,y belonging
to the domain of D. If logarithmic mappings exist in X, then cosine and sine elements
C(z) and S(z) defined by means of antilogarithmic mappings satisfy the Trigonometric
Identity, i.e. [C(z)]? +[S(z)]? = e whenever = belongs to the domain of these mappings.

The following question has been posed in PR[2] (cf. also PR[3]):

Do there exist non-Leibniz algebras with logarithms such that the Trigonometric Iden-
tity is satisfied?
We shall show that in non-Leibniz algebras with logarithms the Trigonometric Identity

does not exist. This means that the above open question has a negative answer, i.e.

The Leibniz condition in algebras with logarithms is a necessary and sufficient condi-
tion for the Trigonometric Identity to hold.
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1. Preliminaries. We recall here some definitions and theorems (without proofs),
which are fundamental for Algebraic Analysis (cf. PR[1]).

Let X be a linear space (in general, without any topology) over a field F of scalars of
characteristic zero. We use the following notations:

e I(X) is the set of all linear operators with domains and ranges in X;
e dom A is the domain of an A € L(X);

o ker A = {z € dom A : Az = 0} is the kernel of A € L(X);

o Ly(X)={Ae L(X):domA =X}

e 7(X) is the set of all invertible operators belonging to L(X).

Here the invertibility of an operator A € L(X) means that the equation Az = y has a
unique solution for every y € X.

An operator D € L(X) is said to be right invertible if there is an operator R € Ly(X)
such that RX C domD and DR = I, where I denotes the identity operator. The
operator R is called a right inverse of D. By R(X) we denote the set of all right invertible
operators in L(X). For D € R(X) we denote by Rp the set of all right inverses for D,
ie. Rp={R€ Lo(X): DR =1I}. We have dom D = RX @ ker D, independently of the
choice of R € Rp.

Elements of ker D are said to be constants, since by definition, Dz = 0 if and only
if z € ker D. The kernel of D is said to be the space of constants. We should point out
that, in general, constants are different from scalars, since they are elements of the space
X. Clearly, if ker D # {0} then the operator D is right invertible, but not invertible. If
two right inverses commute, then they are equal. Let

Fp={F € Ly(X):F?=F;FX =ker D and Jrer,, FR=0}.

Any F € Fp is said to be an initial operator for D corresponding to R. One can prove
that any projection F’ onto ker D is an initial operator for D corresponding to a right
inverse R’ = R — F'R independently of the choice of R € Rp. It is enough to know one
right inverse in order to determine all right inverses and all initial operators.

If two initial operators commute, then they are equal. Thus this theory is essentially
noncommutative. An operator F' is initial for D if and only if there is an R € Rp such
that F =1 — RD on dom D.

Note that the superposition (if exists) of a finite number of right invertible operators
is again a right invertible operator.

If T € L(X) belongs to the set A(X) of all left invertible operators, then ker ' = {0}.
If D € Z(X) then Fp = {0} and Rp = {D'}.

Write for A € L(X)

(1.1) vpA ={0# X € F: I — \A is invertible}.

This means that 0 # A € vpA if and only if 1/X is a regular value of A.

By V(X) we denote the set of all Volterra operators belonging to L(X), i.e. the set of
all operators A € L(X) such that I —\A is invertible for all scalars . Clearly, A € V(X)
if and only if vpA =T \ {0} (cf. Formula (1.1)).
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If X is an algebra over F with a D € L(X) such that x,y € dom D implies ay, yz €
dom D, then we shall write D € A(X). The set of all commutative algebras belonging to
A(X) will be denoted by A(X). If D € A(X) then

fo(z,y) = D(zy) — cplxDy + (Dx)y] for z,y € dom D,

where cp is a scalar dependent on D only. Clearly, fp is a bilinear form which is symmetric
when X is commutative, i.e. when D €A(X). This form is called a non-Leibniz component
(cf. PR[3]). Non-Leibniz components have been introduced for right invertible operators
D € A(X) (cf. PR[1]). If D € A(X) then the product rule in X can be written as follows:

D(xzy) = cplzDy + (Dx)y] + fp(z,y) for z,y € dom D.

There are recurrence formulae which permit one to calculate non-Leibniz components for
D™ and aD (n € N, a € F).
If D € A(X) and if D satisfies the Leibniz condition:

D(zy) = 2Dy + (Dz)y for z,y € dom D,

then X is said to be a Leibniz algebra. This means that in Leibniz algebras cp = 1 and
fp = 0. The Leibniz condition implies that zy € dom D whenever z,y € dom D. If X is
a Leibniz algebra with unit e then e € ker D, i.e. D is not left invertible.

Let D € A(X). Then

e I(X) is the set of all invertible elements belonging to X;

e M(X) is the set of all multiplicative mappings (not necessarily linear) with domains
and ranges in X:

M(X)={A: A(zy) = (Az)(Ay) whenever z,y € dom A C X }.

We shall now show an approach to the trigonometric identity in Leibniz D-algebras
with unit e (but not necessarily with logarithms). Clearly, without additional assumptions
we cannot expect too much.

PROPOSITION 1.1. Suppose that X is a Leibniz D-algebra with unit e, x € dom D?
and x, Dx are not zero divisors. If

(1.2) 22+ (Dz)? =e,
then
(1.3) ax + Dz € ker(D* + 1) for every a, 3 € F.

PROOF. Let y = —Dz. Then Dy = —D?z and
0 = De = D[z? + (Dx)?| = 22Dz — 2(Dz)D*x = 2(Dx)(x — D?*z) = 2y(z — Dy).

Since y = — Dz is not a zero divisor, we have x — 2y = 0. Hence Dy =z and y = —Dzx =
— D2y, which implies y € ker(D?+1). On the other hand, z = Dy = —D?z, which implies
r€ker(D?>+1). m
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PROPOSITION 1.2. Suppose that all assumptions of Proposition 1.1 are satisfied. If
Condition (1.3) holds for x and Dz and
(1.4) u = z* + (Dz)?,
then u € ker D.

PROOF. Define u by (1.4). Then

Du = 2xDx + 2(Dx)Dx = 2(Dz)(z + Dx) = 2(Dx)(D* + Iz = 0,

which implies u € ker D. m

COROLLARY 1.1. Suppose that all assumptions of Proposition 1.1 are satisfied, Con-
dition (1.83) holds for x, Dx, FF € Fp N M(X), Fx = e, FDx = 0 and u is defined by
(1.4). Then v = e and x, Dx satisfy (1.2).

PROOF. Since F' is a multiplicative initial operator and F'z = e, F Dz = 0, we find

u= F[2? + (Dz)?] = (Fz)? + (FDz)> = e* + 0 = ¢,
which implies (1.2). m

PROPOSITION 1.3. Suppose that all assumptions of Proposition 1.1 are satisfied, Con-
dition (1.2) holds for x, Dz, F € Fp N M(X) and Fx =e. Then FDxz = 0.

PRrROOF. By our assumptions,
e=Fe=Flz* 4 (Dz)?| = (Fz)*> + (FDz)*> = e + (FDx)?,
which implies (FDx)? = 0. Hence FDz = 0. =

PROPOSITION 1.4. Suppose that all assumptions of Proposition 1.3 are satisfied. If
zy €ker(D+4l) and v = J(zq +2_), y = (x4 —x_), then

(i) z,y € ker(D? + I), Dz = —y, Dy =z and 3(z £ y) € ker(D? F4il);
(ii) x*> + y* = x4 2 € ker D.

PROOF. (i) is proved by checking. In order to prove (ii), observe that, by the Leibniz
condition and our assumptions,

D(zyz_)=zyDx_+z_Dzxy =izyx_ —iz+z_=0. n

Observe that x4 are eigenvectors of the operator D corresponding to the eigenvalues
Fi, respectively (cf. Section 2).

2. Exponential elements in linear spaces. Trigonometric elements in alge-
bras. Here and below we assume that F is an algebraically closed field of scalars. For
instance, F = C. Following PR[1], we have (with some proofs slightly simpler than in
PR[1])

DEFINITION 2.1. If A € F is an eigenvalue of an operator D € L(X) then every
eigenvector x) corresponding to that eigenvalue is said to be an exponential element

(briefly: an exponential). This means that x) is an exponential if and only if x5 # 0 and
xy € ker(D — AI).
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PROPOSITION 2.1. Suppose that D € R(X). If 0 # x) € ker(I — AR) for an R € Rp
and a A € F then x) € ker(D — AI), i.e. x is an exponential.

PROOF. By our assumption, (D — A)zy = (D — ADR)zy = D(I — AR)zy =0. =
By induction we prove

PROPOSITION 2.2. Suppose that D € R(X) and {\,} CF is a sequence of eigenvalues
such that Ay # X for i # j. Then for an arbitrary n € N the exponentials zy,,. ..,z
are linearly independent.

n

PROPOSITION 2.3. Suppose that D € R(X), F is an initial operator for D corre-
sponding to an R € Rp and xy is an exponential. Then x is an eigenvector for R
corresponding to the eigenvalue 1/X\ if and only if Fxyx = 0, i.e. R is not a Volterra
operator.

PROOF. Sufficiency. Since Dz = Azx) and Fzx) = 0, we get z) = x) — Fz) =
(I — F)xyx = RDxz) = ARx). Hence x) €ker(I — AR). Since x) # 0, we conclude that x
is an eigenvector for R corresponding to 1/\.

Necessity. Suppose that 1/X is an eigenvalue of R and the corresponding eigenvector
z is an exponential. Then Fzy = (I — RD)zy = (I — AR)zy = —A(R— $1)zy =0. =

THEOREM 2.1. Suppose that D € R(X), ker D # {0}, R € Rp and \ € vgR. Then
(i) X is an eigenvalue of D and the corresponding exponential is
(2.1) zy =ex(2), where ey = (I —AR)™!, z € ker D;

whenever ey = (I — AR)™! eists, it is said to be an exponential operator;

(ii) the dimension of the eigenspace Xy corresponding to the eigenvalue X is equal to
the dimension of the space of constants, i.e. dim X = dimker D # 0;

(#53) if A # 0 then there exist non-trivial exponentials: ex(z) # 0.

(iv) exponentials are uniquely determined by their initial values, i.e. if F' is an initial
operator for D corresponding to R then Flex(z)] = z;

(v) if R is a Volterra operator then every A € F is an eigenvalue of D, i.e. for every
A € F there exist exponentials.

PROOF. (i) By definition, (I —AR)ex(z) = (I —AR)(I —AR) ™'z = 2, where z € ker D.
Thus ex(z) = z + ARex(z), which implies Dey(z) = Dz + ADRex(z) = ex(z).

(ii) Since by our assumptions, the operator ey = I — AR is invertible, dim X, =
dim{ex(z) : z € ker D} = dim{(I — AR) "'z : ker D} = ker D # 0.

(iii) If A # 0 and ex(z) = (I — AR)™'z = 0 then z = (I — AR)ex(z) = 0, This
contradicts our assumption that ker D # {0}.

(iv) By definitions and (i), we have Feyx(z) = (I — RD)ex(z) = (I — AR)ex(z) = z.

(v) If R € V(X) then vpR =TF C {0}. Clearly, for A = 0 the operator I — AR is also
invertible. Hence, by (i), every scalar X is an eigenvalue of D. u

DEFINITION 2.2. Let F = C. Suppose that D € R(X),ker D # 0and R € RpNV(X).
Then the operators
1

1
(2.2) c\ = 5(6)\1' + €,M), Sy = Z(e)\i — e—)\i) ()\ S R)
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are said to be cosine and sine operators, respectively (or: trigonometric operators). The
elements cy(z), sa(z), where z € ker D, are said to be cosine and sine elements, respec-
tively (or: trigonometric elements). m

THEOREM 2.2. Suppose that all assumptions of Definition 2.2 are satisfied. Then

(2.3) ex =T+ NR)H™Y sy =ARI+NR*>)™'  (AeR),
(2.4) Dcy = —)Xsy, Dsy = Acy (A eR),
(2.5) co(z) =2, so(2) =0, Fsx(z)=0 for zekerD, AeR.

Moreover, whenever z € ker D, A € R, the element cy(z) is even with respect to A and
the element sy is odd with respect to X.

PROOF. By the first formula of (2.2), for A € R we get

1 1
o =3[ - NiR)™' 4 (I 4+ NR)™! = 5= NiR) "I + NiR)(I + NiR+ 1 — \iR)

1
=5+ N RYHTI2 = (I + N*R*)™L.
A similar proof for s). By definitions, if A € R, then

1 1 1 A
Dcy = 5(6,\i —|—€,)\i) = 5()\2@)@ + )\ie,M) = 5)\i(€)\i + e—)\i) = —%(6,\1‘ + e*/\i> = —)\S).

Since DR = I, we have Dsy = ADR(I + A>R?)~! = \(I + A2R?)~! = Xcy.
Let z € ker D. Let A = 0. Then ¢y(z) = 2, so(z) = 0. Since FR = 0, for every A € R
we have F'sy(z) = AFR(I + A\2R?)™1 = 0. Let z € ker D. Then

c-a(2) = [+ (=2)?R))7N(2) = (I + N R*) "2 = ea(2);
s.a(2) = =AR[I + (=N)2?R*) 7 (2) = =AR(I + N*R*) 7'z = —s,(2). =
Consider now trigonometric elements in algebras.

PROPOSITION 2.4. Suppose that D € A(X)NR(X), ker D # {0} and R € RpNV(X).
Then

(2.6) [ex(2)]” + [sa(2)]” = exi(2)e—xi(z) for all z €ker D, A € R.
Proor. By checking. =

PROPOSITION 2.5. Suppose that D € A(X)NR(X) and xx,x,, are eigenvectors of D
corresponding to the eigenvalues A\, u € C, respectively. Then

(2.7) Dlzyz,] = [ep(A+ p)]eaz, + fo(z, )  for all X € R.
In particular, if fp(u,v) = d(Du)(Dv) + auv whenever u,v € dom D (d,a € C), then
Dizyz,] = [ep(A+ @) +dA\p + alzyz, for all X € R, i.e.

(2.8) TATp = Tep(Atp)+drptar
PROOF. By checking. =

PROPOSITION 2.6. Suppose that D € A(X)NR(X), ker D # {0} and R € RpNV (X).
Then

(2.9) Dlexi(2)e—xi(2)] = fp(exi(2),e—xi(2)) for all z€kerD, X e R.
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PROOF. Put in Formula (2.7) Ai instead of A and —Ai instead of p. Then A+ pu =0,
which implies (2.9). =

COROLLARY 2.1. Suppose that X is a Leibniz D-algebra, ker D # {0} and R €
RpNV(X). Then
(2.10) Dlexi(2)e—xi(2)] =0 for all z € ker D, A € R.

PROOF. Since X is a Leibniz D-algebra, we have cp = 1 and fp = 0. Hence (2.9)
implies (2.10). m

COROLLARY 2.2. Suppose that X is a Leibniz D-algebra, ker D # {0} and R €
Rp NV(X). Then the Trigonometric Identity holds, i.e.
(2.11) [ex(2)]? + [sx(2)]> =2 for all z €ker D, X\ €R.

PROOF. This follows immediately from formulae (2.9) and (2.10). m

There is still

OPEN QUESTION 2.1. Do there exist non-Leibniz algebras with the Trigonometric
Identity (2.11) ?

Formula (2.8) shows that a sufficient condition for (2.11) to be satisfied is that c¢p = 1,
d=a=0.

3. Logarithmic and antilogarithmic mappings. Suppose that D € A(X). Let
Q,,Q; : dom D — 29°m D he multifunctions defined as follows:

(3.1) Qu={zedomD: Du=uDz}, Qu={x¢€domD :Du=(Dz)u}

for u € dom D. The equations

(3.2) Du=uDz for (u,z) € graph Q. , Du = (Dzx)u for (u,x) € graph

are said to be the right and left basic equations, respectively. Clearly,

(3.3) O, 'z ={uedomD: Du=uDz}, Q'z={uecdomD:Du=(Dz)u}

for x € dom D. The multifunctions 2,., ); are well-defined and dom £2,- N"dom €; D ker D.

Suppose that (u,,z,) € graph Q,, (u;, x;) € graph €, L., L; are selectors of Q,., €,
respectively, and E,., E; are selectors of {1, Ql_l, respectively. By definitions, L,u, €
dom Q1) E.z, € dom(,., Lju; € dom Ql_l, FEyz; € dom Q; and the following equations
are satisfied:

Du, =u.DL,u,., DE,z, = (E.z;)Dx,;
Dul = (DLlul)ul, DE[ZL'[ = (D.’tl)(El(ﬂl).

DEFINITION 3.1 (cf. PRJ[3]). Any invertible selector L, of Q, is said to be a right
logarithmic mapping and its inverse E, = L, ! is said to be a right antilogarithmic
mapping. If (u,,z,) € graph Q, and L, is an invertible selector of €, then the element
L,u, is said to be a right logarithm of u, and E,z, is said to be a right antilogarithm of
xr. By G[Q.] we denote the set of all pairs (L, E,), where L, is an invertible selector

of Q, and E, = L !. Respectively, any invertible selector L; of ; is said to be a left
logarithmic mapping and its inverse E; = Ll_1 is said to be a left antilogarithmic mapping.
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If (w;,x;) € graph €; and L; is an invertible selector of §2; then the element L;u is said
to be a left logarithm of w; and Ejx; is said to be a left antilogarithm of z;. By G[] we
denote the set of all pairs (L;, E}), where L; is an invertible selector of ; and E; = Lfl.

If D € A(X) then Q, = Q; and we write Q. = Qand L, = L, =L, E, = E; =
E, (L,E) € G[Q)]. The selectors L, E are said to be logarithmic and antilogarithmic
mappings, respectively. For any (u,xz) € graph 2 the elements Lu, Fx are said to be the
logarithm of u and antilogarithm of x, respectively. m

Clearly, by definition, for all (L,, E,) € G[Q,], (u,,z,) € graph Q,, (L;, E;) € G[Q],
(ug, z;) € graph ; we have

(3.4) E,.Liuy = up, LyErx, =20 EilLiu =w, LiEr = x;

(3.5) DE,.x, = (Eyz,)Dz,., Du, =u,DLyu,;
DEZJ,‘[ = (Dxl)(Elxl), Dul = (DLlul)ul.

A right (left) logarithm of zero is not defined. If (L,, E,.) € G[2.], (L, E;) € G[€] then
L.(ker D\ {0}) C ker D, E,.(ker D) C ker D, L;(ker D \ {0}) C ker D, Ej(ker D) C ker D.
In particular, E,.(0), E;(0) € ker D.

If D € R(X) then logarithms and antilogarithms are uniquely determined up to a
constant. These constants are additive for right (left) logarithms and logarithms and
multiplicative for right (left) antilogarithms and antilogarithms. Let F' be an initial
operator for D corresponding to an R € Rp. Then there are (L, FE) € G[Q] ((L,, E,) €
G, (L, Ey) € G[Q]) such that FD/L =0 (FD’L, =0, FD/L; =0) (j =0,1,...,m—
1;m € N). We then say that (L, E) ((L, E,), (L, E;), respectively) is m-normalized by R
and we write (L, E) € Grm[Q] (L, Er) € Grm[Q], (L1, Ei) € Grm|[SU], respectively).
By definition, a 1-normalized logarithm (right, left logarithm, respectively) has a fixed
constant.

If X is a Leibniz algebra with unit e and D is right invertible, then e € ker D C
dom ,. N dom £2;.

If X is a Leibniz algebra with unit e and (L,E) € Gr1[Q?], v € I(X) N dom{
((LT,ET) S GRJ[QT], u € I(X)ﬂdOmQr or (Ll,El) S GR,I[QI]; u € I(X)ﬂdole) then

L(—u) = Lu, Ly(—u)= L.u, Li(—u)=Lu.

If D € R(X), X is a Leibniz algebra with unit e, (L., E,) € Gr1[Q%], (L, E;) €
Gpr1[f] for an R € Rp and u € I(X) Ndom D, then u € dom 2, N dom Q; and

L'+ Liu=0, ie Lo !'=—-Lu.

Similarly,
(B,x)E(—2) = Ey(—x)EB,x =e, ie Ej(—z)=(E.x)™*

whenever 2 € dom Q7 !, —z € dom ;"

In particular, if X is commutative and (L, E) € Gg1[Q] then Lu=! = —Lu for
u € I(X)NdomQ and E(—z) = (Ex)~! whenever z, —z € dom Q.

A right logarithmic mapping L, (a left logarithmic mapping L;) is said to be of
the exponential type if L,(uv) = Ly,u + Lyv for u,v € dom®Q, (Lj(uwv) = Liu + Liv
for u,v € dom§Y;, respectively). If L, (L;, respectively) is of the exponential type then
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E.(z+y) = (Eyz)(Ey) for z,y € dom Q! (Ey(x +y) = (Ejz)(Ey) for x,y € dom Q;
respectively). We have proved that a logarithmic mapping L is of the exponential type
if and only if X is a commutative Leibniz algebra. This means that, in general, not all
antilogarithms are exponentials, i.e. eigenvectors of the operator D.

In commutative Leibniz algebras with a right invertible operator D a necessary and
sufficient condition for u € dom € is that u € I(X). In the non-commutative case this
theorem is false, as is shown by a result of Di Bucchianico (cf. DB[1], also [PR[3]).

By Lg,(D) (Lgi(D), Lg(D), respectively) we denote the class of those algebras with
unit e € dom$) for which D € R(X) and there exist invertible selectors of Q, (€,
), respectively), i.e. there exist (L, E.) € G[Q,] (L, E;) € G[y], (L, E) € G[9],
respectively).

By Lg, (D) we denote the class of those commutative algebras with a left invertible
D for which there exist invertible selectors of €, i.e. there exist (L, E) € G[Q)]. Clearly,
if D is left invertible then ker D = {0}. Thus the multifunction Q is single-valued and
we may write: @ = L. On the other hand, if ker D = {0} then either X is not a Leibniz
algebra or X has no unit.

Suppose that either X € Lg,(D) or X € Lgi(D) or X € Lg(D). If ¢cp = 0 (in partic-
ular, if D is multiplicative), then the intersections of the domains of the multifunctions
Q,, €, Q with lines passing through zero consist of one point only.

In order to show relations between results in algebras with and without logarithms,
let us consider the following condition:

[L] X €Lg(D) is a Leibniz D-algebra with unit e
(i.e. a commutative Leibniz algebra with unit and with D € R(X)).

ProPOSITION 3.1 (cf. PR[3]). Suppose that Condition [L] holds. Then Ag = Re €
dom Q7! for every R € Rp and A € vpR and there are (L, E) € G[Q)] such that

E(\g) = (I = AR) 'z =ex(2) €ker(D — ) for all z € ker D.

PROOF. Let R € Rp be fixed. Elements of the form u = ey(z) = (I — AR)"'z are
well-defined for all z € ker D and (D — AM)u = D(I — AR)u = Dz = 0. Moreover,
Du = M = ule = uADRe = uD(\g), which implies that A\g € dom Q™! and there are
(L, E) € G[Q] such that ex(z) =u= E(\g). n

Recall that elements of the form ey(z) are called exponentials for D (cf. Section 2;
also PR[1]). Indeed, these elements belong to ker(D — AI), hence they are eigenvectors
of D.

4. Trigonometric mappings and elements in algebras with logarithms

DEFINITION 4.1 (cf. PRJ[3]). Suppose that F = C, X € Lg,(D) N Lg; and E; =
dom Q' Ndom Q! is symmetric, i.e. —x € Eq whenever z € E;. Let (L,, E,) € G[Q,],
(Ll,E[) S G[Ql] Write

1)  Cr= %[El(ix) + EBo(—iz)], Sw= %[El(ix) — By(—iz)] for iz € By.
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In particular, if (L,E) € G[Q], then E; = domQ~! and Cz = L[E(iz) + E(—iz)],
Sz = 3-[E(iz)— E(—iz)]. The mappings C and S are said to be cosine and sine mappings
or trigonometric mappings. Elements C'x and Sz are said to be cosine and sine elements
or trigonometric elements.

Clearly, trigonometric mappings and elements have properties representing those of
the classical cosine and sine functions. Namely, we have (proofs can be found in PR[3]):

ProPOSITION 4.1 (cf. PRJ[3]). Suppose that all assumptions of Definition 4.1 are

satisfied. Let (L, E;) € G[Q.], (Li, E1) € G[], (L, E) € G[Q]. Then trigonometric
mappings C and S are well-defined for all iz € E1 and
(i) the De Moivre formulae hold:
(4.2) E.(iz) = Czx+iSz, Ei(—ix)=Cx—iSz for iz € Ey;
in particular, if X € Lg(D) is a commutative Leibniz algebra then
(4.2") (Cx +1iSx)" = C(nx) +iS(nx) for ix € Ey and n € N;
(i1) C(0), S(0) € ker D;
(iii) if X € Lg(D), i.e. E. = E; = E, then C and S are even and odd functions of
their argument, respectively, i.e. C(—z) = Czx, S(—x) = —Sx;
(iv) for all iz € Eq
1
2
COROLLARY 4.1 (cf. PR[3]). Suppose that all assumptions of Proposition 4.1 are sat-
isfied. Then the mappings C', S’ defined as follows: C'x = C(x+z), S’ = S(z + z) for
iz € Ey, z € ker D also satisfy assertions (i)-(iv) of that Proposition.

(4.3) (Cx)* + (S2)? = Z[Ei(ix) E,(—iz) + E,(—iz)E(iz)].

ExAMPLE 4.1 (cf. PR[3]). Suppose that all assumptions of Proposition 4.1 are satis-
fied. For iz € Eq write

G = %[E,«(ix) + Bi(—iz)], Sz= %[ET(W) — Bi(—iz)].

In particular, if (L, E) € G[Q)] then
1
T2
It is easy to verify that Cr = C(-x), Sa: = —S(—z). If X eLg(D) then, by Propo-
sition 4.1(iii), we get Cx = C(—z) = Cz, Sx = —S(—x) = Sz. This shows that trigono-
metric mappings are uniquely determined by the choice of right and left antilogarithms

Cr = %[E(ix) + E(—iz)], Sz [E(iz) — E(—iz)).

and antilogarithms. m

PROPOSITION 4.2 (cf. PR[3]). Suppose that all assumptions of Definition 4.1 are
satisfied and (L, E) € G[Q)]. Then for all iz € dom Q™! we have

(4.4) (Cz)? + (Sz)? = E(iz)(E(—iz);
(4.5) DCx = —(Sx)Dx, DSz = (Cz)Dx.

ExXAMPLE 4.2. We shall show connections of the trigonometric mappings and elements
with the trigonometric operators and elements induced by a right inverse of a D € R(X)



TRIGONOMETRIC IDENTITY 187

in linear spaces (cf. Section 2; also PR[1], Sections 2.3 and 6.2). Suppose then that
Condition [C]; holds, R € Rp and X € vcR. Let ¢ = Re. Then there are (L, E) € G[Q]
such that

(4.7 E(\g) =ex(z) € ker(D — AXI) , where z € ker D is arbitrary.

Indeed, elements of the form u = ey(z) = (I — AR) ™'z are well-defined for all z € ker D
and called ezponentials for D since they are eigenvectors for D corresponding to the
eigenvalue A\: (D — M)u = D(I — AR)u = Dz = 0 (cf. PR[1]). Moreover, Du = Au =
ule = uADRe = uD(\g), which implies that A\g € dom Q~! and there are (L, E) € G[Q]
such that ey(z) = u = E(\g). Clearly, Lu = \g.

Suppose now that Ai, —Ai € vecR. The operators

ex = (I +X2R?); sy = AR(I + \*R?)

are said to be cosine and sine operators, respectively. Let z € ker D. Then cyz and s)z
are said to be cosine and sine elements, respectively. It is not difficult to verify that
1

C\ = Q(em +e_ni); Sy = 27.(6,\1' —€e_xi)-

Thus
cexz=C(Ag);  saz=S(Ag).

We therefore conclude that cy and s have all properties listed in Proposition 4.1. Clearly,
proofs in the book PR[1] are different, since they follow just from definitions. Also the
assumption made there was much stronger. Namely, we have assumed that R is a Volterra
operator, i.e. I — AR is invertible for all scalars A (cf. also Section 2).

COROLLARY 4.2 (cf. PR[3]). Suppose that all assumptions of Proposition 4.1 are sat-
isfied and X is a Leibniz D-algebra with unit e. Then the Trigonometric Identity holds,
i.e.

(4.8) (Cz)? + (Sz)? = e whenever iz € By.

On the other hand, we have

ProPOSITION 4.3 (cf. PR[3]). Suppose that all assumptions of Definition 4.1 are
satisfied, (L, E) € G[)] and the trigonometric identity (4.8) holds. Then

(i) E(ix), E(—ix) € [(X) and E(—iz) = [E(ix)]~! for all iz € dom Q~};

(i) E(0) = e, hence Le = 0;

(iii) e € ker D;

(iv) if X is an almost Leibniz D-algebra, i.e. if fp(x,z) =0 forx € dom D, z € ker D,
then cp = 1;

(v) if cp =1 then fp(u,e) =0 for allu € I(X)Ndom (Y, i.e. gp(u) =u"tfp(u,e) =
0.

Proposition 4.3 shows that commutative algebras with the trigonometric identity are
very ”similar” to Leibniz algebras.

The following question arises: Do there exist non-Leibniz algebras with the Trigono-
metric Identity (4.8) ¢

We shall show that the answer to this question is negative.
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In order to do it, observe that cp # 0 by our assumption that dom Q™! is symmetric.
For instance, we have

PROPOSITION 4.4. Suppose that all assumptions of Definition 4.1 are satisfied, (L, F)
€ Gr1[Q) foran R € Rp and D € M(X) (i.e. cp =0). Then the Trigonometric Identity
(4.8) does not hold.

PROOF. Suppose that D € M(X). Then L, E € M(X). Suppose that the Trigono-
metric Identity (4.8) holds. Then, by (4.4) and Proposition 4.3(ii), for all iz € dom Q!
we have

= (Cz)? 4 (Sx)* = E(ix)E(—iz) = E[(iz)(—iz)] = B(—i*2?) = E(z?),
which implies 22 = LE(2%?) = Le = 0. Hence z = 0 and iz = 0 € domQ~!, which
contradicts Proposition 6.2(vi) of PR[3]. Hence (4.8) does not hold. m

Note that in several cases an operator D under consideration may be reduced by a
substitution to a multiplicative one. It is so, for instance, for various difference operators
(cf. PR[3]). In general, if cp = 0, then we have

PROPOSITION 4.5. Suppose that all assumptions of Definition 4.1 are satisfied, (L, E)
€ GralQ)] for an R € Rp and cp = 0. Then the Trigonometric Identity (4.8) does not
hold.

PROOF. Suppose that ¢p = 0 and (4.8) holds. Then D(uwv) = fp(u,v) for u,v €
dom D. Hence Du = D(ue) = fp(u,e). Let u = E(iz), where iz € dom Q™! is arbitrary.
Then e = (Cz)? + (Sx)? = E(iz)E(—iz), which implies u € I(X) Ndom and v~ =
[E(iz)]"! = E(—ix). Thus fp(e,e) = De = D(uu=') = fp(u,u~!). The arbitrariness
of iz = Lu implies that the mapping fp is constant. Thus Du is independent of the
value of u, i.e. u = z € kerD. Hence fp(u,e) = Du = Dz = 0 and the mapping
gp(u,e) = utfp(u,e) =0 for all uw € I(X) NdomQ = I(X) Nker D. By Theorem 4.3
of PR3], this implies ¢cp = 1 # 0, a contradiction. Thus the Trigonometric Identity does
not hold. =

THEOREM 4.1. Suppose that all assumptions of Definition 4.1 are satisfied, cp # 0,
and (L, E) € Gr1[Q)] for an R € Rp. If X is a non-Leibniz algebra, then the Trigono-
metric Identity (4.8) does not hold in X.

PROOF. Suppose that ¢p # 0, X is a non-Leibniz algebra and (4.8) holds. Let F' be
an initial operator for D corresponding to R. By (4.4), for all iz € dom 27! we have

e = (Cx)* 4 (Sz)? = B(ix)E(—iz) = E(—iz)E(iz).
Let u = E(iz). By definition, u € I(X) Ndom Q. Then Lu = ix and
u ! = [E(iz)] "' = B(—ix).
By Proposition 4.3(iii),
0= De = D[E(iz) E(—ix)] =
= cp|E(ix)DE(—ix) + E(—iz)DE(ix)] + fp
= cp|E(iz)E(—ix)D(—iz) + E(—ix)E(iz)D(iz)]

(E(iz), B(—iz)) =
+ fp(E(ir), E(—ir)) =
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= cpE(ix) E(—iz)D(—iz +ix) + fp(E(iz), E(—iz)) = fp(E(iz), BE(—iz)) = fp(u,u™").
Since (L, E) € Gr1[Q], we get F'L = 0. Hence
e = E(iz)E(—iz) = E{cpiz + RlepD(iz) + fp((E(iz), E(—iz))E(iz) ' E(—iz) ']} =
= E{cpiz + RlcpD(iz) + fp((E(iz), E(—ix))]} = Elcpix + cpRD(ix)] =
= Elep(I + RD)Lu] = Elcp(2] — F)Lu] = E(2cpLu),
which, by Proposition 4.3(ii), implies
2¢cpLu = LE(2cpLu) = Le = 0.

If cp # 0, we obtain Lu = 0, i.e. u = e. This contradicts our assumption on the
arbitrariness of Lu = iz € dom Q~!, which implies the arbitrariness of u € I(X)Ndom .
Hence cp = 0. =

COROLLARY 4.4. Suppose that all assumptions of Theorem 4.1 are satisfied. Then a
necessary and sufficient condition for the Trigonometric Identity (4.8) to be satisfied is
that the operator D satisfies the Leibniz condition, i.e. X is a Leibniz algebra.
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