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1. Introduction. We study the behaviour as p — 400 of the non-negative and
integrable solution u, to the Cauchy problem

Up s — Aup + [Vup|P =0 in (0, +00) x RY, (1)
u,(0) =up in RY, (2)

where ug is a non-negative function in L'(R"Y)NW*°(RY). To explain in a formal way
our result let us assume for the moment that the sequence (up),>1 converges to some
Uso a8 p — +00 and try to obtain some information about us.. We first observe that
the non-negativity and integrability of u, entail that the sequence (|Vu,|?) is bounded
in L'((0,+00) x R™). The Fatou lemma then implies that

Vo] <1 ae. in (0,400) x RY. (3)

We will actually prove a stronger assertion, namely that (|Vu,|P) converges to zero in
L}, (0, +00; LY(IRY)), from which we deduce that us, is a solution to the linear heat
equation. It remains to identify uo(0). Recalling (3) we expect that |[Vus(0)] < 1 a.e. in
RY. Consequently u.,(0) does not coincide with ug = lim,_, 4 o u,(0) if || Vug||pe > 1.
Also, u, being a non-negative subsolution to the heat equation we expect that 0 <
Uoo(0) < up. Summarizing, a possible limit us of (up)p>1 as p — +oo would be a

solution to the linear heat equation with an initial datum u..(0) satisfying

0 <ux(0) <up and |Vue(0)] <1 ae. in RY. (4)
We will in fact prove that u.(0) is a suitably defined projection of uy on the convex
subset of L'(IRY) defined by the constraints (4).

Before stating precisely our result we first recall the well-posedness of the Cauchy
problem (1)-(2) in LY (R™) n Wb (RY).
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PROPOSITION 1. Let p € (1,400) and ug be a non-negative function in L'(IRN) N
WL (RN). There is a unique non-negative function

u € C(]0, +00); Ll(RN)) N L>(0, +o0; Wl’oo(]RN))

satisfying
u(t) = G(t)up — /t G(t — 9)|Vu(s)|P ds, t€]0,+00). (5)
Here G(t) denotes the linear heat ;emigmup. In addition, for each t € [0,+00) we have
0 <u(t) < G(t)uo, (6)
[u@lzr < fluollLr, (7)
IVu®)l[pe < [[Vuol| e (8)

We next consider a non-negative function ug in L'(IR") and define a convex subset
C(ug) of L*(RY) by

Clup) = {w e L'MM)NWH*(RY),0<w <y and [Vw| <1 ae. in RV}. (9)

A crucial step in our analysis is the existence of a projection from L'(IR") on C(ug) with
suitable properties and is given by [3, Proposition 5.3].

PROPOSITION 2. Let ug be a non-negative function in L'(IRY). For each v € L'(IRY)
there is a unique IPv € C(ug) such that

/j(wf]Pv) d:cg/j(wflpfu+)\(lpva)) dz (10)
for every w € C(ug), A € [0,4+00) and j € Jp, where

Jo = {convez lower semicontinuous maps j: IR — [0,+0o0] satisfying j(0) = 0}.

The mapping IP: L'(IR™) — C(uo) satisfies Pv = v if v € C(ug) and
/j(Pv—Pﬁ) d:cg/j(v—@) dx (11)

for every v € Ll(IRN), e LY(RN) and j € Jo.
We may now state our main result.

THEOREM 3. Let ug be a non-negative function in L'(IRN) N W1 (RN and denote
by Pug the projection of ug on the convex set C(ug) defined by (9). For p € (1,400) we
denote by u, the unique solution to (1)-(2) given by Proposition 1. For every t; € (0, +00)
and ty € (t1,+00) we have

lim  sup |luy(t) — G(t)Pugl,, = 0. (12)

p—+oo te(ty,ta]

Let us mention at this point that related results have been obtained for the solutions
to the equation

uy — Au+uP =0

and its generalisations in [4] and [5].
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An interesting consequence of Theorem 3 is that it allows to identify the behaviour of
I
iy (0)] 1
as p — +00. More precisely we have the following result.

COROLLARY 4. With the assumptions and notations of Theorem 3 we define

I (ug) = Jim_ (1)1 (13)

(which exists as t — ||uy(t)||L1 is non-increasing and bounded from below). We have
lim I = || P . 14
JimTy(uo) = [ Pu (14)

We now briefly describe the remainder of the paper: in the next section we sketch the
proof of Proposition 1 and derive some bounds on the gradients of solutions to (1)-(2). In
Section 3 we check that the convex set C(ug) defined by (9) enjoys the desired properties
which allow us to apply [3, Proposition 5.3]. The proof of Theorem 3 is done in Section 4
while the last section is devoted to the proof of Corollary 4.

2. Preliminaries. We first briefly recall some arguments towards the proof of Propo-
sition 1. If up is a non-negative function in D(IRN ) there exists a unique non-negative
classical solution to (1)-(2) (see, e.g., [7] or [1]) and (6), (8) follow from the compari-
son principle while (7) follows from (1) and the non-negativity of u. For a non-negative
function ug in L'(R™) N W1 (IRY) the existence part of Proposition 1 and (6)-(8) are
obtained by approximation and weak compactness arguments while the uniqueness is a
consequence of the Gronwall lemma and the Duhamel formula.

We now fix a non-negative function ug in L'(R™) N W1 (IRY) and for p € (1, 400)
we denote by u,, the unique non-negative solution to (1)-(2) given by Proposition 1. The
next result is a consequence of [2, Theorem 1].

LEMMA 5. For p € (1,4+00) we have

up(t, )
~(p-t

PrROOF. It follows from [2, Theorem 1] that
[V~ D2 @)l < (p = 1)E=D2 p=H 47, € (0,+00).

[Vuy(t, z)P (t, ) € (0,400) x RY. (15)

As
Vu,(t,z) =

p _
1 up(t,x)l/p Vuz(f’ 1)/p(t,a:),

we easily deduce (15). =
We next study the behaviour of w, for large values of x € RY.

LEMMA 6. For each t € [0, +00) we have

lim sup  sup / up(s, ) de =0, (16)
R—400 pe (1,4 00) s€[0,] J {|z|>R}

lim  sup / / [Vuy,(s,z)[P deds = 0. (17)
R=+490 pe(1,+00) {|z|>R}



156 PH. LAURENCOT

PROOF. Let ¢ be a C*°-smooth function such that 0 < <1 and
Hzx)=0 if || <1/2 and d(x)=1 if |z| > 1.
For R > 1 we put 9z(x) = 9(x/R), x € RY. It follows from (1) and (7) that

/ wy(t, ) In(x) dz + /0 t / IV (s, 2)? () duds
§/u0(:c) Ir(z) daer% /Ot/up(s,z) dads

< /uo(x) Yr(z) de + t WHWQI; ”uOHLl.

The function ug being integrable, (16) and (17) follow from the above inequality by letting
R — 400. n

3. The convex set C(ug). Consider a non-negative function ug in L'(R™). The set
C(up) defined by

Clug) = {w e L*RM) n WL (RM),0<w <wup and [Vw| <1 ae. in RV} (18)

is a closed and convex subset of L' (R™) which is non-empty (as 0 € C(ug)). The following
additional property is enjoyed by the set C(up).

LEMMA 7. Consider w € C(ug), w € C(ug) and a function & € WH°°(IR) satisfying
£0)=0 and 0<E <1 ae in R. (19)
Then
w+ & (W —w) € Clug). (20)
PROOF. We first notice that (19) ensures that
min (w, W) < w+ £ (0 — w) < max (w, w),
from which we deduce that
0<w+&(w—w) <wug ae.
We next have
Vw+&(w—w)) =& (w—w) Vi+ (1 -¢ (@ —w)) Vuw.
We then infer from (19) and the convexity of the euclidean norm in RY that
IV (w+ & (@ —w))| < 1.
We have thus proved that w + £ (0 — w) belongs to C(up). m

Thanks to Lemma 7, Proposition 2 is a straightforward consequence of [3, Proposi-
tion 5.3].

4. Convergence. In this section we prove Theorem 3. Let ug be a non-negative
function in L'(RY) N WH(RYN) and, for p € (1, +00), denote by u, the unique non-
negative solution to (1)-(2) given by Proposition 1. We next define the set C(ug) by (9)
and denote by IP the projection on C(up) given by Proposition 2. We first notice the
following consequence of (8) and (15).
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LEMMA 8. For every t; € (0,+00) and tz € (t1,+00) we have
ta
lim /|Vup(5,x)|p dzds = 0. (21)
p——+00 t1
Assume further that
[Vuo|lr~ < 1. (22)
Then for every T € (0,+00) we have
T
11111 / /|Vup(s,x)|p dzxds = 0. (23)
p—+o0

PROOF. By (15) and (7) we have

/ /|Vupsx dxds<7/ 71/upsx ) dzds
< [[uol| L1 n (2)’
(p—1) t1
hence (21).

Assuming now that ug fulfils (22) we deduce from (8) and (22) that
liril Vu,(t,z)|P =0 for ae. (t,2) € (0,400) x RY. (24)
pP—T00
Owing to (8), (17), (22) and (24) we may apply the Vitali convergence theorem (see, e.g.,
[6, p. 13]) and obtain (23). =

The next result is a straightforward consequence of Lemma 8 and states that Theo-
rem 3 is valid when ug fulfils (22). Note that in that case Puy = ug.

PROPOSITION 9. If ug satisfies the additional assumption (22) we have for each T €
(0, +00)

lim sup [Juy(t) — G(t)uoll =0.
P+ ¢e(0,T)

PRrROOF. By the Duhamel formula (5) we have for ¢ € [0, 7]

lup () — G(t)uoll 1 < / IG(t - 9)|Vup ()P ds,

T
g/ /|Vup(s,x)|p dzds,
0

and Proposition 9 follows at once from (23) and the above inequality. m

We now turn to the general case. Consider ¢, € (0,400) and t3 € (t1,+00). By (6)-(8)
and (15) the sequence (u,)p>1 is bounded in L™ (ty,to; L' (RY) N WH(RY)). We may
then proceed as in [2, Section 3] to prove that the sequence (u,),>1 is relatively compact
in C(K) for every compact subset K of (0,+00) x RY. Therefore there is a sequence
(pj)j>1, pj — +oo and a function u., € C((0,+00) x R™Y) such that

li U =0 25
il g, = uscllecey (25)

for every compact subset K of (0, +00) X RY. Clearly u is a non-negative function as
the limit of non-negative functions. Observe next that, owing to (25) and (16) we may
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apply the Vitali convergence theorem and obtain

iy, ()~ weel) =0, £ € (0, 400). (26)
Recalling (21) we may then let p; — 400 in the Duhamel formula (5) and obtain
Uso(t2) = Gt — t1)Uso(t1), 0 <ty < to. (27)
Thanks to (5), (21), (26) and (27) we may improve (26) to
lim  sup |luy, (t) — too(t)|lLr =0, 0 <ty <to. (28)

I=F0 4ty to]
We next derive some further properties of us. First notice that (6) and (28) entail
0 < ueo(t) < G(t)ug, te (0,+00). (29)
In addition it follows from (6) and (15) that, for ¢ € (0, 4+o00)

limsup || Vuy(t)||z= <1,
p——+oo

and (26) and a weak compactness argument yield
(Voo ()|lze <1, ¢ € (0,+00). (30)

In particular we infer from (29) and (30) that (uco(t)):e(0,1) is bounded in LY(RY) and
in Wb (R™). This fact, (27) and (29) allow us to conclude that there is a non-negative
function

i € LYRYN) n whee(RY)
such that
Uso(t) = G(t)dp, t € (0,+00). (31)
Moreover (29) and (30) yield
0<uy<wuy and |Vig| <1 ae.in RY.
In other words
ao € C(ug). (32)
We now proceed to show that in fact ug = Pug. For that purpose we first notice that
(32) ensures that Pty = o while (11) with j(r) =7+ = max (r,0) yields
/(IPEO — IPuO)Jr dx < /(ﬂo — uO)Jr dx =0,
as g < ug by (32). We thus conclude that
up = Py < Pug a.e.in RY. (33)

We next consider € € (0,1) and put

]PUQ 1 1
- - P 1-—— ). .
il uo+< 1+€) 0 € C(uo)

Note that, since PPug € C(ug),

1
[Vugll o < 172 < L (34)
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For p € (1,400) we denote by u;, the solution to (1) with initial datum ug. On the
one hand we infer from (34) and Proposition 9 that

lim ||us(t) — G(t)uSHL1 =0, te0,+00). (35)

p—+oo
On the other hand we have u§ < ug as u§ € C(up) and the comparison principle entails
up, (t,x) <up,(t,x), ()€ (0,+00) X RY. (36)
Combining (28), (35) and (36) yields
Gt ug < uso(t), t€ (0,+00).
Letting ¢ — 0 in the above inequality we deduce from (31) that
ug < dp a.e. in RY.
This inequality being valid for each ¢ € (0, 1) we finally obtain
Pugy < uy.
Recalling (33) we have proved that @y = IPug. Thus (31) reads
Uoo(t) = G(t)Pug, t € [0,400),
while (28) becomes

lim - sup  Juy, (t) — G(O)Pugpr =0, 0<t; <to. (37)
I 00 ety 1]
Finally, owing to the uniqueness of the cluster points of the sequence (up),>1 a stan-
dard argument ensures that the convergence (37) actually holds for the whole sequence
(up)p>1, which completes the proof of Theorem 3.

REMARK 1. Since the sequence (u,),>1 is bounded in L (0, 4+o00; Wh(RY)) it is
easy to deduce from Theorem 3 that the convergence (12) also holds in LI(IRY) for
q € (1,00].

5. Behaviour of I,(ug) as p — +oo. We now prove Corollary 4. Recall that the
assumptions and the notations used are those of Theorem 3 and Corollary 4. For technical
reasons we further assume that p > (N + 2)/(N + 1). Integrating (1) on (¢, +oc) x RY
yields

Ip(u0)+/too/|Vup(s,:E)|p dods = [lup(®)|li, t € [0, +00). (38)

We define

/(N1 (N +2))
7=~ (7 lluollZ: (p—1))"" ;

A=

and introduce
i) = / / V(s 2)|” dads, t e (0,7,),
tOO
Jap z/ /|Vup(s,x)|p dxds.
Tp

With these notations (38) reads
Ip(uo) = llup(@)l[Lr = J1p(t) = Jop, € (0,7p). (39)
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We first estimate .Jy . For that purpose we use an upper bound on Hvul(;p_l)/pHLoo
obtained in [2, Theorem 1], namely
[V ($)llge < (o= )Y2 V2 ol F777 () PNFITI, s g (0, 400).
Therefore for (s,z) € (0,+00) x RY we have
\Vuy(s,2)| < p (p— 1)71/2 71/2 ||u0||(Lpl_1)/p (WS)*(P(N+1)*N)/2P up(s’z)l/p.
Plugging this estimate in J3 , and using (7) yield

p o]
Jap < (pﬁl> (m(p— 1))p/2 HUOHIZTI/ (Ws)f(p(NH)fN)/z/u,,(&x) dx ds

p

p b 5 /2 2 (7Tp)
< (325) o=ty SRy

—(p(N+1)=(N+2))/2

P 2
= (55)
Po\p-1) 7 (N +1)—(N+2)
(recall that p > (N +2)/(N + 1)). Consequently
pgrfoo J27p = 0. (40)

Next, by (7) and (15) we have

fuollLr [™ 4
J1p(t) < 5™ ds
v p—1 t

Juolle: (, (2 » 2
< WRONLE [ = 1 4
-1 &) P -y el G=0) )
hence
i () =0, e (0,7,) ()

As 1, — +00 we may choose ¢ > 0 such that ¢t € (0,7,) for p large enough and we
may let p — +o00 in (39) and use (40), (41) and Theorem 3 to obtain

Jm Iy (uo) = [|G()Puollzs = [[Puoll s
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