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OB 3KBHUBAJEHTHOCTH JIOKAJIbHON U MHTEIPAJILHOM
MHOI'OMEPHBIX IIPEJTEJBLHBIX TEOPEM

T.A. A3BJIAPOB u II. A. MCMATVJIJIAEB

Mamemamuveckuii gaxyaemem, Tauk Yrusep s Tt cccr

Tlycrs S(N,) — k-mepusiii mwap paguyca N, (I, = 1) ¢ HEHTPOM B Hauaje Koop-
muaar; P, — dgcno Touek B S(N,), HMEIOIMX IeNble KOODJMHATEL.

BBeieM B pacCMOTPEHME IIOCIEHOBATEIBHOCTH
) X Xay s Xa Xo= (Byrs s X,

He3ABUCHMBIX CIIyYARHBIX BEKTOPOB C PACIHPEETCHMAMI
1

(2) P{X,= m}=—13—; meSW,), v=1,2,..,n
v

snecs m = (My, ..., M) — BEKTOP C LEIBIMH KOODIMHATAMM.

O6osgaumm: (I, X) — CKANAPHOE IPOM3BEACHHE BEKTOPOB ! = (I1; ..., ti)
X = (X, ..., X;) 43 eBKIMOBa npocTpanctea RY, |x| = (x, x)'/; ecmm A4 mar-
puna, To |4| — ee perepmuuant; P (x) 1 ¢(x) — QyHKIMA pacnpeneNeHUs 1 0T~
HOCTH pACHpefeIeHus k~MEPHOr0 CTAHJAPTHOTO HOPMANBHOTO 3AKOHA;

I= (NE+ .. +NDY2 - min N7Y, oy = Ex, of = EIXJ2,
sv€n

n

n
B,?jaXa,?j, Bi= Yok v=1,2,.,m =12,k

=]

n
Y, = X, Dy=EY,Y,, Pm)=P{Y,=m),

v

Zn = Kn Yll = (Znn ey zuk): Un(x) = P{znl L Xy ens Znk < xk};

amecs marpuua K, Takest, wro K,D,K, = I (I — e/uHRuBAs MATPULA; LUTPHX
03HAYAET TPAHCIIOHNPOBAHME). ‘

Tlo onpepenenuo, MOCIEKOBATENBHOCTS (1) YAOBIETEOPSET LEHTPaIbHOH MIpe-
JeXBHOM Teopeme (ILILT.), €CIA

3) sup|U,(x)—P(x)] -0 mpu n- o0,

g]
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8 T. A. ASTIAPOB u III. A. NCMATVYJLTTAEB

M YEOBIETBOPSIET JOKAIBHON IIPEHENsHOM Teopeme (JI.IIT.), eciy

(&) sup]]/lT)ﬁ . P,,(m)~¢p(mK,,)l -0 mpm n-— o0.

OueBngro, uTO BCerma u3 yrsepxnenusi (4) cnenyer (3). Hmxe Gymer mo-
Ka32HO, YTO BepHA ¥ 00paTHAs MMILTHKALMA.

HaxoxJeHnIo yeuoBri 9KBUBAIEHTHOCTH ILILT. ¥ JLILT., B Clyd4ae, KOIJa
¥ CHyyalHbIX BEJMUMHE CYIIECTBYET OTPAHMYEHHAA TUIOTHOCTE, TOCBAIIEHE] PaGoTLI
0. B. ITpoxoposa [4], II. Cypsuner [5] — B ogxomeprom ciyyae; i T, JI. Ilep-~
Bammnze, JI. M. Caymmca [7] — B mmoromepsom ciyuae. B arux paGorax pac-
CMOTpEHBI CIIyuaiHble BENMUMHBL JIOX0YKHE B HEKOTOPOM CMBICHE HA CIyualinhie
BETMYHHBI C HEIPEPHIBHLIM PABHOMEDHBIM DACIpPENENEHUEM B Luape.

HikenpuBoaumele Teopembl obobuator pesyisrarsl pabors! [1] wa muoro-
MEpPHBIH CITydai, ¥ ABIAIOTCA aHANOrayy JNA PElIeTYaToro CIyYask PesynbTaron
u3 [7] u [6].

Teorema 1. Yeaosue A, — 00 npu H— 00 ABAAEMCA HEOOXOOUMBIM 1 OOCMAMOY-
HblM 018 npumenumocmu x nocredosamensrocru (1) xax yenmpansnoil, max u 10Ky~
HOti npedenvrbix meopen (npu npouseoasroil guxcuposanrot pasmepnocmu k).

Trorema 2. Ilpu ecex n, 04 KOMOPBX A, 22 2, UMEIOW, MECMO MHEPAGEHCMBA

©) V1D 1P(m)—p(mK,)| < et
2()2 C —— NOAOHNCUMEABHAR NOCINOAHHAR, 3ABUCALYAAR MOABKO Om k N

Beroty B nansneiien ¢, ¢, — MOJOKUTEIBHBIE OCTOAUHEIE 3aBUCAIINE PA3BE
e or k.

Il moxasaTemseTBa TEOPEM HEOGXOMMMBI CIEHYIONIHE BCIOMOTATENHHIIE
TIPEIIOMKEHMA.

JIemma 1. Iyems X, ..., X, — nocaedosamenviocms He3qBUCUMBIX CAYHALIHBIX
BEKMOPO8 ¢ KOKEUHBIMU MPEIMBUMU MOMEHMAMU, MO20Q OAA GEAUMUNDL
6(r) = |Eexp{i(t, Ku ¥,)} —exp(—[1]*/2)|
cnpasedausa oyenra
La|t]Pexp(—|t]?/2) nu |1 < LB,
<+

“’K{exp<-|t|2/2>+exp<—ttws) wu |t < $L5,

20e
n
L= Z EIK,X;|°.

DTa JNiemMa, SABIALOWAACH MHOTOMEPHEIM AHAJOTOM OJJHOrO pesynsrara B. M.
3onorapésa [2], coobmena wam T. JI, Nlepsamunze.

Temma 2. Iyems f(t) — xaparmepucmuneckan GyHIyus cayuailnozo sexmopa

X, ¢ pacnpedenenuen (2). Cywecmsyem nocmosunan ¢ maxas, umo npu |t| < coy!
cnpasedausa oyenxa
LA < exp (-

ohti+ .. +oktf ))

icm

rac ﬁvj = E|xvj|3: j=12,

OKBMBAJIEHTHOCTh MHOI'OMEPHBIX IIPETEJIBHBIX TEOPEM 9

Horazamenvemso. Ouesnpmo,
@12 = § § cos(t, x—y) dFx)dF,0);
RFR
amecs F,(x) dysxuus pacnpenenerus X,. Tak xax

cosa g 1— —2— ]D‘6|3’
TO
IAOF < 11§ § 16, %)~ DPARE R 0) +
RE RK
© S S (1@, ) 1P+1t, WP dF,(x)dF,() <

Rk R¥
+OR D) +5E2Bor 1t P+ oo +Puklte]®);
, k. B cuiy oueBHIOHBIX HEPaBEHCTB
¢ N, € 0,j < N,
Q) N} < By < eulN,
npH JOCTATOYHO MAIOM ¢ AL [¢] < coy' mmeem

=1,2,...,k,
2
-;—-a,jt, —Tﬁ,,jlt,P > ”"g’ (I—E%‘;’—"c) >0,
uro B coemmuenuy C (6) HOKA3BIBAET JEMMY.
Jlemma 3. Iyems Ey = {t: =3 < < %;j=1,2, ..., k}. Cywecmeyem noc-
mosmnnan ¥ < 1, nesasucawan om N,, maxas, wmo npu te E\S(c[2no,) cnpa-
6eduso nepasencmso | f,(2mt)| < y; 3ecs ¢ u3 seMMbL 2.

< 1—(o4t3+ ...

Hoxasameavcmso. Tax xak
Sc/2nay) o {t: 14| < ¢f2no, VE, j=1,2,...,
TO /IOCTATOYHO JOKA3ATH JieMMy it f € Eo\E;.
TIycrs t € EG\E,; torma cymecrsyer momep j (j = 1,25 ..., k) Taxoi, yro
¢f2mo, k< 4l < 1 u 6yjem OIyCKaTh

k} = Ey,

1/2. Ons onpenenéHHOCTH TIONOMWM j =

HHJIEKC 7.

O6osHauum

= (mZa-'-smk)’ ;= (tZ,--~,tk)’ m = (ml,...,mk)= (ml;ﬁ")x
W= {f: [m| < NV2k, j=2,3,..,k}.
QueBsrIHo,
|Pf(2mt)| = ‘ Z exp(Zwi(tlm1+t2m2+ +t,,mk))| <
MESTN)
- ' 1<

®) S exp(2ritymy) - exp(2mi(f, m))|+P (nu."ﬁ);‘l)ﬂﬁw <

W (my3 AES(N)

< Z ’ Z exp (27rit1m1),+P-—

Wew (my; MES(N) (my; MES(N).MeW
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KoJmuecTBO ClraraeMpix B JoGod M3 BHyTpeHEMX cymm > N/ 1/?:——- 110 IIOCTpOe-
HEI0O W5 TO €CTh, KKAAA U3 HUX ABJSIETCA CyMMOH BHIa

. T+Q
&) Z exp(2rit, x),

x=T+1
rae T u Q nembre; mpuuém Q > NJy2.
st cymmer (9) cnpaBennMBa OYEBHAHAA OLEHKA
T+Q

") | > exp(amit, x| < 1/2(1,),
X1 .
rae (o) — paccTosHME OT YHMCHa o O OJupKaiuiero Lenoro.
Unrepsan [¢c/2no)/F, 1/2] pasobbén Ha JBe Hactu w, ¥ wa: W, [c/27w|/ k,

1/Q1, w. = (1/Q, 1/2]. IIpu ¢, € w, U3 MepaBexcTBa (9’) cnenyer

T+Q
‘ exp(Znitlx)‘ = [Par(t)] < 1/2.
Q xm= TR 1
Dyuxims ¥y, (2, ) ABNACTCH XapaKTEPUCTHUECKOH (ByHKIpes Cryuaitol BeIImEs],
npuauMatomelt suavenus I'+1, T'+2, ..., T+ Q ¢ papubiMy BepoaTHocTsamu 1/Q;
noaromy, npumensas aemmy Kpamepa ([3], cxp. 37), i ¢, € w, momyurm
Wo,r()| < 1-3630%/32 < xy = 1—3¢2/256k*c}

— TaK Kax, B cwny (7), o> < c3kN* u @ > N/Y2.
Tax kax

1= Cx P,
mES(N), meWw

TO, IONICTABMB OLICHKY, NOJIYYEHHYI0 At cymmbl (9), B mepasencrso (8), Gymem
UMETE

[PfQ2n1)| < 24 Z 1+P- Z 1=
{my3 MES(N), MeW (g3 MES(N), Mew

=P—(I—X1) § lgx'l’.
meS(N), felw
Jlemma moxasaua.

Hoxasamenvcmsgo meopemn 1. Ha HepaBeHCTBA (5); HOKA3ATEIBCTBO KOTOPOIO
Oyner mpuBeneHO HYDKE, CIEAYeT, UTO YCIOBHE

(10) Ay = 00 (upH 1 - o0)

ABJIACTCA NOCTATOUHBIM AIA BBLUTONHEHMA JLILT. MR nochexosarensrocta (1).
HMoxaxxem, uro ycnosue (10) sBisercs HEOGXOTUMBIM LA IILT., orxyna Gyner
ClIefl0BaTs HeoOXOMMMOCTs 9TOro ycroBusa w iy jrart. Homycrm, wro s (1)
BBINOJIHERA ILI.T., HO (10) He umeer mecra. Torna HalfyTcs ABE TOCHEAOBATE b~
HocTr nensrx wacen {n;} m {4}, m—0, 1 < u; < ny, TAKHE, WO UK j— O

DKBHUBAJIEHTHOCTh MHOTOMEPHBIX NPEIETBHBIX TEOPEM 11

6ynem HMMETh )
B,,/o,— A < 0.
Brigensaa B cymme Z,, cnaraemoe K, X, ¥ TIEPEXOAA K IPEAETY IPH j—> 00, MBI
MOJTYUHM CJIENYIOLee COOTHOIIEHHE MEKAY TPEMS XapaKTepHCTHUeCKuMM (GyHkK-
TOUASIMEL S
W(2) r(e) = exp(—11*/2); _
3mech 7(t) — XapaxTeprcTayecKas (YHKIEA HEKOTOPOrO HENPEPBIBHOIO DPABHO-
MEPHOI0 PACHPENENEHNA; HO TAKOE COOTHOIIEHHE HEBO3MOIKHO. Tax uro YCuoBUE
(10) neobxomuMO.
Hoxasamenvcmeo meopems 2. Ilo dopmyne obpamieHnsa umeenm

Qn)k P, (m) = gnﬁ(t)exp(—z(t m)dt, Q={t —n<H<my=12,.,k},

£ Je=sl
© @nfp0) = | exo(=it, »-lt/2)dr.
R
O6osmaumm K, 2 = {K;t: 1€ 2}, y = K,m; umeen
CR (Y IDaPy(m)—9(»)) =

n
= | ewn(-it, )] Ih&n-exp(= 1122 dr+
SU/2L,) J=1
L 1
+ § ew(i, p-urp)ar | en(-i )] LAdGnd =
RENs(1/2L,) KpONS(2L,) =t
=nL+L+1.
Bocnoms30BaBIIKCh Temmod 1, erpymmo moxyaurs oneHky |Iy| < cL,. Ouennyo,
YTO TAKYIO JKE OLEHKY umeer murerpait .
Tpucrymam k ouexuBanmio uarerpana Iy, Tax xax (me ymensan oCuHOCTH
cagraem N, = ... = N,)
Q, = {: (KD < QL)) = {t: t'Dyt < QL)) =
= {t: |t? < kQL,B)"%} = S(Yk(QLaBy)™),

Y (2-(3) ) - l‘%?gmfl’s-"-&

el yea)
TO, NPOMSBEIA 3aMEHY nepcmem{oﬁ, TIOJTYIM

Il < 1K § flm(t)ldt<|x;1—1 b TTiseas

a\a; =1 NS 2V EN 1=1
nocKonsKy, B cmy (7), oy 3> ¢Ny, TO NOCHeasuil HHTErPal He NIpeBOCXOauT

=ik § TIifene.

aNS(elo) J=1
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12 T. A. ABJIAPOB u IIL. A. ICMATYJLIAEB l OKBHUBATIEHTHOCT: MHOIOMEPHBIX IIPENETEHBIX TEOPEM 13
Ilna Toro, YToGHI ONEHHTS METerpan J, IpeACcTaBHM ero B BHAE Ho, xax nerpymo yGemurscs,
I= Ay . A Sinwpa = &L 1,
e
R Harnee, B CHITy OUEBHIHOIO MEPABEHCTBA P = cN¥, Gymem umers
=1k (TTinmids 4, = Se/o)\SCla), »=1,2,..,n-1, " 2 I\ [ gk \2
e 2nB, cB 1 _cBy B
i ZA exp| — S esexpl ——5- T <
4, = ‘Q\S(C/all) l/k I/Pl 02 01703
Tax KaK 0; < 0, OpH j 3> 2, 10 Ha A, cupaBeqimBa oueHka (nemma 2) < cs( o )"“ ( B, )"/2 ( B, )k/2 BN
15O < exp(—3(ofiti+ ... +0fktd)) B, o o) ~°B, S%B,-
T IO ween Taxum obpasom, mx I; monyuaem:
II{’IM1 (—-—Z(t10f1+ +sz0’]2;¢)) dt =
mi<r=Y4<
=1

B} Bi—
e S exp (———W}L]tll) &t e S exp(—cy ul?)du < ¢5 -
cByfoy & |u| <cBy/oy 'B"

(l/k)kﬂs
Teneps ouenam A, mpm » > 2. Ha mHoxkectBe 4, CIpaBeXTMBEL HEPABEHCIBA
(B cuty nemm 2 u 3):
exp(~cofoz?) mpr <,
1< 1
OIS exp(——zk—afltlz) nmpu j > .
ITosromy

(75 ) Sm(t) AW Hma)l IT coiar<

J=vtl

Jertl

(B" kexp(—-ci ofoz? ) S TAGE fz(t)|exp( I4]|c i: of) dr €

=3

)
<(Bn )kexp(“cj; - Z 62) Slfl(t) L0)ldr.

J=r+l

Tax xak 02 < o} (v > 2), T0 moMyuHM
Bu k Br%"‘ %
A< (Tef oo (-e =g m) {10 noa <
Ay
By \k
< (V’) eXp(_ & ) AS A0 A0 dr,
o B, \k cB?
A, < |—= Z .
(P oo - 25) H\SS&/mlfm )<

2

T (JinoraJinopal”.

Haxouen, obbemuuss oxenxu wurerpanos I;, I, I; m 3ameuass, yro

k2N, o
L, < B..l <ak',  Gh<akt
n

3aBEPUIMM TOKA3aTEIILCTBO TEOPEMBI.

3amevanns

1. B camy W3BECTHBIX COOTHOIICHMH MEMXTY CXOMUMOCTBIO IO BapHallH,
JLILT. ¥ ILILT., U3 Teopemsl 1 crenyer, uro ycnosue (10) sBistercs HeobXompmbmM

M JOCTATOYHBIM JJISI TOrO 4To6HL

2,

meRk
2. CHMMEIPHYHOCTE OTHOCHTENSHO Hayana KOOD[MHAT 3HAYEHHMI CIIydaiiHpmX

P,,(m)—— ]/II.D | ‘P(m: Ku) -0, IIpK n-— o0.

BEKTOPOB He 00s3areslbHa.
3. AHAJOTHUHBIE TEOPEMBI CIPABEIIMBBI AMS NOCIEHOBATENEHOCTH CITyyali-
, n Clie-

HBIX BEKTOPOB PABHOMEDPHO PACTIPEAENIEHHBIX B ofmacsx G,, v = 1, 2,
JYFOLIET0 THIIA:
CyImecTByIOT TOYKA @ W IIOCTOAHHAA ¢ TAKUE, YTO
sup |x—a|/ inf [x—a| < c;
el x6l,

I, — rpanuua G,.
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HOMOGENIZATION AND ERGODIC THEORY

A. BENSOUSSAN
Université Paris IX, Dauphine, France
J. L. LIONS
Collége de France, Paris, France
G. PAPANICOLAOU
Courant Institute of Mathematics Sciences, New York University, New York, USA

1. Introduction

Homogenization deals with the following general phenomenon. Let us consider
a model describing some physical system, with a periodic spatial structure. More
precisely, the model (in general, a partial differential equation or an integro-differen-
tial equation) involves coefficients depending on the space variable in a periodic way,
but with a very small period ¢ (to simplify the same in all directions). Such a situation
occurs in many concrete applications, especially in the field of composite materials,
or nuclear reactors. More generally, one can think of rapidly varying coefficients
not only in the space variable, but also in the time variable, in which case the ter-
minology “averaging” is more standard than “homogenization”.

The problem concerns the behaviour of the model as ¢ — 0. A reasonable in-
tuition is that the e-model can be approximated with a model describing the same
type of physical phenomenon, but with homogenized coefficients. In other words,
the homogenized coefficients will be some mean of the original coefficients. Such
a statement turns out to be true in many cases. However, the computation of the
right mean does not correspond in general to what can be guessed a priori, and in-
tuition can be very misleading.

Although homogenization problems are not problems arising in probability
theory, and can be dealt with using only analytical techniques, it turns out that since
many models of interest have a probabilistic interpretation, there is a probabilistic
approach to homogenization. It uses namely results of ergodic theory. In this ar-
ticle, we will restrict ourselves to the probabilistic approach. We refer to our forth-
coming book [4] for details concerning analytical approaches (see also [2], [3]).

Homogenization has been studied by several authors in various fields (Ana-
lysis. Numerical Analysis. Probability theory). Let us mention, in particular, Ba-
buska [1], de Giorgi-Spagnolo [6], Freidlin [7], Spagnolo [10], Stroock-Varadhan
[11], Tartar [13].
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