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Introduction. Let A and B be two semialgebraic subsets of a compact algebraic
variety M ⊂ Rn. In studying when A and B can be separated by a polynomial, cf.
[AcAnBg], one sees that different kind of obstructions can appear. Some are of local
nature in the sense that they are concentrated at a point, like in Figure 1 below, where
A and B cannot be separated in any neighbourhood of the origin, while some others are
not, like in Figure 2, where A and B can be separated locally at all its points although
they are not globally separable.

Similar considerations can be made in studying when an open semialgebraic subset
S ⊂M is basic or not. Thus, it is natural to consider the set LP of points p ∈M where
a certain property P holds locally, in the sense that it holds for any neighbourhood U
of p, and ask whether LP is semialgebraic. In particular we consider the sets S(A,B) of
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12 F. ACQUISTAPACE ET AL.

points p ∈ M such that A and B cannot be separated in any neighbourhood of p and
the set B(S) of points p ∈ M such that S is generically basic for any neighbourhood U
of p. Note that Figure 2 shows that S(A,B) (resp. B(A)) may be empty, even if A and B
are not separable (resp. S is not basic) in M . Also note that neither of the properties
defining S(A,B) or B(S) can be described by a first order formula, so that the question
is not obvious. In this note we show that over the real numbers (i.e., M ⊂ Rn), they are
semialgebraic. Indeed, we obtain our result as a consequence of the separation criterion
obtained in [AcAnBg, Theorem 4.5] and the basicness criterion of [AcBgVe, Theorem 4.1],
which hold only for the real numbers. We also include an example which shows that the
sets S(A,B), B(S), need not be semialgebraic when we work over a non-archimedean real
closed field.
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Figure 2

Here is how we proceed. We work out completely the solution for the separation
problem, and sketch only the answer for the basicness question in Section 5, which is
completely analogous. As it is customary, we deal first with the generic problem, i.e., we
consider the set Sgen(A,B) of points p ∈ M such that A and B cannot be generically
separated in any neighbourhood of p, and we show, using the separation criterion quoted
above, that Sgen(A,B) is semialgebraic. Since the separation criterion holds only under
special assumptions, namely that M is non-singular and the walls of A and B are non-
singular and normal crossings, we consider first this situation. Then, to pass to the general
case, we study the behaviour of the set Sgen(A,B) under the desingularization map
π : Mν → M . To this respect we point out that, in going upstairs from M to Mν by π,
we may miss some points of Sgen(A,B), as it happens in the examples of the pictures
above, where Figure 2 is the blow-up of Figure 1 to place the walls of A and B in normal
crossings. In fact, what happens is that p lies in Sgen(A,B) if and only if π−1(A) and
π−1(B) are not separable in a neighbourhood of π−1(p). Thus we have to deal with the
notion of A and B to be generically separable in a neighbourhood of a subset Z ⊂ Mν .
We characterize when this is possible in combinatorial terms by means of what we call
the separation tree of A and B (cf. Proposition 2.1 below). Next we stratify Mν and the
map π in such a way that the separation tree is compatible with the stratification, and
we are able to descend the results from Mν to M . Finally we write S(A,B) as a finite
union of Sgen(C,D) for certain C and D, which shows that it is semialgebraic.

We want to thank M. P. Vélez for many fruitful conversations. In particular the idea
of building a separation tree was inspired by her. The example of the last section of
the paper was built during the Oberwolfach meeting on real geometry in March 1997, in
conversations with L. Bröcker, M. Coste and A. Prestel. Finally, we thank the Universities
of Pisa and Complutense de Madrid for partially supporting this research by means of
their bilateral agreement.
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1. The case of normal crossings. We start by fixing the notation. Let M ⊂ Rn
be a compact irreducible algebraic variety. We say that two semialgebraic subsets of M
are generically equal if and only if they coincide up to a subset of codimension at least 1.
In particular, for any semialgebraic subset S ⊂ M we set S∗ = IntM AdhMS, where the
interior and closure are taken in M with the euclidean topology induced by Rn. We will
drop the subindex M whenever no confusion is possible. Note that S∗ is the largest open
semialgebraic set which is generically equal to S, and an immediate computation shows
that A∗ ∩ B∗ = (A ∩ B)∗. We denote by R(M) the ring of regular functions on M and
by ΣM the space of orderings of its field of fractions, cf. [AnBrRz] for the definition and

basic properties. For any semialgebraic set S ⊂ M we consider its tilde S̃ as the set of
orderings of ΣM verifying the same sign conditions that define S. We just recall that A
and B have the same tilde image in ΣM if and only if they are generically equal. The
walls of S in M are defined as the codimension 1 irreducible components of the Zariski
closure, ∂S

Z

, of the boundary of S.
Now, let A and B be semialgebraic subsets of M . We say that A and B are separable if

there exists a regular function f ∈ R(M) such that f(A) > 0 and f(B) < 0. We say that
A and B are generically separable if there exists a non-zero regular function f ∈ R(M)
such that f(A) ≥ 0 and f(B) ≤ 0, or equivalently, A and B are generically separable if
there exist a proper algebraic subset Y ⊂M such that A \ Y and B \ Y are separable.

We shall say that the triple (M,A,B) verifies the condition (NC) (for Normal Cross-
ings), or simply that it is (NC), if M is non-singular and the walls of A and B are also
non-singular and normal crossings. For any subvariety W ⊂ M we define the shadows
AW , BW of A and B in W as AW = A∩W and BW = B ∩W . Moreover, if (M,A,B) is
(NC) and W is a codimension 1 subvariety, we define the counter-shadows A′W , B′W of
A and B in W as follows: let t ∈ R(M) be a generator of J (W ) in R(M)J (W ) and set

A′ = (A ∩ {t > 0}) ∪ (B ∩ {t < 0}),
B′ = (A ∩ {t < 0}) ∪ (B ∩ {t > 0}).

Then the counter-shadows are the shadows in W of the sets A′ and B′. Obviously
counter-shadows depend on the choice of t. However, in what concerns the separation of
A and B “around” W the choice of t is irrelevant. In fact, we have

Theorem 1.1 (Separation criterion [AcAnBg, Theorem 4.5]). Assume that (M,A,B)
is (NC). Then A and B are generically separable if and only if for any wall W of A
and B in M , either the shadows or the counter-shadows (with respect to any choice of t)
of A and B are generically separable in W .

For our purposes, we will choose t in such a way that allows induction in the proof of
Theorem 1.6 below. More precisely, notice that, in principle, we can take as t ∈ R(M) any
generator of the ideal J (W ∪W ′), where W ′ is an algebraic variety different from W )
with [W ∪ W ′] = 0 in Hd−1(M,Z2), that is, with [W ] = [W ′], cf. [BCR, Proposition

12.4.6]. Now, since [W ] ∈ Halg
d−1(M,Z2) and is non-singular, we can take W ′ non-singular

and normal crossing with ∂A
Z ∪ ∂B Z

, cf. [BCR, Theorem 12.4.10]. Thus, we may take t
such that its zero set is at normal crossings with the other walls of A and B. From now
on, we assume that whenever counter-shadows of two sets are constructed, they are taken
with respect to a generator t such that its zero set is at normal crossings with the walls
of the sets.
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Since M is compact, any ordering α ∈ ΣM specializes to a point p ∈ M . Now, given
p ∈M we denote by Gp the set of generizations of p, i.e.,

Gp = {α ∈ ΣM | α→ p} =
⋂
f

{f > 0},

where the intersection runs over all functions f ∈ R(M) with f(p) > 0. Thus, Gp is a
proconstructible set of ΣM and in particular is a subspace of it, cf. [AnBrRz, IV.1.2].
More generally, given a closed semialgebraic subset Z ⊂M , we define the set

GZ =
⋃
p∈Z
Gp = {α ∈ ΣM | α→ p ∈ Z} =

⋂
f

{f > 0},

where now the intersection runs over all functions f ∈ R(M) with f(p) > 0 for all p ∈ Z.
It follows that GZ is also a subspace of ΣM .

R e m a r k 1.2. Notice that in the particular case when Z is a subvariety W of codi-
mension 1, the space GW is different from the space ΣW [Z2] considered in [AcAnBg]. The
latter consists only of the orderings of ΣM which specializes to some order of ΣW , and
therefore we have ΣW [Z2] ⊂ GW . More generally, for any closed semialgebraic set Z and
any codimension 1 subvariety W , we have

ΣW [Z2] ∩ GZ ⊂ GZ∩W ⊂ GZ ,
which in particular implies that ΣW [Z2] ∩ GZ = ∅ whenever W ∩ Z = ∅.

Geometrically, ΣW [Z2] and GW have also different meanings: while separation of Ã

and B̃ in ΣW [Z2] yields to the generic separation of A and B in a “sausage-like open
neighbourhood” U of W (that is, U is a neighbourhood only of W \Y , where Y is proper

subvariety of W ), separation of Ã and B̃ in GW yields to the generic separation of A
and B in a true neighbourhood of W . In fact, we have

Lemma 1.3. A and B are generically separable in a neighbourhood of Z if and only
if Ã and B̃ are separable in GZ .

P r o o f. Suppose that A and B are separable in a neighbourhood U of Z. Then

Ã ∩ U = Ã ∩ Ũ and B̃ ∩ U = B̃ ∩ Ũ are separable in ΣM . Since GZ ⊂ Ũ it follows
that Ã and B̃ are separable in GZ .

Conversely, assume that Ã and B̃ are separable in GZ , say Ã ∩ GZ ⊂ {g > 0} and

B̃ ∩ GZ ⊂ {g < 0}. Then we have

Ã ∩
⋂
f

{f > 0} ∩ {g < 0} = ∅,

B̃ ∩
⋂
f

{f > 0} ∩ {g > 0} = ∅,

where the big intersection runs over all functions f ∈ R(M) with f |Z > 0. By compactness
of ΣM , there is a finite intersection U = {f1 > 0, . . . , fr > 0} such that

Ã ∩ U ∩ {g < 0} = ∅,
B̃ ∩ U ∩ {g > 0} = ∅,

which means that A and B are generically separated in the neighbourhood U of Z.



SEMIALGEBRAICITY OF CERTAIN LOCAL LOCI 15

R e m a r k 1.4. The link between separation in GZ and separation in the subspaces
ΣW [Z2] comes as in [AcAnBg]. Taking as ambient space GZ instead of ΣM and arguing

exactly as in the proof of [AcAnBg, Proposition 3.3] we get that Ã and B̃ are separable
in GZ if and only if they are so in ΣW [Z2] ∩ GZ for all walls W in some model of M ,
or equivalently for all walls intersecting the image of Z in some model of M . Now, if
(M,A,B) is (NC) then the same proof as in [AcAnBg, Theorem 4.1] shows that we need
to check this property only for the walls W of A and B in M .

This remark yields:

Corollary 1.5. Assume that (M,A,B) is (NC). Then A and B are generically
separable in a neighbourhood of Z if and only if Z ∩ (A∗ ∩ B∗) = ∅ and for all walls
W of A and B with Z ∩W 6= ∅ either the shadows AW , BW or the counter-shadows
A′W , B′W are generically separable in a neighbourhood of Z ∩W in W .

P r o o f. By Lemma 1.3, A and B are generically separable in a neighbourhood of Z
if and only if Ã and B̃ are separable in GZ . Now, the condition Z ∩ (A∗ ∩ B∗) = ∅
is equivalent to Ã and B̃ be disjoint in GZ , and the previous remark shows that Ã
and B̃ are separable in GZ if and only if they are so in all ΣW [Z2] for the walls W
with W ∩ Z = ∅. Then the result follows at once from [AcAnBg, Corollary 4.4] (cf. also
[AcAnBg, Theorem 4.5]).

Theorem 1.6. Assume that (M,A,B) is (NC). Then the set Sgen(A,B) of points
of non-local generic separation is closed semialgebraic.

P r o o f. It is immediate that Sgen(A,B) is closed. To see that it is semialgebraic we
work by induction on d = dimM . If d = 1 then A and B are generically separated if and
only if A∗ ∩B∗ = ∅. So, Sgen(A,B) = A∗ ∩B∗, which is semialgebraic.

Assume now that the statement holds for any variety of dimension less than d and set
S0 = A∗ ∩B∗. For any wall W of A and B, the triples (AW , BW ,W ) and (A′W , B

′
W ,W )

of the shadows and counter-shadows are again (NC) (remember that we are chosing the
parameter t so that this holds). Thus, we may apply induction and get that Sgen(AW , BW )
and Sgen(A′W , B

′
W ) are semialgebraic. We claim that

Sgen(A,B) = S0 ∪
(⋃
W

(
Sgen(AW , BW ) ∩ Sgen(A′W , B

′
W )
))

Indeed, obviously S0 ⊂ Sgen(A,B), and since this set is closed we get S0 ⊂ Sgen(A,B).
Now, let p ∈ Sgen(A,B) \ S0. Then, by Corollary 1.5 there is a wall W , with p ∈W such
that both couples, AW and BW , and A′W and B′W are not generically separated in any
neighbourhood of p, that is, p ∈ Sgen(AW , BW ) ∩ Sgen(A′W , B

′
W ).

2. The separation tree. Corollary 1.5 suggests a recursive method to check whether
A and B are generically separable in a neighbourhood of Z: one has to consider the walls,
check there the property for the shadows and counter-shadows and so on. In this section
we formalize this procedure in what we call the separation tree, TA,B , for A and B, whose
nodes will be triples (N,C,D) verifying the condition (NC), and which is constructed
recursively as follows:
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1. We start with the single node (M,A,B).

2. For each node (N,C,D) with dimN > 1 consider C[ = C \ (C ∩ D)∗ and D[ =
D\(C∩D)∗. For each wall W of C[ and D[ we define two edges descending from (N,C,D)
and ending respectively in the triples (W, (C[)W , (D

[)W ) and (W, (C[)′W , (D
[)′W ) pro-

duced by the shadows and counter-shadows of C[ and D[ in W .

Note that for any node (N,C,D), the subtree of TA,B “dominated” by (N,C,D) is
precisely the separation tree TC,D of C and D. Also, we call a complete binary subtree
of TA,B any binary subtree starting at (M,A,B) and such that for each node (N,C,D)
the two edges descending from it correspond to the same wall (and therefore consists of
the shadows and counter-shadows of C[ and D[ in it).

We have

Proposition 2.1. Let (M,A,B) be (NC) and let Z be a closed semialgebraic subset
of M . Then A and B are generically separated in a neighbourhood of Z if and only if for
any complete binary subtree of TA,B there exists a branch of maximal height such that all
its nodes (N,C,D) verify Z ∩ (C ∩D)∗ = ∅.

P r o o f. We work by induction on the height of the tree. If TA,B has height one the
statement is trivial. Now, suppose that A and B are generically separated in a neigh-
bourhood of Z. Then, by Corollary 1.5, Z ∩ (A ∩ B)∗ = ∅ and for any wall W with
W ∩ Z 6= ∅ either AW , BW or A′W , B

′
W are generically separated in a neighbourhood of

Z ∩W . Suppose that it is the former. Now the separation tree TAW ,BW of AW and BW
has height less than the separation tree TA,B of A and B, so that by the induction hy-
pothesis there is a branch of maximal height such that all its nodes (N,C,D) verify
(Z ∩W ) ∩ (C ∩D)∗ = ∅. Adding the node (M,A,B) above this branch (which starts at
(W,AW , BW )) we are done.

Conversely, if A and B are not generically separated in any neighbourhood of Z, by
Corollary 1.5, either Z ∩ (A ∩ B)∗ = ∅ or there is a wall W with Z ∩W 6= ∅, in which
both couples AW , BW and A′W , B

′
W are not generically separated in any neighbourhood

of Z ∩W . By induction, in both separation trees TAW ,BW and TA′
W
,B′
W

of AW , BW and
A′W , B

′
W we find a complete binary subtree such that in all its branches of maximal length

there is a node (N,C,D) with Z ∩ (C ∩ D)∗ 6= ∅. Joining these two subtrees with the
node (M,A,B) we get a complete binary subtree of TA,B in which the condition of the
statement fails.

3. The general case. Assume now that (M,A,B) is arbitrary. Then by Hironaka’s
desingularization Theorems I and II, [Hk], there is a regular map π : Mν →M such that

1. Mν is a non-singular variety.

2. π is a finite sequence of blowings-up along non-singular algebraic centres so that
there is a proper algebraic subset Y ⊂M such that

π|Mν\π−1(Y ) : Mν \ π−1(Y )→M \ Y

is a biregular isomorphism.

3. π is surjective over the points of M of maximal dimension.

4. The walls of the strict transforms Aν , Bν , of A and B are non-singular and normal
crossings.
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Let W1, . . . ,Wr be the walls of Aν and Bν in Mν . We consider the stratification
S = {Sk} of Mν induced by these walls as follows. Define

X(0) = M,

X(1) =
⋃
i

Wi,

X(2) =
⋃
i6=j

(Wi ∩Wj),

. . .

X(h) =
⋃
i1...ih

(Wi1 ∩ . . . ∩Wih),

. . .

where all indices i1 . . . ih are different. Then take as strata {Sk} the connected components
of the differences X(h) \ X(h+1). Note that by construction, for each node (N,C,D) in
the separation tree TAν ,Bν of Aν and Bν , the set (C ∩D)∗ is a union of strata.

Finally, by [BCR, Theorem 9.3.1], we find a finite semialgebraic partition M =
⋃r
i=1 Ti

and for any i a semialgebraic set Fi, semialgebraic subsets {Fij}j=1,...,q of Fi and a
semialgebraic homeomorphism θi : Ti × Fi → π−1(Ti) such that π ◦ θi : Ti × Fi → Ti
is the projection and θi(Ti × Fij) = Sj ∩ π−1(Ti). Obviously, A and B are generically
separated in a neighbourhood of a point p ∈M if and only if Aν and Bν are generically
separated in a neighbourhood of π−1(p). Now, using Proposition 2.1, we get

Theorem 3.1. The set Sgen(A,B) is a union of strata Ti. In particular Sgen(A,B)
is a (closed) semialgebraic set.

P r o o f. We have to see that if y1, y2 ∈ Ti then A and B are generically separated in
a neighbourhood of y1 if and only if they are so in a neighbourhood of y2, or equivalently,
that Aν and Bν are generically separated in a neighbourhood of π−1(y1) if and only if
they are so in a neighbourhood of π−1(y2). By Proposition 2.1 it is enough to verify that
for a given node (N,C,D) in the separation tree TAν ,Bν , π−1(y1) ∩ (C ∩D)∗ 6= ∅ if and
only if π−1(y2) ∩ (C ∩D)∗ 6= ∅. Since by construction fibres over points in the same Ti
meet the same strata Sk, and (C ∩D)∗ is union of strata, this follows at once.

4. Semialgebraicity of S(A,B). We finish by showing how to go from the set
Sgen(A,B) of non-local generic separation to the set S(A,B) of points where local sep-
aration of A and B is not possible. We recall that in [AcAnBg, Section 6], we give an
algorithm that produces a list LA,B of subvarieties of M such that A and B are separable
if and only if the shadows AW , BW are generically separated for any W ∈ LA,B ∪ {M}.
Working locally, we get that for any point p ∈M , A and B are separable in a neighbour-
hood of p if and only if for any W ∈ LA,B ∪ {M}, AW , BW are generically separated in
a neighbourhood of p. Thus we have

S(A,B) = Sgen(A,B) ∪
( ⋃
W∈LA,B

Sgen(AW , BW )
)
.

Altogether we have shown

Theorem 4.1. S(A,B) is a closed semialgebraic set.
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5. Semialgebraicity of the local basicness locus. Let S be an open semialgebraic
subset of M . We recall that S is basic open if it can be described as an intersection of strict
inequalities, and S is generically basic open if it is basic open up to a proper subvariety Y
of M . In this section we show that the set B(S) of points p ∈M such that S is not basic
in any neighbourhood of p is semialgebraic. Since the proof follows the same pattern as
the one given for the local separation locus we only sketch it, pointing out the differences
with this case. Similar arguments (with the obvious changes) can be made for the case
of closed basic semialgebraic sets.

As above we consider first the generic question, that is the set Bgen(S) of points p ∈M
such that S is not generically basic in any neighbourhood of p. We have the following
analogue to Lemma 1.3:

Lemma 5.1. S is generically basic in a neighbourhood of a closed semialgebraic set
Z if and only if S̃ is basic in GZ .

We will say that the couple (M,S) is (NC) if M is non-singular and the walls of S
are non-singular and normal crossings. In [AcBgVe] it is shown that if (M,S) is (NC),

then S is not generically basic if and only if either ∂S∗
Z ∩ S∗ 6= ∅ or there is a wall W

of S such that the shadow SW of S in W is not generically basic. To get the analogue to
Corollary 1.5 from the lemma above, we have to isolate the set B0(S) of points p such

that for any neighbourhood U , ∂(S ∩ U)∗
Z

∩ (S ∩ U)∗ 6= ∅. They are the points in the
walls W of S which are in both S∗ and AdhW (∂S∗ \ S∗). To be more precise, we have

B0(S) =
⋃
W

(
AdhW (W ∩ S∗) ∩AdhW IntW (W ∩ ∂S∗)

)
.

Thus, we get

Corollary 5.2. Assume that (M,S) is (NC). Then S is generically basic in a
neighbourhood of Z if and only if Z∩B0(S) = ∅ and for all walls W of S with Z∩W 6= ∅
the shadow SW is generically basic in a neighbourhood of Z ∩W in W .

P r o o f. The condition Z∩B0(S) = ∅means that there is a neighbourhood U of Z such

that (∂(S ∩ U)∗)
Z

∩ (S ∩ U)∗ = ∅. Now the result follows from [AcBgVe, Theorem 4.1],

taking into account that if Z ∩W = ∅ then GZ ∩ W̃ = ∅.

Theorem 5.3. Assume that (M,S) is (NC). Then the set Bgen(S) is closed semial-
gebraic.

P r o o f. It is immediate that Bgen(S) is closed. To see that it is semialgebraic we work
by induction on d = dimM . If d = 1 every semialgebraic set is generically basic, so that
Bgen(S) = ∅ which is trivially semialgebraic.

For higher dimensions we have

Bgen(S) = B0(S) ∪
(⋃
W

Bgen(SW )
)

and we are done by induction.

Next we construct the basicness tree for a (NC) couple (M,S) as follows:

1. We start with the single node (M,S).
2. For each node (N,T ) with dimN > 1 consider T [ = T \B0(T ). Then, for each wall

W of T [ we define an edge descending from (N,T ) and ending in (W, (T [)W ).
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Working by induction on the height of the tree, we get

Proposition 5.4. Let (M,S) be (NC) and Z a closed semialgebraic subset of M .
Then S is generically basic in a neighbourhood of Z if and only if for all nodes (N,T ) of
the basicness tree Z ∩B0(T ) = ∅.

Finally, using a desingularization morphism and stratifying in the same way as in
Sections 3 and 4 for the separation, we get that for any (M,S) the set Bgen(S) is semi-
algebraic, and since B(S) can be written as a finite union of Bgen(Tk), cf. [AcBgVe], we
get the wanted result:

Theorem 5.5. For any (M,S) the set B(S) is closed semialgebraic.

6. Non-archimedean real closed ground field. We finish the paper with an ex-
ample showing that Theorems 4.1 and 5.5 are not true over a non-archimedean real closed
ground field R. We only deal with the separation problem, the basicness one being anal-
ogous. Consider the space R4 with coordinates x, y, z, t. For any fixed ε, consider in the
hyperplane t = ε the cones with vertex (0, 0, 1, ε) over the sets Aε and Bε of the picture,
placed in the plane t = ε, z = 0 (cf. [AcAnBg, Example 5.2], and also [AnBrRz, Example
VI.7.10]).
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We recall that these sets Aε and Bε can be generically separated in the plane x, y if
and only if ε is not infinitesimal (cf. op. cit.).

Finally, let A and B be the collection of all these cones when 0 < t < 1. That is,

A = {(x, y, z, t) = s(0, 0, 1, t)+(1−s)(x0, y0, 0, t) | (x0, y0, 0, t) ∈ At, 0 < s < 1, 0 < t < 1}
B = {(x, y, z, t) = s(0, 0, 1, t)+(1−s)(x0, y0, 0, t) | (x0, y0, 0, t) ∈ Bt, 0 < s < 1, 0 < t < 1}

Obviously A and B are open disjoint semialgebraic sets and

A ∩B = {(0, 0, 1, t) | 0 < t < 1}

so that the set S(A,B) of non-local generic separation is contained in this set. Moreover,
for each ε the sets A and B are locally generically separated at (0, 0, 1, ε) if and only if
the sets Aε and Bε are generically separated in the plane z = 0, t = ε, that is, if and only
if ε is not infinitesimal in R. Therefore we have

S(A,B) = {(0, 0, 1, t) | 0 < t and t is infinitesimal in R}

which is not semialgebraic.
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