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Abstract. The notion of simultaneous reduction of pairs of matrices and linear operators to

triangular forms is introduced and a survey of known material on the subject is given. Further,

some open problems are pointed out throughout the text. The paper is meant to be accessible

to the non-specialist and does not contain any new results or proofs.

1. Background information. The well-known theorem of Schur (see for example

[23]) states that if A is a complex m×mmatrix, then there exists a unitary m×m matrix

U , such that U−1AU is an upper triangular matrix. In other words, each square complex

matrix can be reduced to upper triangular form by a unitary similarity transformation.

For pairs of square complex matrices, the following result was obtained by McCoy [24].

Theorem 1. Let A, Z be a pair of complex m×m matrices. Then the following two

statements are equivalent :

1. There exists an invertible m×m matrix S, such that both S−1AS and S−1ZS are

upper triangular matrices.

2. For each polynomial p(λ, µ) in the non-commuting variables λ and µ, the m ×m

matrix p(A,Z)(AZ − ZA) is nilpotent.

A pair of m × m matrices A,Z which satisfies the statements of Theorem 1 is said to

admit simultaneous reduction to upper triangular form. The proof of Theorem 1 in [24]

is rather involved. Elementary proofs of this theorem have been obtained in [13] and [17].

The theorem is made more explicit for certain pairs of matrices in [19] and [20]. Further,

a recent extension of Theorem 1 is given in [26]. The literature on this subject, which

includes a paper of Frobenius [16] of almost a century ago, is extensive. For more infor-

mation and references, see [21]. Generalizations of Theorem 1 to an infinite dimensional

context has been obtained in [22] and [25]; see also Section 3.
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This paper also deals with simultaneous reduction to triangular forms. However, the

emphasis is not on simultaneous reduction to “the same”, e.g. upper, triangular form, but

on simultaneous reduction to “complementary” triangular forms. As we shall see later

on, the motivation for studying this issue comes from systems theory. But let us first give

the definition and state two of the earliest results.

Let A and Z be m × m matrices. We say that the pair A,Z admits simultaneous

reduction to complementary triangular forms, if there exists an invertible matrix S (not

necessarily unitary) such that S−1AS is an upper triangular matrix and S−1ZS is a lower

triangular matrix.

Here are two early results about this notion. The first result was implicit in the proof

of Theorem 1.6 in [3]; for an explicit statement, see [2]. The second result appeared in

[4]. The spectrum of a square matrix A is denoted by σ(A).

Theorem 2. Let A, Z be a pair of m×m matrices. If either A or Z is diagonalizable,

then the pair A,Z admits simultaneous reduction to complementary triangular forms.

Theorem 3. Let A, Z be a pair of m × m matrices , such that rank(A − Z) = 1

and such that σ(A) ∩ σ(Z) = ∅. Then the pair A,Z admits simultaneous reduction to

complementary triangular forms.

If a pair of m × m matrices A, Z admits simultaneous reduction to upper triangu-

lar form, we may assume without loss of generality that the invertible m ×m matrix S

involved can be chosen to be unitary. For complementary triangular forms, this is not

the case: There exist pairs of m ×m matrices A,Z that admit simultaneous reduction

to complementary triangular forms, for which the invertible m × m matrix S involved

cannot be taken unitary. This already indicates that simultaneous reduction to upper

triangular form and simultaneous reduction to complementary triangular forms are quite

different matters. Nevertheless, a connection between the two notions is formulated in

the following proposition, which is proved in [12].

Proposition 4. Let A and Z be m×m matrices. The pair A,Z admits simultaneous

reduction to complementary triangular forms if and only if there exists a positive definite

m×m matrix H such that the pair A,H−1Z∗H admits simultaneous reduction to upper

triangular form.

The collection of pairs of m×m matrices that admit simultaneous reduction to com-

plementary triangular forms is denoted by C(m). The collections of low order matrices

C(2) and C(3) have been described completely; see Remark 2.3.6 in [29]. For m ≥ 4, a full

description of C(m) is not known. One could hope for a reasonable general description by

combining Proposition 4 andMcCoy’s theorem (Theorem 1). Unfortunately, the existence

problem of the positive definite matrix H in Proposition 4 turns out to be as complicated

as the study of simultaneous reduction to complementary triangular forms itself.

Altogether, there are no non-trivial results concerning the general case. On the other

hand, some quite satisfactory results are obtained for pairs of matrices, taken from certain

classes of matrices. Results in this direction have been obtained by several authors; see

[4], [8]–[11] and [15]. One of these results concerns pairs of matrices of first companion
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type, i.e., matrices of the form

Ca =




0 1

0
. . .
. . . 1

0 1
−a0 −a1 · · · −am−2 −am−1




.

Note that the characteristic polynomial for this matrix reads a(λ) = det(λ − Ca) =

a0 + a1λ+ . . .+ am−1λ
m−1 + λm. The following result is taken from [4].

Theorem 5. Let A and Z be first companion m ×m matrices. Then the pair A,Z

admits simultaneous reduction to complementary triangular forms if and only if there

exist orderings

α1, . . . , αm, ζ1, . . . , ζm

of the eigenvalues for A and Z respectively, counted according to their algebraic multi-

plicities , such that

αk 6= ζl, k + l ≤ m.

In short, a pair of first companion matrices admits simultaneous reduction to comple-

mentary triangular forms if and only if a combinatorial condition is met. Moreover, this

combinatorial condition comes up in the study of the Two Machine Flow Shop Problem

from job scheduling theory. For more details on this surprising connection, see [5]–[7], [31].

Now let us give a motivation for studying complementary triangular forms for pairs

of matrices. We shall do this by making a connection with systems theory. Consider the

linear dynamical system

(1) (Σ)





x′(t) = Ax(t) +Bu(t)
y(t) = Cx(t) + u(t) t ≥ 0
x(0) = 0

where x(t) is an m-vector, u(t) and y(t) are n-vectors, and A, B and C are matrices of

appropriate sizes. The equations represent a system Σ with input u(t) and output y(t)

(at time t) as illustrated below.

u Σ y//

� �� � //

By taking the Laplace transform of (1), and by cancelling the Laplace transform x̂(λ) of

x(t), we see that the Laplace transforms û(λ) and ŷ(λ) of, respectively, the input vector

u(t) and the output vector y(t) are related as follows:

ŷ(λ) = W (λ)û(λ).

Here W (λ) is the so-called transfer function of Σ, given by

(2) W (λ) = In + C(λIm −A)−1B.

The n×n matrix function W (λ) is rational, i.e., its entries are quotients of polynomials.

Further, W (λ) is analytic at infinity with value W (∞) = In, the n× n identity matrix.

In the following, we shall consider factorizations of such transfer functions which lead to

cascade decompositions of the underlying systems.
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It can be shown that all rational n×n matrix functions W (λ) analytic at infinity with

W (∞) = In can be written in realization form (2) for certain matrices A, B and C. The

smallest possible integer m for which a given rational matrix functionW (λ) admits a real-

ization (2) is called the McMillan degree ofW (λ) and is denoted by δ(W ). One may inter-

pret the integer δ(W ) as a measure of complexity of the corresponding systemΣ. In fact, it

equals the number of poles of W (λ) counted according to their pole multiplicities (cf. [3]).

To put factorizations of these rational matrix functions in perspective, we will first

discuss the scalar case: The quotient w(λ) = p(λ)/q(λ) of two polynomials of degree m is

a scalar rational function. We will assume that the polynomials are monic, i.e., have lead-

ing coefficient equal to one, so that w(∞) = 1. The scalar function w(λ) has McMillan

degree δ(w) = m if and only if p(λ) and q(λ) have no roots in common. The Fundamental

Theorem of Algebra, applied both to p(λ) and q(λ), then yields

w(λ) =

(
λ− α1

λ− β1

)(
λ− α2

λ− β2

)
. . .

(
λ− αm

λ− βm

)
,

where α1, . . . , αm are the roots of p(λ), and β1, . . . , βm are the roots of q(λ). Note that

wk(λ) =
λ− αk

λ− βk

= 1 +
βk − αk

λ− βk

, k = 1, . . . ,m,

are scalar rational functions of McMillan degree one. Therefore, each scalar rational func-

tion w(λ) of McMillan degree m, with w(∞) = 1, is the product

w(λ) = w1(λ) . . . wm(λ)

of m scalar rational functions of McMillan degree one.

We will now discuss this type of factorization for rational matrix functions. Rational

matrix functions of McMillan degree one are called elementary rational matrix functions.

Such a function is of the form

(3) W (λ) = In +
1

λ− α
cbT ,

where α is a scalar and b and c are n-vectors. A complete factorization of a minimal

realization (2) is a factorization

(4) W (λ) = W1(λ) . . .Wm(λ)

into m = δ(W ) elementary rational matrix functions

Wk(λ) = In +
1

λ− αk

ckb
T
k , k = 1, . . . ,m.

Each elementary rational matrix function Wk(λ) corresponds to an “elementary” sys-

tem Σk. In this manner, the complete factorization (4) corresponds to the cascade de-

composition
u Σm Σ1

y//

� �� � // _ _ _ //

� �� � //

of the system Σ into “elementary” systems Σ1, . . . , Σm. The question of which rational

matrix functions admit a complete factorization is answered by the following theorem,

which appeared in [2] and [4].

Theorem 6. A rational matrix function W (λ) = In + C(λIm −A)−1B of McMillan

degree m admits a complete factorization if and only if the pair of m × m matrices A,

A−BC admits simultaneous reduction to complementary triangular forms.
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Not all rational matrix functions admit a complete factorization. For example, the

rational 2× 2 matrix function

W (λ) =

(
1 −1/λ2

0 1

)

does not have this property. Indeed, this rational matrix function admits a minimal re-

alization (2) with

A =

(
0 1
0 0

)
, B =

(
0 0
0 1

)
, C =

(
−1 0
0 0

)
.

Computation yields A = A−BC. For the pair A,A−BC to admit simultaneous reduc-

tion to complementary triangular forms, it is necessary and sufficient that A = A− BC

is diagonalizable. Clearly, this is not the case. Theorem 6 implies that W (λ) does not

admit a complete factorization.

So far, known material concerning complementary triangular forms and its connection

with systems theory has been presented. In the next two sections, an outline is given of

more recent results on the subject. These results and their proofs can be found in [29].

2. Finite matrices. The first result we shall discuss here is closely related to The-

orem 6. As mentioned in the previous section, not all rational matrix functions admit

a complete factorization. Recall that in the definition of a complete factorization, we

required the elementary factors to be of a specific type, as in (3). If more general types

of elementary factors are allowed (e.g. non-square ones), then the situation becomes dif-

ferent; see [28].

The factorization result we are about to present also involves elementary factors of

the specific form (3), as in the case of complete factorization. However, we will allow the

number of elementary factors to be larger than the McMillan degree of the rational matrix

function under consideration. In terms of [3], this means that the factorizations need not

be minimal. The smallest number of factors that is needed to factorize a given rational

matrix functionW (λ) into elementary factors is denoted by ̺(W ), and a factorization into

̺(W ) factors is called a quasicomplete factorization. We now state the factorization result.

Theorem 7. Each non-trivial rational matrix function

W (λ) = In + C(λIm − A)−1B

admits a quasicomplete factorization. In fact , the number of factors involved in such a

factorization satisfies the estimates

(5) δ(W ) ≤ ̺(W ) ≤ 2δ(W )− 1.

The first inequality in (5) is obvious, the second one requires a non-trivial proof (see

[29] or [30]) that uses the Pole Assignment Theorem from systems theory. Another aspect

of the proof is that it starts with a minimal realizationW (λ) = In+C(λIm−A)−1B, from

which another (non-minimal) realizationW (λ) = In+C̃(λI̺−Ã)−1B̃ is constructed. The

matrices Ã, B̃ and C̃ are particular extensions of the matrices A,B and C, constructed

in such a way that the pair Ã, Ã− B̃C̃ admits simultaneous reduction to complementary

triangular forms.



448 R. ZUIDWIJK

A special type of extensions of those mentioned in the last paragraph are extensions

with zeroes. This type of extensions leads to the following problem, which, by the way,

also comes up in the study of complementary triangular forms in an infinite-dimensional

context; see Section 3.

Let A1 and Z1 be m1×m1 matrices. Does there exist a non-negative integer m2, such

that the pair of (m1+m2)×(m1+m2) matrices A1⊕Om2
, Z1⊕Om2

admits simultaneous

reduction to complementary triangular forms? In other words, does the pair A1, Z1 admit

simultaneous reduction to complementary triangular forms after extension with zeroes?

Note that we include the case when the pair A1, Z1 admits simultaneous reduction

to complementary triangular forms without extension, i.e., the case when the integer m2

can be taken zero.

It is a highly non-trivial fact that there exist pairs of m1 ×m1 matrices A1, Z1 which

do not admit simultaneous reduction to complementary triangular forms, but obtain this

property after extension with zeroes. Indeed, the pair of 4× 4 matrices

A1 =




0 1 0 0
0 0 0 0
1 0 0 0
0 1 0 0


 , Z =




0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0




does not admit simultaneous reduction to complementary triangular forms, i.e., (A1, Z1)

6∈ C(4). On the other hand, (A1⊕0, Z1⊕0) ∈ C(5). Details are given in Section 3.2 of [29].

In Chapter 3 of [29], it is shown that for all pairs of matrices that are taken from

classes of matrices for which a transparent description of simultaneous reduction to com-

plementary triangular forms is known, e.g. for pairs of first companion matrices, the

situation is different from the example given above. For these pairs A1, Z1, the following

holds true: If m2 is a non-negative integer such that (A1⊕Om2
, Z1⊕Om2

) ∈ C(m1+m2),

then also (A1, Z1) ∈ C(m1). We may conclude that for such a pair, extending with zeroes

does not produce the property of simultaneous reduction to complementary triangular

forms, unless the pair had this property from the beginning.

As was mentioned before, the problem of complementary triangular forms after ex-

tensions with zeroes comes up in the infinite-dimensional setting. The following result is

obtained there as a by-product.

Proposition 8. If the pair of m1×m1 matrices A1, Z1 admits simultaneous reduction

to complementary triangular forms after extension with zeroes , then (A1 ⊕ Om2
, Z1 ⊕

Om2
) ∈ C(m1 +m2) for a non-negative integer m2 that satisfies the estimate

m2 ≤ 8m2
1 − 3m1.

Even in the general case, the estimate in Proposition 8 is probably not sharp, although

improved estimates have not been found yet.

3. Bounded operators. In this section, the notion of complementary triangular

forms for pairs of bounded operators on an infinite-dimensional Banach space is con-

sidered. A precise description of what is meant by a bounded linear operator in upper

triangular form is given in terms of so-called maximal nests of invariant subspaces. A nest

of subspaces is a collection of subspaces which is linearly ordered by inclusion. Maximal
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nests of subspaces are nests that are not properly contained in any other nest. Further, a

subspace M is invariant for the linear operator A if x ∈ M implies Ax ∈ M , so AM ⊆ M .

A linear operator A acting on a Banach space X is called upper triangular with respect

to a maximal nest M of subspaces if M consists of subspaces that are invariant for A.

To illustrate the definition, we give two examples. The first example is very simple: Let

U =




0 1 0 0 . . .
0 0 1 0 . . .
0 0 0 1 . . .
0 0 0 0 . . .
...

...
...

...
. . .




denote the backward shift on l2(Z
+). If {ek | k ∈ Z

+} denotes the standard basis in

l2(Z
+), then U is upper triangular with respect to the maximal nest of subspaces

M = {span{e1, . . . , ek} | k ∈ Z
+} ∪ {(0), l2(Z

+)}.

The second example, which is quite different from the finite-dimensional setting, is the

Volterra integration operator V , acting on L2(0, 1). It is given by

V f(x) =

x\
0

f(t) dt,

and it is upper triangular with respect to the continuous maximal nest of subspaces

M = {L2(τ, 1) | 0 ≤ τ ≤ 1}.

Indeed, the subspaces (0 ≤ τ ≤ 1)

L2(τ, 1) = {f | f ∈ L2(0, 1), f = 0 a.e. on (0, τ)}

are invariant for V . In fact, this is the only maximal invariant nest of subspaces for V ,

hence V is unicellular; see for example [18] or [27].

It is well-known that each compact operator on a Banach space has a maximal nest of

invariant subspaces; see [1]. This result can be seen as an infinite-dimensional analogue

to Schur’s theorem. Recall that an operator is compact if it maps the unit ball into a

compact set. Further, a bounded operator A is quasinilpotent if σ(A)={0}. The analogue

to McCoy’s theorem for pairs of compact operators on an infinite-dimensional Banach

space is provided by the following result from [22].

Theorem 9. Let A and Z be compact operators acting on a Banach space X. Then A

and Z have a common maximal nest of invariant subspaces if and only if for each polyno-

mial p(λ, µ) in the non-commuting variables λ and µ, the compact operator p(A,Z)(AZ−

ZA) is quasinilpotent.

Before we define complementary triangular forms for a pair of bounded operators on

a Banach space, we return to the finite matrix case: A pair of m × m matrices A, Z

admits simultaneous reduction to complementary triangular forms if and only if there

exists a collection of projections P = {Pk | 0 ≤ k ≤ m}, such that the collections

{RanPk | 0 ≤ k ≤ m} and {KerPk | 0 ≤ k ≤ m} are maximal nests of invariant sub-

spaces for A and Z respectively. With the natural ordering on projections, the collection

P of projections is a maximal nest of projections.
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In order to extend the notion of complementary triangular forms to pairs of bounded

operators on an infinite-dimensional Banach space X , we need to consider nests of projec-

tions on X . In Chapter 4 of [29], it is explained that the most straightforward definition

that comes to mind, namely that of maximal nests of projections, does not really work.

One needs the somewhat more restricted notion of a simple nest of projections. In its

definition below, strong suprema and infima are considered. The strong supremum P0 of

a nest of projections P is an upper bound for the nest such that

cl
(⋃

{RanP | P ∈ P}
)
= RanP0,

⋂
{KerP | P ∈ P} = KerP0.

If the strong supremum for P exists, it is denoted by
∨
P . The definition of the strong

infimum of the nest P is similar. If it exists, it is denoted by
∧
P . A nest of projections

P is called simple if the following properties are satisfied.

1. The trivial projections O and I are in P .

2. For any non-empty subnest P1 ⊆ P , the strong supremum
∨
P1 and the strong

infimum
∧
P1 exist and are in P .

3. If P1, P2 ∈ P , P1 < P2, and there does not exist P ∈ P with P1 < P < P2, then

rank(P2 − P1) = 1.

With this notion available to us, we introduce complementary triangular forms for

pairs of bounded operators on a Banach space. It is convenient to give such a definition

by describing the relevant collection of pairs of bounded operators.

The collection C(X) consists of pairs of bounded operators A, Z acting on X with

the following property: There exists a simple nest of projections P on X , such that

AP = PAP , and PZ = PZP for all P ∈ P .

Theorem 4.1.3 of [29] states that a nest of projections is simple if and only if the

collections {RanP | P ∈ P} and {KerP | P ∈ P} are maximal nests of subspaces. It

follows that if P is a simple nest of projections such that AP = PAP and PZ = PZP

for all P ∈ P , then {RanP | P ∈ P} and {KerP | P ∈ P} are maximal nests of invariant

subspaces for A and Z respectively.

There are many well-known examples of simple nests of subspaces. First of all, each

maximal nest of orthoprojectors on a Hilbert space is simple. In particular, each or-

thonormal basis {en}∞n=1 in a Hilbert space induces a simple nest of orthoprojections

{Pn}∞n=0 ∪ {I}, where the non-trivial orthoprojections are given by

Pnx =

n∑

k=1

(x, ek)ek, n ∈ Z
+.

Further, the nest of projections induced by a Schauder basis in a Banach space forms a

simple nest of projections.

If A and Z are finite rank operators acting on X , then there exists a finite rank pro-

jection P such that A = PAP and Z = PZP . Moreover, the restrictions A1, Z1 of A,

Z, respectively, to the finite-dimensional subspace RanP can be identified with a pair of

finite matrices of order rankP .
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If a pair of finite rank operators assumes complementary triangular forms with re-

spect to a simple nest, the question remains whether anything can be said about the pair

of restrictions A1, Z1. It turns out that the notion of simultaneous reduction to comple-

mentary triangular forms after extension with zeroes plays a role here. This is shown by

Proposition 10 below (see Chapter 5 in [29]).

The proposition involves the following geometric property for a Banach space X . A

Banach space X has the Simple Nest Property if for each subspace Y ⊆ X of finite

codimension, there exists a bounded simple nest of projections acting on Y . Note that

Hilbert spaces and Banach spaces with a Schauder basis have the Simple Nest Property.

It is not known to the author whether there exist Banach spaces without the Simple Nest

Property. Taking into account [14], this problem seems to be rather interesting.

Proposition 10. Let A and Z be finite rank operators acting on an infinite-dimen-

sional Banach space X. Let A1 and Z1 be the restrictions to RanP as above. If (A,Z) ∈

C(X), then the pair A1, Z1 admits simultaneous reduction to complementary triangular

forms after extension with zeroes. Moreover , if the Banach space X has the Simple Nest

Property, then the converse also holds.
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[9] —, —, Complementary triangular forms of nonderogatory , Jordan and rank one matrices,

Report 9003/B, Econometric Institute, Erasmus University Rotterdam, 1990.

[10] —, —, Eigenspace and Jordan-chain techniques for the description of complementary tri-

angular forms, Report 9353/B, Econometric Institute, Erasmus University Rotterdam,

1993.

[11] H. Bart and H. K. Wimmer, Simultaneous reduction to triangular and companion forms

of pairs of matrices: the case rank(I−AZ) = 1, Linear Algebra Appl. 150 (1991), 443–461.

[12] H. Bart and R. A. Zuidwijk, Triangular forms after extensions with zeroes, submitted.



452 R. ZUIDWIJK

[13] M. P. Drazin, J. W. Dungey and K. W. Gruenberg, Some theorems on commutative

matrices, J. London Math. Soc. 26 (1951), 221–228.

[14] P. Enflo, A counterexample to the approximation property in Banach spaces, Acta Math.

130 (1973), 309–317.

[15] S. Friedland, Pairs of matrices which do not admit a complementary triangular form,

Linear Algebra Appl. 150 (1990), 119–123.
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