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1. Introduction. The elasticity problem can be formulated as follows: given F=(Fi)
of class C2(Ω), i ∈ 1, . . . , n, find a symmetric tensor σ = {σij}, (i, j) ∈ {1, . . . , n}2 and a
displacement u = (ui) so that

σij,j + Fi = 0,(1)

εij =
1
2

(ui,j + uj,i),(2)

εij = Sijklσkl,(3)

u = 0 on Γu,(4)

σijnj = 0 on Γσ.(5)

Ω is a bounded domain in the space Rn with boundary Γ such that

Γu ∪ Γσ = Γ, Γu ∩ Γσ = ∅.

Sijkl denotes the inverse elasticity tensor having the following symmetry properties:

Sijkl = Sklij = Sjikl.

The solution of equations (1)–(5) is a saddle point of the Reissner functional

L(τ,v) =
1
2

∫
Ω

SijklτijτkldΩ−
∫

Ω

τijεij(v)dΩ +
∫

Ω

FividΩ.

We have
L(σ,u) = min

τ∈Σ
max
v∈U
L(τ,v)

with

Σ = {τij : τij = τji, τij ∈ L2(Ω)},
U = {v : v = (vi), vi ∈ H1(Ω), vi = 0 on Γu}.

Define the bilinear forms and norms:

a∗(σ, τ) =
∫

Ω

SijklσijτkldΩ,(6)

b(τ,v) = −
∫

Ω

τijεij(v)dΩ,(7)

||τ ||2Σ = a∗(τ, τ), ||v||2 =
∫

Ω

vi,jvi,jdΩ,(8)

and the linear form

(9) L(v) =
∫

Ω

FividΩ.

The solution of equations (1)–(5) satisfies the following weak formulation:

∃!(σ,u) ∈ Σ× U,
a∗(σ, τ) + b(τ,u) = 0, ∀τ ∈ Σ(10)

b(σ,v) = L(v), ∀v ∈ U.(11)

Existence and uniqueness is got by using the Brezzi-Babuška theorem [5]. The bilinear
forms given by (6) and (7) are continuous on Σ×Σ and Σ×U ; here a∗(τ, τ) is Z-elliptic
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in the following sense: for any σ ∈ Z we have:

Z = {τ ∈ Σ : ∀ v ∈ U, b(τ,v) = 0}
and there is a positive number c with the property

a∗(τ, τ) = ||τ ||2Σ ≥ c||τ ||2Σ,
so Z is the space of self-equilibrated stresses; L(v) is continuous and linear on U . The
system of equations (10) and (11) has a unique solution if there is a number β such that

(12) sup
τ∈Σ\{0}

{|b(τ,v)|/||τ ||Σ} > β||v||U .

In order to verify (12) we have to take τ so that Sijklτkl = εij(v) and use the Korn
inequality [16].

2. Approximation methods. We choose finite dimension spaces Σh and Uh so
that Σh ⊂ Σ and Uh ⊂ U . In order to get the uniqueness of the discretized problem it is
sufficient to verify (12). We give examples of approximation spaces where this is fulfilled.
In the case of linear elasticity, following [15], we consider a family of meshes Th of Ω
indexed by a parameter h > 0, representing the maximum diameter ρ(K) of the element
K ∈ Th. We consider the case where K is a triangle with vertex ai, [aiaj ] being the edge
of K. In the three following cases, we have (12) satisfied for τh ∈ Σh, vh ∈ Uh.

Case 1. We have

Σ1
h = {τh : |τhij

∈ Σ ∩ c0(Ω̄) ∩ P2(K), ∀ K ∈ Th},
U1
h = {vh : vhi ∈ U ∩ c0(Ω̄) ∩ P1(K), ∀ K ∈ Th}.

Case 2. In each triangle K three lines joining the middle point of each edge are drawn;
K is divided into four subtriangles KI , I ∈ (1, . . . , 4) and we get T′h,

Σ2
h = {τh : τhij

∈ Σ ∩ c0(Ω̄) ∩ P1(KI), ∀KI ∈ T′h}, U2
h = U1

H .

Case 3. Each triangleK is divided into three subtriangles having the following vertices:
the gravity center G of K and the three vertices of K, and we get

T′′h = ∪KJ : Σ3
h = {τh : τhij

∈ Σ ∩ c0(Ω̄) ∩ P1(KJ), ∀KJ ∈ T′′h}, U3
h = U1

h .

The case of the same order of interpolation for vh and τhij
(linear interpolation on each

K) has been used in the plane elasticity. A good numerical experiment has been done
by Labé [7], but we do not know whether the discretized Brezzi-Babuška condition is
fulfilled in that case.

Other continuous conformal interpolations for the stresses and displacements in linear
or axisymmetric elastic problems are numerically tested and give good results [1] with
the same restriction about the Brezzi-Babuška condition, using quadrangle elements. In
those works the meshes are quite uniform and regular. The cases can be then extended
to three-dimensional elastic problems using tetrahedron or cube elements.

In order to solve the theoretical question of the uniqueness of the discretized prob-
lem (especially when we do not know whether the condition (12) is fulfilled), stabilized
Galerkin finite element methods are used where continuous conformal interpolation of
the same order on each element of Gh for stresses and components of the displacements
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are needed [14]. This kind of method is more close to extremal approximations of the
spaces Σ and U by using bilinear forms connected to the mesh, taking in account, in the
sense of least squares, some linear equations on each element (e.g., equilibrium equations
connected with the behaviour law).

3.Extension to Poisson manifolds. The approximation methods described in Sect.
2, because of their reference to triangulation, can naturally be extended to the Poisson
manifolds [12, 17, 18], that is, smooth manifolds M with a Poisson structure defined by
a Poisson bracket given locally by the equality

(13) {f, g} =
r∑

α=1

[(∂/∂qα)f(∂/∂pα)g − (∂/∂pα)f(∂/∂qα)g],

where f and g are smooth real-valued functions in a co-ordinate neighbourhood of M ,
while

(14) ω =
r∑

α=1

dpα ∧ dqα, (p1, . . . , pr, q1, . . . , qr, z1, . . . , z`) ∈ Rn, n = dimR M,

is a nonsingular closed 2-form. It is clear that these notions are born out by the standard
examples from classical mechanics and that {f, g} is itself a smooth real-valued function
in a co-ordinate neighbourhood in question.

Suppose now that M = R2r with local co-ordinates u = (u1, . . . , u2r) and g is a
smooth real-valued function on M . The associated Hamiltonian vector field is of the
form

(15) Ug =
2r∑
j=1

aj(u)(∂/∂uj),

where the coefficient functions aj(u) which depend on g have to be determined. Let f be
the other smooth real-valued function on M appearing in (13). Then, by (14) and (15),
the Poisson bracket appears to be the function

(16) {f, g} =
2r∑
j=1

2r∑
α=1

{uj , uα}(∂/∂uj)f(∂/∂uα)g.

The brackets appearing in

J = ||Jαj(u)|| = ||{uα, uj}||, α, j = 1, . . . , 2r,

form the so-called structure matrix of M . Relation (16) for the Poisson bracket takes the
form

{f, g} = ∇f · J∇g.

One of the most important examples of a Poisson structure is that associated with an
r-dimensional Lie algebra g with CAjα, j, α,A = 1, . . . , r, being structural constants (cf.
[10], p. 251) relative to a basis (x1, . . . , xr). Suppose that S is an r-dimensional vector
space, with co-ordinates u=(u1, . . . , ur) determined by a basis ω = (ω1, . . . , ωr). If f and
h are smooth real-valued functions defined on S, the corresponding Lie–Poisson brackets
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are given by

(17) {f, h} =
r∑

j,α,A

CAjαxA(∂/∂uα)f(∂/∂uj)h.

Formula (17) has recently been found in the works of Sophus Lie. In our time it was first
set forth by F.A. Berezin. Its invariant (co-ordinate free) form is

(18) {f, g}(h) = φ([dfh, dgh]),

where φ is a point in g∗ and dfh is the differential of f at φ considered a vector of
g = (g∗)∗. It is clear that (17) takes now the form (16) with the linear structure functions

Jαj(u) =
r∑

A=1

CAjαuA, α, j = 1, . . . , r.

In the cases when r = 1, 2, and 4 we arrive at the complex , quaternionic, and octonionic
structures, respectively, and the structural constants CAjα correspond to those described
in [11, 12].

The Poisson bracket on K(g∗), the algebra of polynomials on the space dual to g,
is obtained by gluing together the Poisson brackets on the orbits [6] of the coadjoint
representation. According to the Darboux theorem [18], the Poisson bracket on each
orbit can locally be brought to its canonical form. In a neighbourhood of a point of
general position in g∗ this can be done in a consistent fashion on different orbits, namely,
it is possible to choose local co-ordinates on g∗ and the bracket (17) acquires the standard
form (13). Identifying the vector space S with the dual g∗ of g, i.e. taking (ω1, . . . , ωr)
to be the dual basis of (x1, . . . , xr), we know that, since g is finite-dimensional, the
gradient ∇f of every smooth function f : g∗ → R is an element of (g∗)∗ = g. Then the
Kirillov-Poisson bracket has the invariant form

{f, g}(u) = 〈u, [∇f(u),∇h(u)]〉,

where u=g∗ and [ , ] is the ordinary Lie bracket on g. Given h : g→R, the corresponding
Hamilton equations take the form

(19) (d/dt)uα =
2r∑

j,A=1

CAjαuA(∂/∂uj)h, α = 1, . . . , r.

Since

{uβ , h} =
2r∑

α,j,A=1

CAjαuA(∂/∂uα)uβ(∂/∂uj)h, where (∂/∂uα)uβ =
{

0 for β 6= α,
1 for β = α,

where β = 1, . . . , r, i.e.,

{uα, h} =
2r∑

j,A=1

CAjαuA(∂/∂uj)h, α = 1, . . . , r,

then (19) is in fact the equation of motion

(d/dt)uα = {uα, h}, α = 1, . . . , r,
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Summing up, from the Kirillov-Poisson bracket we obtain the invariant form of the
equations of motion

u̇α = 〈u, [∇uα,∇h]〉, α = 1, . . . , r.

The procedure can be extended in a natural way to the associated foliations [13]
and connected with the problem of stability of diffusions on their leaves [3, 4, 8, 9];
diffusions being considered continuous Markov processes [2]. Finally, we can interpret
u = (u1, . . . , u2r) as a counterpart of displacement, formulate an analogue of the elasticity
problem of Sect. 1 and apply the approximation methods of Sect. 2 since it is still possible
to follow the triangulation procedure. Namely, the results known for Poisson manifolds
(the associate problem for elliptic equations, in particular the Laplace equation) can
be extended to elastic problems. This approach cases the classical vibrations of elastic
systems (membranes or elastic solids which are Hamiltonian systems).
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