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Abstract. We define an extension of the classical notion of a control system which we
call a control structure. This is a geometric structure which can be defined on manifolds whose
underlying topology is more complicated than that of a domain in Rn. Every control structure
turns out to be locally representable as a classical control system, but our extension has the
advantage that it has various naturality properties which the (classical) coordinate formulation
does not, including the existence of so-called universal objects and classifying maps. This more
general viewpoint simplifies the study of the invariants of even classical control systems. Its
main technical advantage is that tools like the method of equivalence can be directly and easily
applied to the study of control structures.

1. Introduction

Classical control systems. The problem of how to give a useful, intrinsic, and
coordinate-free description of control systems and feedback equivalence has been
considered by Brockett [2], but his formulation covers only the control linear
systems. Our aim in this section is to give a formulation which extends to the
general non-linear control system.

We recall that a classical control system on a domain in n-space is simply an

1991 Mathematics Subject Classification: 93B27.
Partially supported by NSF grant DMS-9205222.
Partially supported by NSF grant DMS-9204942.
The paper is in final form and no version of it will be published elsewhere.

[111]



112 R. L. BRYANT AND R. B. GARDNER

underdetermined system of ordinary differential equations

(1)
dx

dt
= F (x, u), x ∈ Rn, u ∈ Rm,

where x= (xi) represents the state space variables and u = (ua) represents the
control variables. To avoid trivial degenerations, we assume that, for each x0∈Rn,
the map u 7→ F (x0, u) is an embedding of Rm into Rn (i.e., the controls should
appear non-degenerately in the equations). Such a system can be thought of as
defining an (n+m)-dimensional submanifold M of the tangent bundle TRn '
Rn × Rn of the state space Rn. Namely, M is the image of the mapping

V : Rn × Rm −→ TRn,

defined by

V (x, u) =
n∑

i=1

F i(x, u)
∂

∂xi
.

Our assumption of no trivial degenerations implies that M is a submanifold
of TRn and V is a regular parametrization of it.

An integral curve (or “control curve”) of the system (1) is a curve

γ : R −→ Rn,

with the property that there exists another curve β : R→ Rm so that

γ̇(t) = V (γ(t), β(t)),

or equivalently γ∗dx = F◦(γ, β) dt. Note that a curve γ : R → Rn is a control
curve if and only if its tangential lifting γ̇ : R→ TRn has its image in M .

In the study of systems such as (1), a common first step is to try to change
coordinates so as to place the system into some more tractable “normal form”,
indeed, to linearize it if possible. The sort of changes of coordinates one allows
for reaching this normal form depends on the nature of the specific problem, but
frequently one allows changes of coordinates of the form

(2) (X,U) = Φ(x, u) = (φ(x), ψ(x, u)),

i.e., the so-called “feedback” transformations. Transformations of the form (2)
which preserve the system (1) are called the feedback symmetries of the system.
Geometrically, these are the changes of coordinates which carry integral curves
of the system to integral curves of the system.

These transformations are particularly of interest in the case that the control
system is generated from a so-called “constraint” problem, i.e., one in which the
control curves are defined by restrictions on their possible tangent vectors. In
this case, the specific way in which the constraints are coordinatized is not a
geometrically meaningful part of the problem and so feedback transformations
are a natural class to consider.

Control systems on manifolds. Now, in many interesting control theory prob-
lems, the natural state space has topological features which prevent it from being
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identified with a domain in some Rn. For example, in the classical problem of
understanding a ball rolling on a plate without twisting or slipping, the natural
state space is SO(3)×R2, the first factor SO(3) representing the orientation of the
ball and the second factor R2 representing the point of contact of the ball with
the plate. Also, in many problems involving autopilots for helicopters or other
flying objects, the natural state space contains an SO(3)-factor which represents
the orientation of the object. Such examples point out the need to have a control
theory for which the state space is allowed to be a more general manifold than
just a domain in some Rn.

A natural generalization of the classical control system to the case of control
systems defined on manifolds is the following one. Fix a manifold X and consider
a subset M ⊂ TX, where TX is the tangent bundle of the manifold X. We say
that a curve

γ : R −→ X,

is an M -curve if its tangential lift γ̇ : R→ TX has its image in M (1). Extending
the classical terminology, we will refer to X as the state space and to M as the
configuration space.

For example, in the case of a ball rolling on a plate without slipping or twisting,
a case considered recently by Brockett and Dai [2a], the state space is X =
SO(3) × R2 and the configuration space M ⊂ TX turns out to be a (linear)
subbundle of TX of rank 2 which is transverse to the SO(3)-leaves. In local
coordinates, of course, this fact will be expressed by saying that the system is
control linear.

Generalizing the notion of feedback equivalence, we say that two such struc-
tures (X1,M1) and (X2,M2) are equivalent if there exists a diffeomorphism
f : X1 → X2 with the property that f∗(M1) = M2. Clearly any such equiv-
alence between two such structures carries M1-curves in X1 to M2-curves in X2.
In fact, under mild regularity assumptions on M1 and M2 (for example, the as-
sumptions that each of the Mi be a submanifold and that each of the basepoint
mappings Mi → Xi be a surjective submersion are sufficient), any diffeomor-
phism f : X1 → X2 which identifies the class of M1-curves with the class of
M2-curves must necessarily satisfy f∗(M1) = M2 and hence be an equivalence
between the two structures in this sense.

The geometry of the tangent bundle. It is natural to try to derive neces-
sary and sufficient conditions for equivalence between two structures (X1,M1)

(1) Caveat: To avoid confusing our readers, we want to explicitly point out that the tangential
lift γ̇ is not just a map to a fixed vector space, but includes the base point information as well.
E.g., in the most elementary case, where X = Rn, we have TX = Rn × Rn and the tangential
lift of γ : R→ Rn is the curve γ̇ : R→ Rn × Rn given by the formula

γ̇(t) = (γ(t), γ′(t)).

Of course, the classical notation for curves in n-space does not have to preserve any distinction
between γ̇ and γ′, but for curves in more general manifolds, this distinction is very important.
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and (X2,M2). Our point of view in this paper will be to describe a natural geo-
metric structure induced on submanifolds M ⊂ TX which encodes the complete
geometry of the pair (X,M). This geometric structure is what we shall call a
control structure.

Before we can understand what sort of structure a submanifold M of a tan-
gent bundle TX might inherit, it will be helpful to review the geometry of tangent
bundles. Specifically, by “geometry” in this case, we mean the geometric features
of the tangent bundle TX which are preserved by the tangential diffeomorphisms
of TX i.e, the ones which are induced by the diffeomorphisms of the base mani-
fold X. The geometry (in this sense) of the cotangent bundle is familiar, its study
leading up to the edifice of symplectic geometry. By contrast, the geometry of
tangent bundles, while just as fundamental, is not as well-known.

Before discussing this geometry, we want to introduce the concept of natural
coordinates on tangent bundles. If V ⊂ X is an open set on which there exists a
coordinate chart x : V → Rn, then there is a natural (tautological) extension of
these coordinates to a coordinate chart

(x, u) : TV → Rn × Rn

on the tangent bundle of V . This extension is uniquely characterized by the
condition that, for any curve γ : R→ V , the curve γ̇ : R→ TV satisfies

((x, u)◦γ̇)(t) = ((x ◦ γ)(t), (x ◦ γ)′(t)).

We shall use these coordinates from time to time.
Now, one obvious feature of TX which is preserved is the vector bundle struc-

ture, i.e, the fibers of the base-point mapping TX → X and the linear structure
on those fibers. This linear structure will, of course, not be inherited by sub-
manifolds M ⊂ TX, but, in the case that M is a submanifold and the induced
basepoint mapping M → X is a surjective submersion, M will be foliated by
its intersections with the fibers of the mapping TX → X and the leaves of this
foliation will have codimension n.

Another obvious geometric feature of TX is its zero section, which is clearly
preserved under diffeomorphisms induced from X. For this reason, the geometry
of submanifolds passing through the zero section is different from the geometry
of submanifolds of the punctured tangent bundle T ◦X, i.e., TX minus its zero
section. This corresponds to the fact that the geometry of control systems such
as (1) is quite different at so-called “rest points”, i.e., points in xu-space where the
function F vanishes. Throughout this paper, we are going to concentrate on the
geometry away from the rest points, so, properly speaking, we need to understand
the geometry of the punctured tangent bundle.

Let I denote the module of 1-forms ω on T ◦X which have the property that
for any immersed curve γ : R → X, the curve γ̇ : R → T ◦X satisfies γ̇∗(ω) = 0.
In natural coordinates, it is easy to see that I is generated by the 1-forms

ui dxj − uj dxi.
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In fact, on the open set where, say u1 6= 0, the module I is generated by the n−1
forms

θi = dxi − (ui/u1) dx1, for i = 2, 3, . . . , n.
By its very construction, I does not depend on any choice of coordinates and
hence must be preserved under all tangential diffeomorphisms.

Also, let A denote the set of 1-forms φ on T ◦X which have the property that
for any immersed curve γ : R→ X, the curve γ̇ : R→ T ◦X satisfies γ̇∗(φ) = dt.

Clearly, the difference φ1−φ2 of any two elements of A is an element of I and
conversely, if φ is in A and ω is in I then φ+ ω lies in A.

What is not clear is that A is non-empty. However, in a natural coordinate
chart, it is easy to write down an example, just take

φ0 =
u1 dx1 + · · ·+ un dxn

(u1)2 + · · ·+ (un)2
.

From this, by a partition of unity argument, one could define such an φ on the en-
tire T ◦X. Alternatively, if one fixes a Riemannian metric g on X whose expression
in a local coordinate chart takes the form

g = gij(x) dxidxj ,

then one can write down the local expression

φ0 =
gij(x)ui dxj

gij(x)uiuj

and verify that φ0 is well-defined independent of the choice of local coordinates
x and lies in A.

Since A is non-empty, we can symbolically write A = φ + I where φ is any
element of A. It is also customary to write A = [φ] for some (and hence any)
element φ ∈ A, where the square brackets denote the equivalence class of φ
modulo I. Note that φ does not extend smoothly (or even continuously) across
the zero section of TX. Since A is defined without reference to any choice of
coordinates, it follows that A must also be invariant under any any tangential
diffeomorphism. Thus A is also part of the geometry of the punctured tangent
bundle.

One important property of the pair (I, [φ]) should be noted: If we set

J = C∞(T ◦X) · φ+ I,

then J is simply the completely integrable Pfaffian system of rank n whose leaves
are the fibers of the base point submersion T ◦X → X. (The reader can easily
check this in the local coordinates given above. Also, see the next section.)

Control structures. We are interested in the geometry of submanifolds of T ◦X.
The advantage of working with differential forms and Pfaffian systems (as opposed
to, say, vector fields and distributions) is that they pull back naturally to sub-
manifolds. The submanifolds of interest in this case are the (n+m)-dimensional
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submanifolds M ⊂ T ◦X with the property that the base point mapping M → X
is a surjective submersion. Such submanifolds, which we shall call allowable, in-
herit the Pfaffian system I and its “affine translate” A = [φ] directly by pull-back.
We are going to see that this inherited geometry suffices to determine M uniquely
up to feedback equivalence.

Our discussion so far motivates the following definition:

Definition. A control structure (of rank n) on a manifold M of dimen-
sion n+m is a pair (I, [φ]), where I is a Pfaffian system of rank n−1 and φ is a
1-form on M well-defined up to addition of an element of I, with the property
that the Pfaffian system J spanned by I and φ is everywhere of rank n and is
completely integrable. The leaf space of J , denoted by X, is called the state
space. We say that the control structure is amenable if X is a smooth manifold
with its natural topology and smooth structure.

Note that, by its very definition, the punctured tangent bundle of any smooth
manifold has a canonical control structure, which we sometimes refer to as the
“tautological” or “universal” control structure.

The strength of the general concept will be seen when we establish the follow-
ing result:

Given an amenable control structure (I, [φ]) on a smooth manifold M , there
is a canonical smooth map

x̂ : M −→ T ◦X

which pulls back the universal control structure on X to the given control struc-
ture on M .

(Note that for any control structure as we have defined it, the underlying
manifold M will be covered by open sets to which the control structure restricts
to become amenable.)

Integral curves and equivalences. The notion of integral curve naturally gen-
eralizes to control structures.

Definition. An integral curve of a control structure (I, [φ]) on a manifold M
is a differentiable curve γ : R→M satisfying

γ∗I = 0 and γ∗φ = dt.

Moreover, the transformations which identify the integral curves of one control
structure with those of another are easily characterized:

Definition. A feedback equivalence between control structures (M1, I1, [φ1])
and (M2, I2, [φ2]) is a diffeomorphism f : M1 → M2 which satisfies f∗(I2) = I1
and

f∗(φ2) ≡ φ1 modulo I1.

We then have the following theorem, which, in the case of classical control
systems, is found in Gardner and Shadwick [4].
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Theorem. If M1 and M2 are (n+m)-manifolds endowed respectively with
control structures (I1, [φ1]) and (I2, [φ2]) respectively , then a diffeomorphism f :
M1 → M2 is a feedback equivalence if and only if f identifies the integral curves
of the two structures.

P r o o f. By standard ODE arguments, it is easy to see that for any control
structure (I, [φ]) on a manifold M and any vector v ∈ I⊥ ⊂ TM , there exists an
integral curve of (I, [φ]) tangent to v.

Suppose first that f identifies the integral curves of the two structures. Then,
by the above argument, it must also identify I⊥1 with I⊥2 and hence I1 with I2.
Now selecting an φ2 which represents [φ2], we know that, for any integral curve
γ of (I1, [φ1]) the map f◦γ must be an integral curve of (I2, [φ2]). Thus,

γ∗(f∗(φ2)− φ1) = (f◦γ)∗(φ2)− dt = dt− dt = 0.

Thus, it follows that
[f∗(φ2)] = [φ1].

Hence f is a feedback transformation, as we wanted to show. The converse is, of
course, trivial.

As will be seen, this result allows us to apply the method of equivalence
directly to the problem of characterizing the invariants of control systems up
to feedback equivalence. The characterization of feedback transformations by the
method of equivalence [4], leads to the study of basic feedback invariant geometric
objects associated to (1) and, more generally, to any control structure. Although
in principle these structures could have been uncovered directly in an ad hoc way,
it is important to know that a systematic tool was used to find them.

2. Explicit formulae for classical control systems. Before going on to
the theoretical part of the discussion of control structures, we want to see what
the objects I and [φ] look like for a classical control system such as (1).

Consider the Pfaffian system I defined as the set of 1-forms on Rn×Rm which
are linear combinations of the dx and vanish on the integral curves of (1). This
system has the simple direct description

I = {Gdx | G : Rn × Rm → Rn such that GF = 0}.
This is easy to see since the condition GF = 0 is precisely the condition needed
in order that the condition γ∗dx = (F◦γ) dt should imply

γ∗(Gdx) = (G◦γ) γ∗dx = (G◦γ)(F◦γ) dt = (GF )◦γ dt = 0.

This description also makes it clear that the system I has rank (n−1).
The second geometric object is the affine Pfaffian system A of 1-forms which

are linear combinations of the dx having the property that they pull back to
become dt along any integral curve of I. As noted above, since the difference of
two elements of this affine system vanishes along any integral curve of I, the affine
system A can be written in the form [φ] = φ+ I.
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An explicit representative for φ is given by

φ =
F · dx
F · F

where · is the usual euclidean dot product.
In particular, the system J defined by

J = I + {φ}

is the Pfaffian system of rank n consisting of the linear combinations of dx. Thus,
it is completely integrable and its leaf space is simply the space of state variables.

3. Properties of control structures

Universality. We can now prove the fundamental imbedding theorem for con-
trol structures.

Theorem. Let (M, I, [φ]) be an amenable control structure with state space X.
There is a canonical smooth mapping ι : M → T ◦X which pulls back the universal
control structure on T ◦X to the given structure.

P r o o f. Let π : M → X be the submersion onto the leaf space. Now define
ι : M → TX by the rule

ι(m) = π∗{w ∈ I⊥m(M) | φ(w) = 1}.

Let us first see why this is well defined. Now,

{φ, I}⊥ = {dx}⊥ = kerπ∗ .

It follows that, for any w1 and w2 in I⊥m which satisfy and φ(w1) = φ(w2) = 1,
we must have π∗(w1 − w2) = 0. Thus,

ι(m) = π∗(w1) = π∗(w2).

Thus, ι is well defined.
It remains to be shown that the image of ι lies in T ◦X. We will do this

(and carry out the remainder of the proof) by introducing local coordinates. Fix
a point m0 ∈ M and let x = (x1, . . . , xn) be local coordinates on X centered
on π(m0). For notational simplicity, we will denote the functions π∗(xi) defined
on a neighborhood of m0 ∈ M simply by xi. We now extend these n functions
(which vanish atm0) to a local coordinate system (x, u) = (x1, . . . , xn, u1, . . . , um)
centered at m0. We now restrict our attention to the domain of this coordinate
system.

Now, by construction, I ⊂ span{dx1, . . . , dxn} and has rank n−1. By per-
muting the coordinates if necessary, we may assume that (dx1)m0 6∈ Im0 . It then
follows that there are functions F i(x, u) for i = 2, . . . , n, so that

I = span{dx2 − F 2(x, u) dx1, . . . , dxn − Fn(x, u) dx1}.
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Moreover, since I + [φ] = span{dx1, . . . , dxn} it follows that there is a unique
representative in [φ] of the form

φ = L(x, u) dx1

where L is a non-vanishing function. It then follows that the vector field

W =
1
L

(
∂

∂x1
+ F 2 ∂

∂x2
+ · · ·+ Fn ∂

∂xn

)
has the property that every element of I vanishes on W while φ(W ) = 1. Thus,
by our very definition of the map ι, we have

ι(m) = W (m) ∈ T ◦x(m)X.

Note that this shows that ι has image in T ◦X, as we wished to show.
Now let v1, . . . , vn complete the xi to tangential coordinates on TX as de-

scribed above. Then, in these coordinates, ι has the formula

(x(ι(m)), v(ι(m))) =
(
xi(m),

1
L
,
F 2

L
, . . . ,

Fn

L

)
.

Now, in a neighborhood of ι(m0), the universal control system (Ĩ , [φ̃]) on T ◦X
is generated by

Ĩ = {dx2 − (v2/v1) dx1, . . . , dxn − (vn/v1) dx1}
and

φ̃ = (1/v1) dx1.

It is immediate from the definitions now that ι satisfies

ι∗(dxi − (vi/v1) dx1) = dxi − F i dx1

as well as ι∗(φ̃) = Ldx1. Thus, ι pulls the universal control structure on T ◦X
back to the given one, as desired.

Non-degeneracy. Now, in fact, our definition of a control structure allows some
undesirable behavior. For example, we could replace M by M×P where P is some
manifold and let a new I and [φ] just be the ones got by pulling back the ones
on M under the projection M × P →M . This would introduce P as “spurious”
controls, in much the same way as allowing a variable ui in the system (1) to not
appear in the formulae for F . We want to avoid this sort of degeneracy, so we
make the following definition.

Definition. We say that a control structure (I, [φ]) on a manifold M is non-
degenerate if it cannot be written as the pull back of a control structure on M̄
for some submersion M →M .

It is now an elementary result (which can be read off of the constructions in
the proof just given) that the condition of being non-degenerate is equivalent to
the (possibly locally defined) state space mapping ι being an immersion. Details
will be left to the reader.
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Local realizability. We are now ready to discuss the relationship between con-
trol structures and control systems. The main result is the following one.

Theorem. A non-degenerate control structure is locally equivalent to a clas-
sical control system of the form (1).

P r o o f. Fix a point in M and let U be a neighborhood on which the state
foliation is amenable. Let x be a vector of base coordinates on the leaf space X
and extend them by a vector of fiber coordinates u to a coordinate system on U
(we may have to shrink U to do this). If

I = {ω1, . . . , ωn−1} and J = {dx}
on U , then we can write

dx = Fφ+
n−1∑
j=1

Gjω
j ,

where the independence of the dx implies

det (F,G1, . . . , Gn−1) 6= 0.

Next, given a local integral curve γ of the control structure, so that

γ∗I = 0 and γ∗φ = dt,

then
γ∗dx = γ∗(Fφ+ Σn−1

j=1Gjω
j) = (F◦γ)dt,

which verifies that γ is an integral curve of the system (1).
Conversely given an integral curve of (1), it satisfies

0 = γ∗dx = γ∗(F (φ) +
n−1∑
j=1

Gj ω
j),

and, by linear independence, this implies

γ∗I = 0 and γ∗φ = dt

as required.
The assumption of non-degeneracy now implies that the map given by F

induces a local immersion of U into T ◦X.

4. The geometry of control structures

A G-structure. As remarked in the introduction, this formalism places the
problem of finding invariants under feedback transformation into the setting of
control structures. We see immediately that defining a control structure on a
manifold M defines a G-structure with certain torsion (i.e., integrability) condi-
tions. Now the method of equivalence can be applied to recover the results already
achieved in special cases. The reader may consult the references for explicit re-
sults.
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Results. In the case of n states and (n−1) controls, this leads to the study of
the fiber geometry of maps

Rn × Rn−1 → T ◦Rn,

which becomes the study of hypersurfaces in centro-affine geometry.
The first steps of the classification separate out the following cases:

I) Systems tangent to the radial direction, these are the non-linear generaliza-
tion of the affine systems without drift. One can always find coordinates in which
such systems have the form

dxi

dt
= ui (1 ≤ . . . ≤ n− 1),

dxn

dt
= g(x, u),

where g is homogeneous of degree one in ui.

II) Systems which are hyperplanes in each fiber, these are the affine control
systems

dx

dt
= A(x) +B(x)u.

The case A(x) = 0 is the case of no drift, which is then also of type I.

III) Systems whose Pick cubic form in each fiber are zero. In this case, the
fibers are hyperquadrics and those of maximal rank then have a non-degenerate
quadric in each fiber and hence a feedback invariant pseudo-Riemannian metric
whose geodesics are known to be the time optimal trajectories [5].

Finally we observe that additional structures of control systems on manifolds
can usefully be extended to this degree of generality. In particular in optimal
control problems there is a cost function whose integral along paths is studied.
This gives rise to a more complicated equivalence in which simple equivalence of
Lagrangians (see [4]) needs to be added, as well as possibly modification of the
integrand by divergences.
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