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€CII ¢ MPHAANMIERUT JTHHEATY CXOoTuMocTH omepatopa U, oTHocHTennHO
{-P [£] Ql} . '

3ameTnM, 9TO MPOEKIMONHEIE METOXH IPUOIIIKEHHOTO PEINCHUA CHCTeM
CHHTYIAPHBIX HHTETPAIBHEX YPaBHEBHIL ¢ omepaTopoM Buna U, zocTaToumo
xopomo paspa6oransl [107.
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1. Introduction

In this note we give an analogue to a nice analytical index formula derived
by B. V. Fedosov [2] (cf. also L. Hormander [4]) for elliptic pseudo-dif-
ferential operators (pdo) in R", resp. on closed compact manifolds with
trivial normal bundle. We consider a class of pd boundary problems intro-
duced by L. Boutet de Monvel [1] (¢f. also [7] or [5]). It is assumed that
the reader is familiar with standard facts of the theory of pd boundary
problems.

Our starting point is the so-called “coarse” index formula (Theorem 1)
from [6]. Using homotopy arguments it is possible to reduce the number of
derivatives involved in this formula in the expressions for densities on
the half-space and on the boundary. The result is formulated in Theorem 2.
A proof will be published elsewhere. Also the case of mamfolds with a bound-
ary will be treated in another paper.

The author would like to thank the organisation committee of the
Banach semester “Partial Differential Equations” in autumn 1978 in
Warsaw for giving the opportunity of spending a very profitable time;
a good deal of the work for this note was done there.

2. Preparatiohs

Dencte by 8™(R7%, R™) the space of pd symbols of order m having an
extension to 8™-symbols in some open neighbourhood of RY . In the fol-
lowing we shall assume everywhere that the symbols conmdered are inde-.
pendent of @, near x, = 0 ((+', #,) are the coordinates in R} = {x, > 0}). )
Remark that this is not an essenmal restriction, as reg&rds the index,”
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since it is always satistied after a suitable homotopy (cf. [3]). Moreover,
we assume the so-called transmission property of a pd symbol o, e 8™
(et. [1], [8] or [7]), which implies that the corresponding pdo A applied
to extension-by-zero maps sends €7 (RL, C") into O° (R, C*) (that means,
functions smooth up to the boundary go into funections smooth up to the
boundary). The space of §™symbols with transmission property is denoted
by %™ Denote by BS™ the space of boundary symbols of order m. This ig
the space of families of Wiener—Hopi operators

wtd oy o HTQCY H*QCE
@ oy(e) (o', &) = : @ - @
7 op 0q (54 ¢’

with parameter space T"R™ (for the exact definition cof. [5] or [7]).

A couple (o4, o7 (= )) & 8™ x BS™ is called compatible if the function
oy (@, &, v)in oy () equals to the restriction of o, to @, = 0. A compatible
couple (a s Op () € W™ x BS™ is called a symbol of order m in the half-space.
The space of all such symbols is denoted by &™. With the use of symbols
in %™ one defines the class Op™ of operators of the form

r+A++B K
o = :
T Q

To the operation of composition of (properly supported) operators
in I™® there corresponds the composition rule in §%:

C(RE, CF)  C2(RL, CF)

-

® ®
R, O 2R, ©)

£ i o
@) oo~ 3= o (@, § Dio(w, §)

and 8®/87% is a graded algebra.
Similarly, BS®/BS~® is turned into a graded algebra by the compo-
sition rule

ENCALTEA ~2,—6"ayw)1> oy ()
where on the right one takes the composition in the sense of operators (1).
The same holds for &/~ if we set for o = (o, ap(s,)), ¢ = 1,2,
oo o~ (o 008, oy ()0 ap ().

Remark that z,-independence of off near #, — 0 implies that compati-
bility is preserved under composition.
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Define for any N e N

1 ] (1) = 9 A2
O'it)O ve- O O'.(A) ]N = 2 ea;\ ..... ak—l,ﬁg»..AJ ﬂl G4 y a"Daﬁ:l ‘7(.4)' .

Za;<N

i,
where the constants ¢, . ., BBy AT€ obtained from (2). Similarly,
define oy (s7,)0 ... 00y d,)]N and o® o .. 00 lw

Recall the deflmtmn of the trace of a qymbol c = (a 4 Gy(&/)) e ™
for m < —=n, 1 = j, for which ¢, has compact z-support and oy(s) has
compact 2'-support. Set

(3) Tro = ftraA(w,E)dEdm—l—

:z:n>0
+ [ fer(wople’, &, 9, 9)+oq (@' &)} dE Ao’

where tr denotes the matrix trace. The assumptions about ¢ yield absolute
convergence of the integrals in (3). We shall use the notation

tr'op () 1= tr(mog(a’, &, v, 9)+ og (@, &)).

In what follows we shall assume the stabilization of the considered symbols
near oo, i.e., we assume that for o € #™, 0 = (04, oy()),

0,1(‘”7 &) = O'A(co, £)
)@, &) = oy (L) (o0, &)
for a suitable constant e.

DEFINITION. Let o = (o4, op(#)) € ¥™ The symbol o is called
elliptic if there is an R > 0 such that:

() o4(=, &) is for [&}> R an invertible matrix and op(f) (@', E) i8
for |&'| > R an invertible boundary symbol (in the sense of (1));

(i) Jot(w, &)l < e<EH™™ for |£|> R and op(H)” Ya', &) e BS™™ for
|&'| = R.

An operator o/ € Op™ is called elliptic if its symbol is elliptic.

for |z} = ¢,

ap( for |@'|=¢

3. The index formula

Recall the main result of [6] applied to the half-space situation where
symbols stabilize nmear oo.

TEEOREM 1. Lét o € Op™ be an elliptic operator with symbol o, which
stabilizes near oco. Then

C3(RL, Y OD(RE, O

@ .

(R, C)

oL

-

@
02 (R, CY)
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(C% denotes the space of O®-functions, having together with all its derivatives,
limits at co), </ is a Fredholm operator and for any N > n and N’ sufficiently
large we have

(4) inde = Tr((L—o(@o o ()"

w—(1—0(2)0 o(®))V|x)s

where o(R) is an arbitrary extension of o(s£)™! for small & respectively &'.

Applying arguments similar to those used in [2] or [4], one can derive
from (4) an easier formula. Consider o, (%, £), respectively op(H) (2", &),
as exterior forms of degree 0 with values in the & X % matrices, Tesp. in the
boundary symbols on the half-line. Then do 4, resp. @' oy (&) (A" involves
only derivations with respeet to 4’ and £'), are 1-forms with values in the
corresponding spaces. If a is a p-form with values in the k x & matrices then
tra is a p-form ‘with values in C. Similarly, if fis a p-form with values in
the boundary symbols on the half-line then tr’§ is a usnal p-form.

THEOREM 2. Under the conditions of Theorem 1,

. (7"_'1)[ — N
(3) inde = _m [_ tr[(aAlda4)2 17—
SRR
(n'—l)! ’ —~1 7 -3
T i@En—2)1(2my T f]tr”'[("fd o )"0 0,0, —
R"™
(%—2)! ’ -1 gt n—
T f tr'[(op (o)1 o5 (52))]
s;%R‘n-—l

where Ss X denotes the cosphere bundle over X with radius R.

Remark. For boundary problems for differential operators a similar
formula (with a more involved second term) was given by B. V. Fedosov

in [3], even in the situation of manifolds with frivial normal bundle. .

We intend to devote another paper to a formula like (5) for pd boundary
problems on manifolds.
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